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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex1 Inverse Trig method (Z_z = Z_i x Z_z)

— sin-1 T — sin-1 dy _ 1
1. y=sin"Wx u=x2 ——=-x 2 y =sin"'u T
dy dy du 1 1 _1 1 1 1 1 1
— =—X—-—= X=x 2= X = X =
dx du dx 1-—u2 2 12 2Vx V1—-x 2Vx 2/x(1—x)
1—x2
2. y=tan Wx =i @ _ 1, = tan™? &1
. y=tan Wx u=x o =% y=tan 'u T Tz
dy dy du 1 ><1 _% 1 o 1 1
—_— =X — = —_ = =
dx du dx  1+u 2" 1+x) 24/x 2vVx(1 + x)

— -1 uw _q — -1 v _ 1
3. y=xtan""x u=x o v=tan 'x o= a2

dy du dv

x
— =yp—+4u—=tan lx x1+x X = tan"1x +
dx dx dx 1+ x2 1+ x2
_ —1(% _ d_u_ _ _1(£) dv _ 1 l 4 _ 2
4, y=xtan (2) u=x —=1 v=tan"" (3

—_—= X = =
dx 1+(§)2 2 2(44x2)  (44+x2)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

5. y=xsin"lx +V1—x?

First part Product

_ du_1 o dv 1
uU=x o v=sin""x o
dy du dv. | 1 1 4 x
a—va+ua—sm x X +x><m—sm x+m
Second part
() =VI-xZ=(1-x2) ) =2(1-x2)7 =
x)=+41—x%*=(1-—x°)2 x)==(1—x°%) 2X—-2x =
f fl@ =5 —
Final answer:
X X
sin"lx + - = sin"lx
V1i—x2 V1-—x2
S dy _dy  du
6. y=cos ' (2x — 1) method (dx—duxdx)
_5 1 du_2 B 1 dy_ -1
u=2x— T Yy =cos u 0 0
dy_dyxdu_ -1 7= -2 -2 B -2
dx du dx 1-u2 Vi—u? J1-(Qx—-1)?% 1—(4x?—4x+1)
dy_ -2 -1 -1

A Jax—a2) J&x-x) Jxd-D
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_ gin-1 (221 dy _dy  du
7. y=sin (x+1) method (dx_duxdx)
_x—1 du bel . dy 1
u=_—"7 1y = See below y =sin"'u i
)_(x—l) _ 1 du_1 _ +1 dv_1
fx) = T 1 u=(x-1) T v= (x+1) T
du dv
£ = Vix ~ Ydx :(x+1)><1—(x—1)><1: 2
v? (x + 1)? (x + 1)?
dy 1 9 2 _ (x+1) y 2
dx ) r_ 12 (c+1)? Ja+DZ = (x—1)? (x + 1)2
N _(x+1)
dy (x+1) 2

az\/(x2+2x+1)—(x2—2x+1)x(x"‘l)2

dy_(x+1)>< 2
dx  ax = (x+1)2

dy 1
dx  Vx(x + 1)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_ —1(x—1 dy _dy _ du
8. y =tan (m) method (E_EXE)
_x—1 du bel a1 dy 1
u—x+1 T = See below y=tan"u =112
_(x—l) —( 1 du_1 — k1) dv_1
f(x)_x+1 U= dx ve @ dx
du dv
) = Vax " UYax | (D x1-(x—-1)x1 2
fea= V2 - G+ 1)2 T+ 1)2
dy 1 8 2 1 3 (x +1)2 y 2
dx (14 u?) (x+1)2_1 x—1\¢ (x+D2+x—127 (x +1)2
+(x+1)
dy 2

a=(x2+2x+1)+(x2—2x+1)

dy 2 1
dx  2x2+2 1+ x2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

9. y=tan_1( 2 )

d d d
method (—y =2 x u)
1—x dx

du E

. 2x u bel _ _ dy 1
u= — 2 = See below y =tan"tu FRE Y
F0 = (=) 2w 2oy (1-x2)2 (1%
x) = u=2x —= V= — X —=—-x(1-x
1—x? dx d
du dv P P e 2 2\
@ = Vi " Ygx | (1—x%)Zx2-2xx—x(1-x*)2  2(1—x*)2+2x*(1—x*)"2
fx= V2 - (1—x2) - (1—x2)
2(1 —x?) + 2x2
T
. (1-x%)2 _ 2
= — = 3
(1—x2) (1—x2)2
dy 1 y 2 1 y 2 (1-x?) y 2
—= 5 3= Z 37 (1 — x2 2 3
dx (14+u?) (1—x2)2 1+< 2x 2) (1 —x2)Z (1 —x* +4x°) (1—x2)2
v1—x
dy

2
dx  (1+3x2)/d - x?)

