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Ex1 First Principles (Higher Revision) 

 𝑎     𝑓 𝑥 = 𝑥3               𝑓 𝑥 + ℎ = (𝑥 + ℎ)3 = 𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 + ℎ3 

 

        𝑓 ′(𝑥) = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥 

ℎ
= lim

ℎ→0

 𝑥3 + 3𝑥2ℎ + 3𝑥ℎ2 +  ℎ3 − 𝑥3

ℎ
= lim

ℎ→0
3𝑥2 + 3𝑥ℎ +  ℎ2 =𝟑𝒙𝟐 

 

 

 

 

 𝑏     𝑓 𝑥 = 𝑥2 + 2𝑥               𝑓 𝑥 + ℎ = (𝑥 + ℎ)2 + 2 𝑥 + ℎ = 𝑥2 + 2𝑥ℎ + ℎ2 + 2𝑥 + 2ℎ 

        𝑓 ′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥 

ℎ
= lim

ℎ→0

 𝑥2 + 2𝑥ℎ +  ℎ2 + 2𝑥 + 2ℎ − 𝑥2 + 2𝑥

ℎ
= lim

ℎ→0
2𝑥 + ℎ + 2 =𝟐𝒙 + 𝟐 

 

_________________________________________________________________ 

 

 𝑐     𝑓 𝑥 = 3𝑥2 + 4𝑥 − 5             𝑓 𝑥 + ℎ = 3(𝑥 + ℎ)2 + 4 𝑥 + ℎ − 5 = 3𝑥2 + 6𝑥ℎ +  3ℎ2 + 4𝑥 + 4ℎ − 5 

        𝑓 ′ 𝑥 = lim
ℎ→0

𝑓 𝑥 + ℎ − 𝑓 𝑥 

ℎ
= lim

ℎ→0

 3𝑥2 + 6𝑥ℎ +  3ℎ2 + 4𝑥 + 4ℎ − 5 − (3𝑥2 + 4𝑥 − 5) 

ℎ
 

 

             = limℎ→0 6𝑥 +  3ℎ + 4 = 𝟔𝒙 + 𝟒 

_________________________________________________________________ 
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Ex2 Higher Revision 

 

1. 𝑓 𝑥 = 𝑥3 − 𝑥2 + 5𝑥 − 6                                        𝑓 ′ 𝑥 = 3𝑥2 − 2𝑥 + 5 

 

2. 𝑓 𝑥 = 3𝑥2 + 7 −
4

𝑥
   = 3𝑥2 + 7 − 4𝑥−1           𝑓 ′ 𝑥 = 6𝑥 + 4𝑥−2 = 6𝑥 +

4

𝑥2  

 

 

3. 𝑓 𝑥 =  𝑥 +
1

 𝑥
   = 𝑥

1

2 + 𝑥−
1

2                                𝑓 ′ 𝑥 =
1

2
𝑥−

1

2 −
1

2
𝑥−

3

2 =
1

2 𝑥
−

1

2 𝑥3
 

 

 

4. 𝑓 𝑥 = 𝑥
3

2 − 𝑥
1

2 +  𝑥−
1

2                                            𝑓 ′ 𝑥 =
3

2
𝑥

1

2 −
1

2
𝑥−

1

2 −
1

2
𝑥−

3

2 =
3

2
 𝑥 −

1

2 𝑥
−

1

2 𝑥3
 

 

 

5. 𝑓 𝑥 =
1

𝑥2 − 
1

𝑥3 = 𝑥−2 − 𝑥−3                               𝑓 ′ 𝑥 = −2𝑥−3 + 3𝑥−4 =
−2

𝑥3 +
3

𝑥4 

 

 

6. 𝑓 𝑥 =
 𝑥

𝑥2 +  
𝑥2

 𝑥
= 𝑥−

3

2 + 𝑥
3

2                                𝑓 ′ 𝑥 = −
3

2
𝑥−

5

2 +
3

2
𝑥

1

2 = −
3

2 𝑥5
+

3

2
 𝑥 

 

7. 𝑓 𝑥 = (4𝑥 + 5)5            𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒              𝑓 ′ 𝑥 = 5(4𝑥 + 5)4 × 4 = 20(4𝑥 + 5)4 

 

