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Mr. Lafferty BSC (Hons) Open MathSci & Mrs Bissett BSC (Hons) Glasgow



Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex1 First Principles (Higher Revision)

(@) f(x)=x3 fx+h)=(x+h)3=x3+3x*h+3xh? + h3

) = 1 f(x+h)—f(x)_l_ (x3 4+ 3x%h + 3xh? + h3) — 3
f )= lig h = R0 h

= }llirr(l) 3x2 + 3xh + h? =3x2

(b) f(x)=x?+2x fx+h)=(x+h)?+2(x+h)=x%+2xh+ h?+2x+2h

flx+h)—f(x) y (x® + 2xh + h® + 2x + 2h) — x? + 2x
= lim
h

f(x)z}ll_r% lim A =}111_r)r(1)2x+h+2=2x+2

() f(x)=3x*>+4x—5 flx+h)=3(x+h)?+4(x+h)—5=3x>+6xh+ 3h*> +4x+4h—5

flx+h)—f(x) y (3x% + 6xh + 3h? +4x +4h —5) — (3x%> +4x — 5)
= lim
h

fx) = jimy s R

=limh_)06x+ 3h+4=6x+4
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex2 Higher Revision

1.

fx)=x3—x%+5x—6

f(x)=3x2+7—§ =3x2 +7 —4x1

N =

f(x)zx/}+% =x%+x_

3 1 _1
fx)=xz—x2+ x 2

Fo oA 33
f(x)=x—§+ x—x:x 2 + x2
f(x) = (4x + 5)° Chain Rule
1
f(x) = (2x* - 3)2 Chain Rule

3

&) = i

f'(x) =3x>—-2x+5

(X)) = 6x+4x72 = 6x + —
x2

-2 1 1
= - 2 — - 2= — =
f(x) X x 2vx 2«3
’ 3 l 3 3 1 1
f)=gx—gxz—sx =V — -

f(x)=-2x"3+3x"* ——3+x3—4
Foy=-3x34+3a=-2 43
X) = Zx Zx = 2\/x_5 2 Ve

f(x) =5@x+5)* x4 =2004x + 5)*

/ _1 _L
Flo)=22x*—3)7x8x3 = 4x3(2x* — 3)2
2
4x3

J(2x%=3)

1 , _3 _3
=3(4—x%)"2 ChainRule f (x)= —%(4 —x2)2x (=2x) = 3x(4 —x?*)"2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Y 403 - : Ty — 43 - 2 _ A%+
10. f(x)—m—él(x +3x)" 3 ChainRule f (x)= 3(x +3x)3x (3x*+3) = yreere L
11. f(x) = cos3x = (cosx)? Chain Rule f (%) = 3(cosx)? x (—sinx) = —3sinxcos’x

CoSXx

1 I
12. f(x) = Vsinx = (sinx)2 Chain Rule f )= %(sinx)_% X (cosx) = N
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Chain Rule Ex3 method (Z—y =Yy d—“)

du dx

1. y=(x?*+4x-5)3 u=x%2+4x-5 Z—;=2x+4 y=u E=3u2

dy _dy du—s X (2x +4) = (6x + 12)(x? + 4x — 5)?
I du Ix u? x (6x ) (x? X
1 1 1
y=Vx3+5=(x3+5)2 u=x3+5 Z—Z=3x2 y =uz Z—z=%u7
dy dy du 1 _1 3 1 3x2
o y —u2x3x? = =x*(x3+5)72 =

dx  du dx_Z T2 2,/(x3 +5)

4 N4 > du - 4 dy 3
3. y=(1+2vx)*=(1+2x2) u=1+2x2 —=x2 y=u —=4u
dy _ dy du 1 1 3 4(1+2\/E)3
"2 = 2 2 = TV
Tx du Tx = 4ud x x 2 = 4x 2(1 + 2x2) N
4 y= —3(4—x)% u=4-—xt Lo _oy y =3u2 &3,
,/ dx du 2
dy dy du 3 3 _3 3x

_—= _ = —— 2 —_ = — 52 2 =
e duxdx 2u X —2x = 3x(4 —x*)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex4 Differentiating a Product method ( (uv) = vz—“ + ug—:)

— A2 _ 2\2 2 [ _ 22 d_v_ _
1. y=x“(x—3) u=x" —=2x v=(x—3) L= 2x—6

Y _ 3)2x2x +x2x (2 =2 3)2+x%2(2x—6
=V ud— (x—13) x4+ x? X (2x — 6) x(x —3)*+x°(2x — 6)

= 2x(x —3)% + 2x%(x — 3) = 2x(x — 3)(2x — 3)

T=1 wv=(Qx+3° T=6(x+3)

— 3
2. y=x2x+3) .