Adv. Higher Unit 1.2 Differentiation Worked Solutions ( Part 2 ).docx

Page 5



Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

10. y = sin™! (\/%) method (Z—izj—i)(j—i)
. 2x _ bel o
u= — Iy = See below y = sin
_ 2x _ du_2 — 2%
f(x)—(_l_xz) u=2x Fri v= (1-x°)

1

u

1 1 1 1
du £ Vo U0 Q—x)Zx2-2xx—-x(1—-x2)2  2(1—-x*)Z2+2x*(1—-x%)"2
— x = = =

v2 (1—-x2)

2(1 — x?) + 2x?
(1 —xz)% B 2
(1—x?) B

(1—x2)2

d 1 2 1 2
_y = X

(1-x%)

1
(1-x2)2 2
X

1—x2

2
dx — [(1-5x5)(1 - x2)

1_( 2x >2 (1—x2)%= (1 —x% —4x?)

(1 —x2)2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

— tan—1 dy _dy  du
11. y =tan™"(secx) method (dx =X dx)
du . - dy 1
u = secx — = secxtanx = tan"lu —=—
dx y du 1+ u?
dy dy du 1 . 1 . secxtanx
—=——XxX—= X secxtanx = —— X secxtanx = ——
dx du dx 1+u? 1+ secx? 1+ secx?
- in—1 dy _dy d_“)
12. y = cos(sin™"x) method (dx ==X

R d_u _ 1 _ d_y i
u=sin"lx T y = cosu - = —sinu
o
()
dy dyxdu . 1 riisin! ;x 1 —x
—=—X—=- = —sini{ =
T = I ¥ T sinu — sinffsin~1x — i
13. y = tan™1(e¥) method (Z—i = Z—i X Z—Z)
du dy 1
— pX T px =t -1 7
“ dx y=tan " du 1+ u?
d_y _ d_y du 1 o 1 X e*

=2 x—= X
dx du dx 1+u?
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

14. y = sin~1(x?) — xe* Chain Rule and Product (j—y . X du)

First Part y = sin~1(x?)

du dy
— .2 — cin-1 2
u=x I 2x y=sin""u Tu
dy dy du 1 1
——=—=X—-—= X2X = ———=X2x =
dx du dx 1-—u? x 1— (x2)2 x
Second Part y = xe*
y = xe*
_ du 1 o v
u=x —-= v=e Ix €
dy du

d
=v—4+u—=e*xXx1+xxe*

dx dx dx

Final Answer

dy  2x
dx  1—x*

x  du E

=e*(1+x)

—e*(1+x)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex2 - Differentiating a function defined Implicitly

1. x2—y2=0 dif ferentiating implicitly 2x — ZyZ—z =0 = Z—Z = %
2 — 4 _ 4 Yy —2) = y__2 __1
(b) y* =2x + 2y Zydx —2+2dx = = 2y—-2)=2 P e

2= 2 by _ dy ' _ =y
(c)xy“=9 Product yix1l+xXx2y—=0 2 T Iy T i

2 _ .3 _ 2,29 dy _ dy 2 oy _ Bx+2 _ 2(4x+1)
(d)4x* —y°+2x+3y =0 Bx—3y“—+2+3-—=0 = —By*"=3)= 3y7-3) ~ 3072-1)

_ Y

d d
e)x’y+xy3=x-y = (3x2y+x3£)+(y3x1+xx3y2£)=1 2

dy
3x2 3 327 _ 3 Z 12
Xytyta dx Xy dx dx

d
%(x3+3xy2+1) =1-3x%y—y3

dy 1—3x%y —y3
dx  (x3 +3xy2+1)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