 

8. 𝑓 𝑥 = (2𝑥4 − 3)
1

2             𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒              𝑓 ′ 𝑥 =
1

2
 2𝑥4 − 3 −

1

2 × 8𝑥3 = 4𝑥3 2𝑥4 − 3 −
1

2 

                                                                                                       =
4𝑥3

  2𝑥4−3 
 

 

 

9. 𝑓 𝑥 =
3

 (4−𝑥2)
= 3(4 − 𝑥2)−

1

2     𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒   𝑓 ′ 𝑥 = −
3

2
 4 − 𝑥2 −

3

2 × (−2𝑥) = 3𝑥 4 − 𝑥2 −
3

2 

                                                                                                                                              = 3𝑥

 (4−𝑥2)3
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10. 𝑓 𝑥 =
4

(𝑥3+3𝑥)
1
3

= 4(𝑥3 + 3𝑥)−
1

3     𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒   𝑓 ′ 𝑥 = −
4

3
 𝑥3 + 3𝑥 −

4

3 ×  3𝑥2 + 3 = −
4(𝑥2+1)

  𝑥3+3𝑥 43  

 

 

11. 𝑓 𝑥 = 𝑐𝑜𝑠3𝑥 = (𝑐𝑜𝑠𝑥)3            𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒          𝑓 ′ 𝑥 = 3(𝑐𝑜𝑠𝑥)2 × (−𝑠𝑖𝑛𝑥) = −3𝑠𝑖𝑛𝑥𝑐𝑜𝑠2𝑥 

 

 

12. 𝑓 𝑥 =  𝑠𝑖𝑛𝑥 = (𝑠𝑖𝑛𝑥)
1

2             𝐶ℎ𝑎𝑖𝑛 𝑅𝑢𝑙𝑒          𝑓 ′ 𝑥 =
1

2
(𝑠𝑖𝑛𝑥)−

1

2 × (𝑐𝑜𝑠𝑥) =
𝑐𝑜𝑠𝑥

2 𝑠𝑖𝑛𝑥
 

  

Common factor 

3cancelled down 
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Chain Rule Ex3   method  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
    

 

1. 𝑦 = (𝑥2 + 4𝑥 − 5)3               𝑢 = 𝑥2 + 4𝑥 − 5     
𝑑𝑢

𝑑𝑥
= 2𝑥 + 4             𝑦 = 𝑢3           

𝑑𝑦

𝑑𝑢
= 3𝑢2  

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
= 3𝑢2 ×  2𝑥 + 4 = (6𝑥 + 12) 𝑥2 + 4𝑥 − 5 2 

 

 

2. 𝑦 =  𝑥3 + 5 = (𝑥3 + 5)
1

2              𝑢 = 𝑥3 + 5     
𝑑𝑢

𝑑𝑥
= 3𝑥2             𝑦 = 𝑢

1

2           
𝑑𝑦

𝑑𝑢
=

1

2
𝑢−

1

2   

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
 =  

1

2
𝑢−

1
2 × 3𝑥2  =  

3

2
𝑥2(𝑥3 + 5)−

1
2   =   

3𝑥2

2 (𝑥3 + 5)
        

 

 

3. 𝑦 = (1 + 2 𝑥)4 = (1 + 2𝑥
1

2)4             𝑢 = 1 + 2𝑥
1

2      
𝑑𝑢

𝑑𝑥
= 𝑥−

1

2              𝑦 = 𝑢4           
𝑑𝑦

𝑑𝑢
= 4𝑢3  

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
 =  4𝑢3 × 𝑥−

1
2  =  4𝑥−

1
2(1 + 2𝑥

1
2)3   =   

4(1 + 2 𝑥)3

 𝑥
        

 

 

4. 𝑦 =
3

 (4−𝑥2)
= 3(4 − 𝑥2)−

1

2             𝑢 = 4 − 𝑥2      
𝑑𝑢

𝑑𝑥
= −2𝑥            𝑦 = 3𝑢−

1

2           
𝑑𝑦

𝑑𝑢
= −

3

2
𝑢−

3

2   

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
 =  −

3

2
𝑢−

3
2 ×−2𝑥 =  3𝑥(4 − 𝑥2)−

3
2   =   

3𝑥

 (4 − 𝑥2)3
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Ex4 Differentiating a Product   method   
𝑑