<
I

D _ du w_ 2x+3)3x14+xx6(2x+3)>=2x+3)?’2x+3+6
-V ud (2x + 3) x x x (2x x)

= (8x + 3)(2x + 3)?

d 1 d 1 1
3. Y =x(x—6) u=x £=1 v=(x—6) £=5(x—6)2

W Y —erx14axs ( 67 = (x— 6)7 + —
— +u—=(x— x x— =(x— —
dx dx dx 20x — 6)2

2(x—6)+x 3(x—4)
2(x—6)2 ZVX—6

Adv. Higher Unit 1.2 Differentiation Worked Solutions ( Part 1) Page 5



Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

1y 1 1 d
4, y =+x(x —3)3 u = x2 ﬁz;xz v=(x-3)3 £=3(x—3)2
d du v 1 1 1 x —3)3 1
£=va+ua:(x—3)3><5x_7+x7><3(x—3)2=( ) + 3x2(x — 3)?

1
2x2
_ (x=3)%(x=3+6x) (x—3)*(7x—3)
- 2Vx B 2Vx

5. y=(x+1%x—-1*

, du 4 dv 3
u=(x+1) a=2x+2 v=(x-1) azél(x—l)

dy du dv 4 ) 5
a—va+ua—v—(x—1) X2x+2)+(x+1)"x4(x—-1)

=(x—-1D3[(x-1DC2x+2)+4(x + 1)?]
=(x-1302x*-2+4x*+8x+4)
=(x—1)3(6x*+8x +2)
=2(x—1)30Bx?+4x+1)

=2(x—13Cx+D(x+1)

6. y=x3/(x—1) u=x3 L3y v=(x—1)% dl:%(x—l)_%

dx

dy du dv 1 3

1 1 1
a—va+ua=(x—1)7><3x2+x3xz(x—l)_7=3x2(x—1)7+ T

2(x—1)2

_ 6x%(x —1) + x3 B x%(7x — 6)

20x — 1) 2y —1)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

. du . dv
7. y = xsinx u=x —=1 v = sinx — = cosx
dx dx
dy du dv ] ]
—=v—+u—=sinx X1+ x X cosx = sinx + xcosx
dx dx dx
. du . dv
8. y = x%sinx u=x*> —=2x v=sinx — = cosx
dx dx
dy du dv . ) . )
—=v—+u—=-sinx X 2x + x° X cosx = 2xsinx + x“cosx
dx dx dx
= x(2sinx + xcosx)
. . du dv .
0. Yy = Sinxcosx u = sinx ——=cosx U = CcOSX - = —sinx
dy du dv ) ) ) w
— =v—+ Uu— = coSx X cosx + Sinx X —sinx = cos“x — sin“x
dx dx dx
= coS2x
. . du dv
10. y = sin2xcos5x u = sin2x = 2cos2x v = cos5x =
dy du dv . . . .
Ix = vd— + ud— = cos5x X 2cos2x + sin2x X —5sin5x = 2cos2xcos5x — 5sin2xsin5x
X X X
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

d d
. . d (w\ _ (Vi Vi
Ex5 Differentiating a Quotient method — (—) = >
dx \v v
_x? — 2 du_ _ v _
1 y= u=x dx—2x v=x+3 dx—l
du dv 2 2
dy Ve Yy (x+3)x2x—x"x1 2x(x+3)—x
dx v2 B (x + 3)? T (x+3)2
_x2+6x_x(x+6)
T (x+3)%2 (x+3)2
A= 4y W _ = x2 v
2. y=— u=4-x -—=-1 V=X o= 2x
du dv
dy_va—ua_xz><(—1)—(4—x)><2x_—x2—8x+2x2
dx v2 - x* B x*
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_ A4x _ d_u_ _ _ 3 d_v__ — 2
3. Y =07 u = 4x dx—4 v=_1-x) = 3(1—x)
du dv
dy Ve Uge (1—-xPx4—-4xx-31-x)% 4(1—-x)°+12x(1—x)*
dx v2 - (1—x)° B (1—x)°

(1 -x)%[4—4x+12x]  4+8x 4Qx+1)