' : . d
(f) sinxcosy =1 Product = cosy X cosx + sinx X —smy% =0

. dy dy cosycosx
cosycosx — sinxsiny -~ = 0 Pl e—— cotxcoty
X X  sinxsiny

(9) e =2 Chain Rule and Product = e X (y x 1+ xZ—Z) =0

d
¥+ xeX = =0
ye xe™ -

dy —ye?” —y
xy xy 27 _ -7
yer +xe dx xexy X

(h) e*lny=x  Product = Inyxe*+e* }1—/3—1 =1

1
lnyex+ex;a=1

1d 1—Inye*
Iny e* +e";%=%=ye"‘ = ylny
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

2. x3 —2y3 =3xy at the point (2,1
y

2 _ 2% _ 4y
3x“ — 6y dx—yx3+3xdx

%(6}12 +3x) = 3x% — 3y

dy _ 3x2-3y
dx (6y2+3x)

- - dy _3@°3()  _ 9 _3
Forx =2andy =1 then = GRE) — 121

Using y—-b=x—-a) = y—1=%(x—2)=3x—4y=2

Adv. Higher Unit 1.2 Differentiation Worked Solutions ( Part 2 ).docx Page 11



Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

(b). x%y? = x? + 5y? at the point (3,%) Product
Y2 X 2x + x2 x 2y = 2x + 10y -
2xy® + Zny% =2x+ 103/%
%(szy —10y) = 2x — 2xy*

dy _ 29c—2xy2
dx ~ (2x2y—10y)

2
B 3 iy 23-200E) -2 s
Forx=3andy =3 then E_W)—zlo(%)_lzz__g

Using y—-b=x—-a) = y—%=—§(x—3)=5x+8y=27
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

(o). y(x+y)>=3x3-5) atthepoint (2,1) LHS Product

(x+y)2XZ—z+yx2(x+y)(1+Z—i):9x2

d d d
(x+y)2£+2y(x+y+x£+y£)=9x2

24y 2 dy 24y _ .2
(x +y)° -+ 2xy +2y° + 2xy—+ 2y -~ = 9x

9x2 —2xy—2y 2
((x+y)2+2xy +2y2)

d
%((x + )2+ 2xy +2y?) =

dy _ 9@)*-2)(M)-2(1)*> _ 30 _
dx — (+1)2+22)(D)+2(1)2) ~ 15

Forx =2andy=1 then

Using y—-b=x—-a) = y—-1=2x-2)=2x—y=3
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

3. xy(x+y)=84 atthepoint (3,4) LHS Product
x%y + xy? = 84

(yx2x+x2x3—z)+(y2x1+xx2y3—z)=0

(ny + x? Z—z) + (y2 + nyZ—z) =0

Z—Z (x? + 2xy) = —2xy — y?

dy _ —2xy—y2
dx  x2+42xy

— — dy _ —23)@)-(4)* _ —24-16 _ —40
Forx=3andy=4  then dx  (32+23)(4)  9+24 33
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

4. x>+3xy+y’=x+y+8 atthepoint (1,2)

dy dy _ dy
2x+(yx3+3xxa)+2ya—1+dx

dy &y _14Y
2x+3y+3xdx+2ydx—1+dx

dy dy & _q_
+3xdx+2ydx dx—l 2x + 3y

2 (@Bx+2y—1) =1-2x—3y

dy _ 1-2x-3y
dx (Bx+2y-1)

_ _ dy _ d_y — 1-2(1)-3(2) _ -7
Forx=1andy =2 then x " dx - Bh2d-1) "8
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

5. 4x’+y3=2x+7y atthepoint (—1,2)

8x+3y?L=2+472

2y g
3y ™ 7dx—2 8x

Y392 7y =9
dx(?,y 7)=2—8x

dy _ 2-8x

dy _ 2-8(-1) _ 10
dx  (3y2-=7)

For x=—-1 and y =2 dx_m_?=z

Second Derivative from

dy 2 2dzy d?y d?y ) dy z
ov(3) g T =" = @ -n=-8-6(3)
dy 2
azy _ 8-6y(3)  _ —s-6@)@? _ 56
dx2 ~  (3y2-7)  (3(2?2-7) 5
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