𝑑𝑥
 𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
  

 

1. 𝑦 = 𝑥2(𝑥 − 3)2                          𝑢 = 𝑥2      
𝑑𝑢

𝑑𝑥
= 2𝑥         𝑣 = (𝑥 − 3)2           

𝑑𝑣

𝑑𝑥
= 2𝑥 − 6  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= (𝑥 − 3)2 × 2𝑥 + 𝑥2 ×  2𝑥 − 6 = 2𝑥(𝑥 − 3)2 + 𝑥2 2𝑥 − 6  

 

= 2𝑥(𝑥 − 3)2 + 2𝑥2 𝑥 − 3 = 2𝑥 𝑥 − 3 (2𝑥 − 3) 

 

___________________________________________________________________________ 

 

2.  𝑦 = 𝑥(2𝑥 + 3)3               𝑢 = 𝑥     
𝑑𝑢

𝑑𝑥
= 1         𝑣 = (2𝑥 + 3)3           

𝑑𝑣

𝑑𝑥
= 6(2𝑥 + 3)2  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= (2𝑥 + 3)3 × 1 + 𝑥 × 6 2𝑥 + 3 2 =  2𝑥 + 3 2(2𝑥 + 3 + 6𝑥) 

 

= (8𝑥 + 3)(2𝑥 + 3)2 

 

___________________________________________________________________________ 

 

3.  𝑦 = 𝑥 (𝑥 − 6)              𝑢 = 𝑥     
𝑑𝑢

𝑑𝑥
= 1         𝑣 = (𝑥 − 6)

1

2           
𝑑𝑣

𝑑𝑥
=

1

2
(𝑥 − 6)−

1

2   

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= (𝑥 − 6)

1
2 × 1 + 𝑥 ×

1

2
(𝑥 − 6)−

1
2 = (𝑥 − 6)

1
2 +

𝑥

2(𝑥 − 6)
1
2

 

 

=
2(𝑥 − 6) + 𝑥

2(𝑥 − 6)
1
2

=
3(𝑥 − 4)

2 𝑥 − 6
 

__________________________________________________________________________ 
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4.  𝑦 =  𝑥(𝑥 − 3)3               𝑢 = 𝑥
1

2      
𝑑𝑢

𝑑𝑥
=

1

2
𝑥−

1

2          𝑣 = (𝑥 − 3)3           
𝑑𝑣

𝑑𝑥
= 3(𝑥 − 3)2  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= (𝑥 − 3)3 ×

1

2
𝑥−

1
2 + 𝑥

1
2 × 3(𝑥 − 3)2 =

(𝑥 − 3)3

2𝑥
1
2

+ 3𝑥
1
2(𝑥 − 3)2 

=
 𝑥 − 3 2(𝑥 − 3 + 6𝑥)

2 𝑥
=
 𝑥 − 3 2(7𝑥 − 3)

2 𝑥
 

 

___________________________________________________________________________ 

5.  𝑦 = (𝑥 + 1)2 𝑥 − 1 4              

 

 𝑢 = (𝑥 + 1)2      
𝑑𝑢

𝑑𝑥
= 2𝑥 + 2         𝑣 =  𝑥 − 1 4           

𝑑𝑣

𝑑𝑥
= 4(𝑥 − 1)3  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑣 =  𝑥 − 1 4 × (2𝑥 + 2) + (𝑥 + 1)2 × 4 𝑥 − 1 3 

=  𝑥 − 1 3  𝑥 − 1  2𝑥 + 2 + 4 𝑥 + 1 2  

=  𝑥 − 1 3 2𝑥2 − 2 + 4𝑥2 + 8𝑥 + 4  

=  𝑥 − 1 3 6𝑥2 + 8𝑥 + 2  

= 2 𝑥 − 1 3 3𝑥2 + 4𝑥 + 1  

= 2 𝑥 − 1 3(3𝑥 + 1)(𝑥 + 1) 

___________________________________________________________________________ 

6.  𝑦 = 𝑥3 (𝑥 − 1)              𝑢 = 𝑥3      
𝑑𝑢

𝑑𝑥
= 3𝑥2         𝑣 = (𝑥 − 1)