(1—-x)° (-0t a-nt
_ 22 — 0,2 du =y — v
4 y = u=2x dx—4x v=x-—2 ol
du dv
dy_Va—ua_(x—Z)xl}x—sz><1_4x2—8x—2x2
dx v2 - (x — 2)? T (x=2)
_2x2—8x_2x(x—4)
(=22 (x—2)?
(1-2x)° du dv
5. y="% u=(1-2x)° —=-6(1-2x)> wv=x° — =3x?
du dv 3 2 3 2 2 3 2 3
dy Vagx Ugx X X—=6(1—-2x)"—(1—2x)" x3x _(1-2x) (—6x° — 3x° + 6x°)
dx v2 - x© Bl x6

-3x2(1—-2x)? -3(1-—2x)?
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

&+ _ a1 L _ dv
6. y=+5— u=(x+12 —=-(x+1)7 v = x? —=2x
2 1
1 x 1

1 2 1
dy_vﬁ—u%_xzxf(x+1) —(x+1)2><2x_2(x+1)7
dx v2 - x4 - x*

x> —4x(x+1)
1

2(x+1)2  —3x*—4x -xBx+4)  (3x+4)
4 B 17 17 9,3
X 2x*(x+ 12 2x*(x+1)2 23 (x + 1)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex6 Mixed New Functions with Chain, Product and Quotient Rules

1. y=tan32x = (tan2x)3 u = tan2x z—z = 2sec?2x y =ud Z—Z = 3u?
d dy du
cd = & X — = 3u? X 2sec?2x = 6tan®2xsec?2x
dx du dx
2. y=—2cosectx u = cosecx Z—Z = —cosecxcotx y =u* Z—Z = 43
d dy du
% = % X P —2[4u3 x —cosecxcotx] = —2[4cosecx® x —cosecxcotx] = 8cosecx*cotx
3. y = secxtanx u = secx Z—Z = secxtanx v = tanx 3—; = sec’x
d du ) ) )
(E (uv) = va + ua> = tanx X secxtanx + secx X sec“x = secx(tan“x + sec“x)
— .2 _ 2 du_ — v _ _ 2
4, y=x“cotx u=x° -——= 2x v = cotx o, = —cosec’x
d du dv ) ) ) ) )
(a (uv) = va + ua) = cotx X 2x + x* X —cosec“x = 2xcotx — x“cosec*x = x(2cotx — xcosec“x)
d ! 1 !
5. y=In(3x+2) Rule ;{ln[f(x)]} =f (x) X ) f)=0Bx+2) fx)=3
1 3

3XBx72) " Gxt2)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

— —X — du _ — X av _ _ ,—x
6. y=(x+2)e u=(x+2) =1 v=e o= e

d du dv y y y x
(a(uv)=va+ua>=e X1+ (x+2)x—e*=—e*1+x)=—(x+1e

_e* o a ~ i _
7y_x+2 u=e dx_ v_x_l_z y _1
e . x
d_yzvdx udx:(x+2)><€ —e ><1=(x+1)e
dx v? (x + 2)?2 (x + 2)2
=L —a2 _ a _1
8'y_lnx u=x I = X v = Inx =
du dv , 1
dy Ve “Ugy MxX2Xx—x"X> 2xinx —x  x(2nx—1)
dx 2 - (lnx)Z - (lnx)z - (lnx)z

9. y=h[yGZ+D]  Rule I{I[fCO} = f () x5

f(x):(x2+1)% f’(x):%(x2+1)_%x2x=\/ﬁ
x 1 X

TV D JaErDn @D
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

ox2 d _ox2 [d ' d o2
10. y = xe 2x u=x ﬁ: 1 v=e 2x [E(ef(x)) :f (x)ef(x)] £=—4xe 2x
d du dv 2 ) )
— = p— )= p2x _ —2x4 _ ,—2x A2
(dx(uv) vdx+udx) e X1+ x X —4xe e (1—4x2)
1 d ' 1
. y=m(Z)  Rule ([fl=f () x5
1+x du dv
fo=(102)  w=G+n T=1 v=(-n T=-
du dv
) = Vax Yax| 1-0)x1-(1+x)x-1 (A-x)+0+x) 2
f = v? B 1—x)? T @-02  (d-x2
I VI SR
S -02T A4y 1-a?
(1-x)
eX—e™* _ du _ _ _ _ dv _ -
12. Y=o u=(e*—e™) E—(ex+ex) v= (e*+e™) dx_(ex e ™)
du dv
Vi Yax | _ (eFt+te ) x(e*+e ) —(ef —e )X (e —e™¥)
v? B (e* + e %)2
_ (e +2+e72%) — (e?* =2+ e~ %% B 4
(e* + e )2 ~ (e* +e¥)?
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