6. 3x2+2xy—5y2+16y=0  Show (—2,3)and (0,0)are stationary points.
6x +(yx2+2x %) - 10y L +162 =0
6x+2y +2x L —10y 2 +162 =0
Z—i(Zx — 10y + 16) = —6x — 2y

dy _ —6x—2y

. . dy
el — if stationary then = 0

d_y—ﬂ—izo For (—1,3) ﬂ:M—LZO

For (0,0) dx ~— (2x—10y+16) 16 dx  ((-1-103)+16)  -16

Second Derivative

dy dy d?y dy dy d?y d’y _
6+ZE+(EX2+2xxﬁ)—(Exloa+10yxw)+16m—0

2 2 2 2

dy d°y dy) d°y d°y
4—= 4 2x—=—10(-=] —10y—=+ 16— =
6+ dx+ xdx2 O(dx Oydx2+ 6dx2 0
d’y dy dy\’
— (2x—1 16) = -6 —4—+ 10 (=
= dxz( X 0y + 16) 6 dx+ 0(dx>

dy dy\?
dZy —6—4a+ 10 (ﬁ)

= =
dx? (2x — 10y + 16)
d®y _ —6-4(0)+10(0)> _ —6
For (0,0) o = GO)-100e — 16 Hence Max TP
d’y  —6-4(0)+10(0)> _ 6

For (—1,3) Hence Mini TP

dx?_ 2(-1)-10(-3) + 16) 44
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex3 Context Questions

1. P=0C2m+3)* Find Z—T whenm = 1, given that Z—i =2

Using implicit technique : 3—15 =4(2m+3)3 x 2 x 'Z—’: =8(2m +3)3 C;_’:
zam
m=1 2=821)+3)°—
dt
dm 2
dt 1000
dm 1
dt 500

2. r= 11:;2 Find i—f whenp = 2, given that Z—: =14
dpP daP
dr  A+p)x g7 —(1+p) X 2p ¢
dt (1+ p?)?
_, 4_(1+(2)2)xi—€—(1+2)x2(2)6§—1§
p= - 1+ (2)2)?
350 = 7dP
T dt
dp
— = —50
dt
dm = 25 X 14 = =50
dt -7 B
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

3. A=mr? Z—f whenr = 10, given that Z—: =0.2

dA dr
using implicit dif ferentiation technique : T 2mr X T
dA
r=10 e 2m(10) x 0.2

dA
— =20 x 0.2 =4n
dt

4a. xy=40; y= A;—O using implicit dif ferentiation technique :

dy dx

_— = —4 -2 —_

AT
dy 40 dx

= X
dt x2 " dt

4b. Find ‘;—{ when x = 8, given that Z—f =0.2

dy 40

1
= ——XUZ2=——-
It 82 0.2 3 cm/sec
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

5a. 50=mnr’h ; h= >0 using implicit dif ferentiation technique

mr2

dh —-100r=3 dr

i

dh _~100 dr
T oard T dt

dt r
dr _ . dh _
5b. — Whenr =38, giventhat — =3

T

x_
dt

dh —100 dr

= —11.8 cm/sec

dt  mr3 XE
- —100 y dr
T n(5)3 7 dt
dr _ 3m(5)°
dt ~ —100
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

6. v=s2+3 using implicit dif ferentiation technique

dv_z de (_ds_ 2+3)
a T Ve T8
dv_2(2+3) _ dv
ac 5% “= @

a = 2s(s* + 3) cm/sec?

7.V =2m3 W _ aqr? Y200 =100
3 dr dt
dV_4 Zdr
e
dV—200—4 2dr =>dr_50
dt DT dt — mr2

ds dS dr (50)
nr

dat drdt O \mr?

s
dt

= 4cm?/sec

50 400 400
()22

) " r 100
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex4 Log Differentiation

1.y=10" Iny = xIn10
ldy _ dy _ Y _ q0x
i n10 = == yin10 = —= 10*In10
2.y =2~ Iny = x%In2
Loy _ @ _ P
S 2xIn2 > = y2xIn2 > —=y= 2% X 2xIn2
.y=x* Iny = —xinx
1dy _ _ — 1 Y V—Inx — &y _ _x
ydx—lnxx( 1)+ ( x)xx > y(=lnx —1) = x*(lnx+1)
4 y = xsinx Iny = sinxlnx
1Y = nx x cosx +sinx x+ = 2= y (lnxcosx + ﬂ) > Do esinx (lnxcosx + ﬂ)
y dx x dx x dx x
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

1 _
B.y=xr= x* Iny = x tinx
p 1

ldy _ —x2 —1y y L &y _ (L S &y _ X g _

ydx—lnxx(x )+ (x )xx = dx—y( x2lnx+x2) = dx—xz(l Inx)
d
% = xf_z(l — Inx)