1

2           
𝑑𝑣

𝑑𝑥
=

1

2
(𝑥 − 1)−

1

2   

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= (𝑥 − 1)

1
2 × 3𝑥2 + 𝑥3 ×

1

2
(𝑥 − 1)−

1
2 = 3𝑥2(𝑥 − 1)

1
2 +

𝑥3

2(𝑥 − 1)
1
2

 

=
6𝑥2 𝑥 − 1 + 𝑥3

2(𝑥 − 1)
1
2

=
𝑥2(7𝑥 − 6)

2 (𝑥 − 1)
 

 

___________________________________________________________________________ 
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7.  𝑦 = 𝑥𝑠𝑖𝑛𝑥              𝑢 = 𝑥     
𝑑𝑢

𝑑𝑥
= 1         𝑣 = 𝑠𝑖𝑛𝑥          

𝑑𝑣

𝑑𝑥
= 𝑐𝑜𝑠𝑥  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑠𝑖𝑛𝑥 × 1 + 𝑥 × 𝑐𝑜𝑠𝑥 = 𝑠𝑖𝑛𝑥 + 𝑥𝑐𝑜𝑠𝑥 

 

___________________________________________________________________________ 

8.  𝑦 = 𝑥2𝑠𝑖𝑛𝑥              𝑢 = 𝑥2      
𝑑𝑢

𝑑𝑥
= 2𝑥         𝑣 = 𝑠𝑖𝑛𝑥          

𝑑𝑣

𝑑𝑥
= 𝑐𝑜𝑠𝑥  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑠𝑖𝑛𝑥 × 2𝑥 + 𝑥2 × 𝑐𝑜𝑠𝑥 = 2𝑥𝑠𝑖𝑛𝑥 + 𝑥2𝑐𝑜𝑠𝑥 

= 𝑥(2𝑠𝑖𝑛𝑥 + 𝑥𝑐𝑜𝑠𝑥) 

 

___________________________________________________________________________ 

9.  𝑦 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥              𝑢 = 𝑠𝑖𝑛𝑥     
𝑑𝑢

𝑑𝑥
= 𝑐𝑜𝑠𝑥         𝑣 = 𝑐𝑜𝑠𝑥          

𝑑𝑣

𝑑𝑥
= −𝑠𝑖𝑛𝑥  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑐𝑜𝑠𝑥 × 𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 × −𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛2𝑥 

= 𝑐𝑜𝑠2𝑥 

 

___________________________________________________________________________ 

 

10.  𝑦 = 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠5𝑥              𝑢 = 𝑠𝑖𝑛2𝑥     
𝑑𝑢

𝑑𝑥
= 2𝑐𝑜𝑠2𝑥         𝑣 = 𝑐𝑜𝑠5𝑥          

𝑑𝑣

𝑑𝑥
= −5𝑠𝑖𝑛5𝑥  

 

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑐𝑜𝑠5𝑥 × 2𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 × −5𝑠𝑖𝑛5𝑥 = 2𝑐𝑜𝑠2𝑥𝑐𝑜𝑠5𝑥 − 5𝑠𝑖𝑛2𝑥𝑠𝑖𝑛5𝑥 

 

___________________________________________________________________________ 
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Ex5 Differentiating a Quotient   method  
𝑑

𝑑𝑥
 
𝑢

𝑣
 =  

𝑣
𝑑𝑢

𝑑𝑥
 − 𝑢

𝑑𝑣

𝑑𝑥

𝑣2   

 

 

1. 𝑦 =
𝑥2

𝑥+3
                          𝑢 = 𝑥2      

𝑑𝑢

𝑑𝑥
= 2𝑥         𝑣 = 𝑥 + 3          

𝑑𝑣

𝑑𝑥
= 1  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=
 𝑥 + 3 × 2𝑥 − 𝑥2 × 1

(𝑥 + 3)2
=

2𝑥 𝑥 + 3 − 𝑥2

(𝑥 + 3)2
 

 

=
𝑥2 + 6𝑥

(𝑥 + 3)2
=
𝑥(𝑥 + 6)

(𝑥 + 3)2
 

 

___________________________________________________________________________ 

2. 𝑦 =
4−𝑥

𝑥2                           𝑢 = 4 − 𝑥     
𝑑𝑢

𝑑𝑥
= −1         𝑣 = 𝑥2           

𝑑𝑣

𝑑𝑥
= 2𝑥  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=
𝑥2 ×  −1 − (4 − 𝑥) × 2𝑥

𝑥4
=
−𝑥2 − 8𝑥 + 2𝑥2

𝑥4
 

 

=
𝑥2 − 8𝑥

𝑥4
=
𝑥(𝑥 − 8)

𝑥4
=
𝑥 − 8

𝑥3
 

 

___________________________________________________________________________ 
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3. 𝑦 =
4𝑥

(1−𝑥)3                𝑢 = 4𝑥     
𝑑𝑢

𝑑𝑥
= 4         𝑣 = (1 − 𝑥)3           

𝑑𝑣

𝑑𝑥
= −3(1 − 𝑥)2  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=

(1 − 𝑥)3 × 4 − 4𝑥 × −3(1 − 𝑥)2

(1 − 𝑥)6
=

4(1 − 𝑥)3 + 12𝑥(1 − 𝑥)2

(1 − 𝑥)6
 

 

=
(1 − 𝑥)2 4 − 4𝑥 + 12𝑥 

(1 − 𝑥)6
=

4 + 8𝑥

(1 − 𝑥)4
=

4(2𝑥 + 1)

(1 − 𝑥)4
 

 

___________________________________________________________________________ 

4. 𝑦 =
2𝑥2

𝑥−2
               𝑢 = 2𝑥2      

𝑑𝑢

𝑑𝑥
= 4𝑥         𝑣 = 𝑥 − 2          

𝑑𝑣

𝑑𝑥
= 1  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=

(𝑥 − 2) × 4𝑥 − 2𝑥2 × 1

(𝑥 − 2)2
=

4𝑥2 − 8𝑥 − 2𝑥2

(𝑥 − 2)2
 

 

=
2𝑥2 − 8𝑥

(𝑥 − 2)2
=

2𝑥(𝑥 − 4)

(𝑥 − 2)2
 

 

___________________________________________________________________________ 

5. 𝑦 =
(1−2𝑥)3

𝑥3                𝑢 = (1 − 2𝑥)3      
𝑑𝑢

𝑑𝑥
= −6(1 − 2𝑥)2         𝑣 = 𝑥3           

𝑑𝑣

𝑑𝑥
= 3𝑥2   

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=
𝑥3 ×−6(1 − 2𝑥)2

− (1 − 2𝑥)3
× 3𝑥2

𝑥6
=
 1 − 2𝑥 2(−6𝑥3 − 3𝑥2 + 6𝑥3)

𝑥6
 

 

=
−3𝑥2 1 − 2𝑥 2

𝑥6
=
−3 1 − 2𝑥 2

𝑥4
 

 

___________________________________________________________________________ 
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6. 𝑦 =
 (𝑥+1)

𝑥2                𝑢 = (𝑥 + 1)
1

2      
𝑑𝑢

𝑑𝑥
=

1

2
(𝑥 + 1)−

1

2          𝑣 = 𝑥2           
𝑑𝑣

𝑑𝑥
= 2𝑥  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=
𝑥2 ×

1
2 (𝑥 + 1)

−
1
2
− (𝑥 + 1)

1
2 × 2𝑥

𝑥4
=

𝑥2

2(𝑥 + 1)
1
2

− 2𝑥(𝑥 + 1)
1
2

𝑥4
 

 

=

𝑥2 − 4𝑥(𝑥 + 1)

2(𝑥 + 1)
1
2

𝑥4
=
−3𝑥2 − 4𝑥

2𝑥4(𝑥 + 1)
1
2

=
−𝑥(3𝑥 + 4)

2𝑥4(𝑥 + 1)
1
2

= −
(3𝑥 + 4)

2𝑥3 (𝑥 + 1)
 

 

___________________________________________________________________________ 
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Ex6 Mixed New Functions with Chain, Product and Quotient Rules 

 