6.y = xIn* Iny = Inx X Inx
1dy _ 1 1 dy _ (L 1 4y _ ,inx (L 1
ydx—lnxxx+lnx><x = dx—y(xlnx+xlnx) = =X (xlnx+xlnx)
d
% = x™ (2x~linx)
d
% = 2x™~1(Inx)
7.y = (Inx)* Iny = x X In(In(x))
Ldy _ 11 dy _ X
e In(lnx) x (1) + x % —X- > ==y (ln(lnx) + xlnx)
dy N x1
v (Inx) (ln(lnx) + %>
8.y = xS Iny = sinxlnx
%Z—z = Inx X cosx + sinx X % = Z—Z =y (lnxcosx + %) = Z—i = xSinx (lnxcosx + %)

Adv. Higher Unit 1.2 Differentiation Worked Solutions ( Part 2 ).docx Page 23



Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

- _* _ 5 du_ - 4 _ 1 dv _3 _1
9.y—m u=x> ——=5x v = (3x +5)2 — =5Bx+5)2
du dv 1 3 1 3
d_y_ VI Udx _(3x+5)2 x 5x* — x° x7(3x+5) 2_5x4(3x+5)—7x5
= 2 - = 3
dx v (3x+5) (x +1)2

15x> + 25x* — %xS

(x + 1)%

_30x° +50x* — 3x°

3
2(x +1)2

_30x° +50x* — 3x°

3
2(x +1)2

_ x*(27x+50)

3
2(x+1)2

X5 5

- X — s_1
NETs) ﬁlny—ln(\/(?)x—%))—lnx 2ln(3x+5)

Log method ll. y =

ldy 5x* 1 3
ydx x5 2(3Bx+5)

dy x° <5x4 1 3 >
dx Gx + 5)% x> 2(3x+05)
_ 5x* 3x5

1 3
(3x+5)2 2(3x+5)2

3 1 1
_ 10x*(3x +5)2 —3x°(3x + 5)2 _ (3x + 5)2(10x*(3x + 5) — 3x°)
- 1 3 - 1 3
(3x +5)Z x 2(3x + 5)2 (3x +5)Z x 2(3x + 5)2

_ (10x*(3x+5)+3x%) _ 30x5+50x%—3x%> _ x*(27x+50)

3 3 3
(3x+5)2 (3x+5)2 2(x+1)2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_ x3(2x-1)°
10.y = ey

du
u=x32x—-1)> —=(2x—-1)>x3x%+x3x102x — 1)* = 3x2(2x — 1)% + 10x3(2x — 1)*

dx
dv
v =(x+1)? —=2(x+1)
dx
du dv 5 .
dy [Vax " ¥ax | (x+ 1?2 x(Bx*(2x—1)° +10x°(2x - D) —x°2x - 1)° x2(x +1)
dx v2 - (x + 1)*

_ x4+ D2x - DB (x + D(2x — 1) + 10x° (x + 1) — 2x3(2x — 1)]

(x+ 1)
X — x*+ 3x° —3x°+10x" + 10x° — 4x™ + 2x
_ (2x = 1)*[6x* + 3% — 3x% + 10x* + 10x° — 4x* + 2x°]
- (x+1)3
_ (2x—1D)*[12x* + 15x° — 3x?]
B (x+1)3
_ 3x%(2x — 1)*(4x* + 5x — 1)
B (x+1)3
_ x3x-1)° _ o (=1 _ —1)—
Log method Il y = oD = Ilny = ln( D) ) =3lnx+5m2x—1)-2ln(x+ 1)
ldy 3 10 2

yix x T @Zxi-D G+D)

dy  (3@2x—1)(x+ 1)+ 10x(x + 1) — 2x(2x — 1)
E‘y< Xx2x—D(x+ 1) >

dy  (6x*+3x—3+10x*+ 10x — 4x* + 2x)
=Y x2x—D(x + D)

dy  (12x*+15x—3\ x*(2x—1)° 12x% 4+ 15x — 3
dx y(x(Zx “Dx+ 1)) BCE <x(2x “D(x+ 1))

dy 3x3(2x - 1)5< 4x% +5x —1 ) _ 3x?(2x — 1)*(4x* + 5x — 1)

dx  (x+1)?2 \xQx—-1(x+1)/ (x+1)3
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex 5 Parametric Differentiation