1. 𝑦 = 𝑡𝑎𝑛32𝑥 = (𝑡𝑎𝑛2𝑥)3              𝑢 = 𝑡𝑎𝑛2𝑥     
𝑑𝑢

𝑑𝑥
= 2𝑠𝑒𝑐22𝑥             𝑦 = 𝑢3           

𝑑𝑦

𝑑𝑢
= 3𝑢2  

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
= 3𝑢2 × 2𝑠𝑒𝑐22𝑥 = 6𝑡𝑎𝑛22𝑥𝑠𝑒𝑐22𝑥 

 

 

2. 𝑦 = −2𝑐𝑜𝑠𝑒𝑐4𝑥              𝑢 = 𝑐𝑜𝑠𝑒𝑐𝑥     
𝑑𝑢

𝑑𝑥
= −𝑐𝑜𝑠𝑒𝑐𝑥𝑐𝑜𝑡𝑥             𝑦 = 𝑢4           

𝑑𝑦

𝑑𝑢
= 4𝑢3  

 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
= −2 4𝑢3 × −𝑐𝑜𝑠𝑒𝑐𝑥𝑐𝑜𝑡𝑥 = −2 4𝑐𝑜𝑠𝑒𝑐𝑥3 × −𝑐𝑜𝑠𝑒𝑐𝑥𝑐𝑜𝑡𝑥 = 8𝑐𝑜𝑠𝑒𝑐𝑥4𝑐𝑜𝑡𝑥 

 

 

3. 𝑦 = 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥              𝑢 = 𝑠𝑒𝑐𝑥     
𝑑𝑢

𝑑𝑥
= 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥              𝑣 = 𝑡𝑎𝑛𝑥          

𝑑𝑣

𝑑𝑥
= 𝑠𝑒𝑐2𝑥  

 

 
𝑑

𝑑𝑥
 𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
 = 𝑡𝑎𝑛𝑥 × 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 + 𝑠𝑒𝑐𝑥 × 𝑠𝑒𝑐2𝑥 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛2𝑥 + 𝑠𝑒𝑐2𝑥  

 

 

4. 𝑦 = 𝑥2𝑐𝑜𝑡𝑥              𝑢 = 𝑥2      
𝑑𝑢

𝑑𝑥
= 2𝑥              𝑣 = 𝑐𝑜𝑡𝑥          

𝑑𝑣

𝑑𝑥
= −𝑐𝑜𝑠𝑒𝑐2𝑥  

 

 
𝑑

𝑑𝑥
 𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
 = 𝑐𝑜𝑡𝑥 × 2𝑥 + 𝑥2 × −𝑐𝑜𝑠𝑒𝑐2𝑥 = 2𝑥𝑐𝑜𝑡𝑥 − 𝑥2𝑐𝑜𝑠𝑒𝑐2𝑥 = 𝑥(2𝑐𝑜𝑡𝑥 − 𝑥𝑐𝑜𝑠𝑒𝑐2𝑥) 

 

 

5.  𝑦 = ln 3𝑥 + 2              𝑅𝑢𝑙𝑒 
𝑑

𝑑𝑥
 𝑙𝑛 𝑓(𝑥)  = 𝑓 ′ 𝑥 ×

1

𝑓 𝑥 
         𝑓 𝑥 =  3𝑥 + 2        𝑓 ′ 𝑥 = 3 

 

= 3 ×
1

(3𝑥 + 2)
=

3

(3𝑥 + 2)
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6. 𝑦 =  𝑥 + 2 𝑒−𝑥               𝑢 =  𝑥 + 2      
𝑑𝑢

𝑑𝑥
= 1              𝑣 = 𝑒−𝑥           

𝑑𝑣

𝑑𝑥
= −𝑒−𝑥   

 

 
𝑑

𝑑𝑥
 𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
 = 𝑒−𝑥 × 1 +  𝑥 + 2 × −𝑒−𝑥 = −𝑒−𝑥 1 + 𝑥 = −(𝑥 + 1)𝑒−𝑥  

 

 

7. 𝑦 =
𝑒𝑥

𝑥+2
                     𝑢 = 𝑒𝑥          

𝑑𝑢

𝑑𝑥
= 𝑒𝑥               𝑣 = 𝑥 + 2          

𝑑𝑣

𝑑𝑥
= 1  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=

(𝑥 + 2) × 𝑒𝑥 − 𝑒𝑥 × 1

(𝑥 + 2)2
=

(𝑥 + 1)𝑒𝑥

(𝑥 + 2)2
 

 

 

8. 𝑦 =
𝑥2

𝑙𝑛𝑥
                     𝑢 = 𝑥2          

𝑑𝑢

𝑑𝑥
= 2𝑥              𝑣 = 𝑙𝑛𝑥          

𝑑𝑣

𝑑𝑥
=

1

𝑥
  

 

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
=
𝑙𝑛𝑥 × 2𝑥 − 𝑥2 ×

1
𝑥

(𝑙𝑛𝑥)2
=

2𝑥𝑙𝑛𝑥 − 𝑥

(𝑙𝑛𝑥)2
=
𝑥(2𝑙𝑛𝑥 − 1)

(𝑙𝑛𝑥)2
 

 

 

9.  𝑦 = ln  (𝑥2 + 1)              𝑅𝑢𝑙𝑒 
𝑑

𝑑𝑥
 𝑙𝑛 𝑓(𝑥)  = 𝑓 ′ 𝑥 ×

1

𝑓 𝑥 
 

 

         𝑓 𝑥 = (𝑥2 + 1)
1
2                   𝑓 ′ 𝑥 =

1

2
(𝑥2 + 1)−

1
2 × 2𝑥 =  

𝑥

 (𝑥2 + 1)
 

 

=
𝑥

 (𝑥2 + 1)
×

1

 (𝑥2 + 1)
=

𝑥

(𝑥2 + 1)
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10. 𝑦 = 𝑥𝑒−2𝑥2
              𝑢 = 𝑥     

𝑑𝑢

𝑑𝑥
= 1              𝑣 = 𝑒−2𝑥2

  
𝑑

𝑑𝑥
 𝑒𝑓 𝑥  = 𝑓 ′(𝑥)𝑒𝑓 𝑥           

𝑑𝑣

𝑑𝑥
= −4𝑥𝑒−2𝑥2

  

 

 
𝑑

𝑑𝑥
 𝑢𝑣 = 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
 = 𝑒−2𝑥2

× 1 + 𝑥 × −4𝑥𝑒−2𝑥2
= 𝑒−2𝑥2

 1 − 4𝑥2  

 

 

11. 𝑦 = ln  
1+𝑥

1−𝑥
              𝑅𝑢𝑙𝑒 

𝑑

𝑑𝑥
 𝑙𝑛 𝑓 𝑥   = 𝑓 ′ 𝑥 ×

1

𝑓 𝑥 
                 

 

𝑓 𝑥 =  
1 + 𝑥

1 − 𝑥
              𝑢 =  1 + 𝑥     

𝑑𝑢

𝑑𝑥
= 1         𝑣 =    1 − 𝑥         

𝑑𝑣

𝑑𝑥
= −1     

 

𝑓 ′ 𝑥 =  
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
 =

 1 − 𝑥 × 1 −  1 + 𝑥 × −1

 1 − 𝑥 2
=
 1 − 𝑥 +  1 + 𝑥 

 1 − 𝑥 2
=

2

 1 − 𝑥 2
 

 

=
2

 1 − 𝑥 2
×

1

(1 + 𝑥)
(1 − 𝑥)

==
2

1 − 𝑥2
 

 

 

 

12. 𝑦 =
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥
          𝑢 = (𝑒𝑥 − 𝑒−𝑥)      

 𝑑𝑢

𝑑𝑥
= (𝑒𝑥 + 𝑒−𝑥)        𝑣 =   (𝑒𝑥 + 𝑒−𝑥)         

𝑑𝑣

𝑑𝑥
= (𝑒𝑥 − 𝑒−𝑥)  

 

 
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
 =

(𝑒𝑥 + 𝑒−𝑥) × (𝑒𝑥 + 𝑒−𝑥) − (𝑒𝑥 − 𝑒−𝑥) × (𝑒𝑥 − 𝑒−𝑥)

(𝑒𝑥 + 𝑒−𝑥)2
 

 

=
(𝑒2𝑥 + 2 + 𝑒−2𝑥) − (𝑒2𝑥 − 2 + 𝑒−2𝑥)

(𝑒𝑥 + 𝑒−𝑥)2
=

4

(𝑒𝑥 + 𝑒−𝑥)2
 

 