1. x =t3 +t? y=t>+t & 342 4 2¢ D= 2t 4+1
dt dt
d d dt 1 2t+1
—y:—yx—:(2t+1)>< :( )
dx dt dx 3t2+2t  t(3t+2)

b. x = 4cos0 y = 3sinf Z—f = —4sinf Z—{ = 3cosfH
dy dy dt 1
—_— =X — = X = ——
dx dt dx 3cosd —4sinf 4 cotd
1 ot dc _ -1 dy _ (A-O)x1-tx(=1) _ 1-t+t _ 1
¢ x= (1+1) y= (1-t) dt ~ (14t)2 dat (1-t)? T (-0 (1-t)?
dy_dyxdt_ 1 ><(1+1:)2_ (1+1t)?
dc dt " dx (1-©)2° -1 — (1-t)?
_(@-1) _ (@t-1)
d. =y YT oo
dx t+1)x1—-(t—-1)x1 B 2
dat (t+1)2 C(t+1)?
dy (t-2)x2-(2t-1)x1 -3
at (t—2)2 T (t—2)2
dy_dyxdt_ -3 ><(t+1)2_ 3(t+1)?
dx dt ~dx (t—2)2 2 2(t=2)2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

e. x=(+1?  y=@-1) T=20+1) L=2t

dy dy dt 1 t
y _dy dt_

& =2t -
dx " dt dx P2y @t

f ot _
: x = (1-t) y= (t+3)

dc« (1-t)x1-tx(-1) 1
dt (1-1t)2 T (1-1t)2

dy (t+3)x2t—t*x1 t*+6t t(t+6)
dt (t + 3)? T (t+3)2 (t+3)?

dy dy dt tt+6) (1—-1)* t(t+6)(1—1t)*

—=—X—= X =
dx dt dx (t+3)2 1 (t+3)2
— — 4gi & _ 9 dy _
g. X = cos26 y = 4sinf o, = —2sin2f o = ‘4cosb
dy_dyxdt_4 0 x 1 _ 4cos6 _ p
dx dt dx €os —2sin20  —4sinfcosf cosec
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

h. x = acos’@ y = asin®@
dx . . dy 5 3 .
— = 2acosf X —sinf = —asin20 — = 3asin“fcosd = —asin20sinf
do do
dy dy d68 3 20sing 1 3 . 0
—_— =X — = — X—mam—m— = — —
dx df dx 2a astagsm —asin20 2 sin
i. x = e'cost y = e'sint Product
dx , . dy . ,
o = costx et —e' X sint = e'(cost — sint) 5 = St X et + e' X cost = e'(cost + sint)
dy dy dt (cost + sint)
— =—x—=c¢t t + sint) x =
dx dt dx e (cost + sint) et(cost —sint)  (cost — sint)
J- x = a(t — cost) y = a(1l + sint)
dx _ + asint @ _ t
7 = atasin 7¢ = acos
dy dy dt 1 acost cost
— =—X—=qacost X — = : = :
dx dt dx a+asint a(l+sint) (1+ sint)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

2a. x=ct y= % =ct! Find tangent equation at P(x,y) = (ct, %)
dx dy c
_—= _ - t_z = ——
a € dt ¢ t?

dx dt  dx t? ¢ t2
c
y—i=—zl- ct)
x +t?y = 2ct
b. x =at> y=at(t?—-1) Find tangent equation at P(x,y) = (at?,at(t* — 1))
dx dy ) )
a—Zat E—a(t —1) + 2at

dy_dyxdt_a(t2—1)+2at2_(t2—1)+2t2_3t2—1
dx  dt dx 2at B 2t 2t

3t2 -1

— 2_1) =
y —at(t ) ot

(x — at?)

2ty — (3t? — Dx = 2at?(t? — 1) — at?(3t? - 1)

2ty — (3t? — Dx = 2at* — 2at? — 3at* + at?

2ty — (3t? — 1)x = —at? — at*
2ty — (3t? — Dx = —at?(1 + t?)

(3t? — 1)x — 2ty = at?(1 + t?)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_a -1 — %41 ; ; — (2 yaefy _1
x—z(t+t ) y—z(t t™) FmdtangentequatlonatP(x,y)—(2(t+t),2(t t))

dx a a _a(l 1) dy_a_l_ a _a<1+1>

dt 2 2t 2 t2 t 2 22 2 12
a 1 1y (t*2+1

d_yzd_yxﬂzi(”ﬁ):(“ﬂ): Z _ @+

dcx dt dx af, 1 1 (t2—-1)  (t2-1)
2(1 tz) (1 tZ) iz

r=5(e=8) =t (-5 +)

S

(tz_l)y_%(tz_l)(t_%):(t2+1)x—%(f2+1)(t+%>

(t2+1)x—(t2_1)y=%(t2+1)(t+%>_%(tz_1)(t_%>

(t2+1)x—(t2—1)y=%[(t3+t+t+%)_(t3_t_H%)]

a
> +1Dx—(t? -1y = 5(4t)

>+ Dx — (t> — 1)y = 2at
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

d. x =secd y=tanf Find tangent equation at P(x,y) = (sec8, tanf)
X d
P secOtan6 d_)t] = sec?d

dy dy dt sec’d sec
—_ =X —= = = - =
dx dt dx secOtanf tanf sind  sinf

1
— tanf = —— (x — sech
y —tan sinH(x secH)

sinfy — sinftanf = x — sec

x — sinfy = sinftanf — secl

g _sinZG 1
X T Siuy = cosf  cos6
ng = sin?6 — 1
x —ysing = o
ing = cos?6
X —ysing = s

x — sinfy = cos6

1
—— —ytanf =1
xcos@ yran

xsecl — ytanf =1
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex6 Second Order Differentiation Parametric Equations

— L _ 42 - ind & %y
la. x=5=t y=1+t Find - and —
d_x: _ t—3___2
dt t3
dy dy dt t3

a3

d’y d (dy) d (dy) y dt d
dx dt

dx?  dx\dx) ~ dt\dx
3 3t2 t3
T2 2

_3t5

T4

<_

t3

2

)

2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

_ 2 g2 md 2 and ¢
b. x=({t+1)° y=t"-1 Find = and =
dx—2t+1 dy—Zt
PTG dt
dy dy dt 1 t

P T Pl YOI s Sl T

dzy_d(dy>_d(dy)xdt_d( t )x 1
dx?  dx\dx) dt\dx/ dx dt\(t+1)) " 2(t+1)
_(t+1)><1—t><1>< 1
B (t +1)2 2(t +1)

|+ 1) -t 1
T2 ]XZ(t+1)

1
T 2(t+1)3
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

- — 3si nd 2 and L2
c. x = 4cost y=3sint Find —= and ——
dr _ 4sint 4y _ 3cost
gp = “dsin 7¢ = 3cos
dy dy dt -1 3
—~ = — X — = 3cost X =——cott
dx dt dx 0% asine 2

dzy_d(dy>_d(dy)xdt_d< 3 tt)x -1
dx? dx\dx) " at\dx) “ax _ar\ 2

4sint
_ (3 Zt) x —1
= \gco%ec 4sint
_ 3 3;
= — g cosec
— cos’t vy = si ind 2 and 2
d. x =cos*t y=sint Find —— and —
dx = =2 t X sint dy = t
i cost X sin 5 = oS
dy dy o dat fx 1 1 .
dx  dt = dx cos —2cost X sint 2 cosec
d’y d (dy) d (dy) a d ( 1 t) 1
—_— ) =—— ] X—=—| —— X—mmm
dx? dx\dx dt\dx/ dx dt 2cosec —2cost X sint
1 1
= (— cosect X cott) X—
2 —2cost X sint

11 cost 1
=\ X X———
2 sint sint —2cost Xsint

1 34
= ——cosec
4
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

e. Miss out |
2. x=t—cost y=sint Find Stationary Points
dx = 1+ sint dy = t
i sin i cos
d d dt 1 cost
—yz—yx—:costx — = -
dx dt dx 1+ sint 1+ sint
F rati - dy 0 cost
or stationary point — = —_— =
yp dx 1+ sint
cost=0
b4 3
t—; and 7
t—E 'x—t—cost—z—cosz—E —sint—sinz—l (E 1)
T2 T =2 272 y = smE=smy = 2’
3 3 3 3m ] . 3m 3
y=smt=sm7=—1 (7,—1)

; X =t—coSt=——C0S—=—
2 2 2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

3a. x=4—t> y=4t—t3> Find Stationary Points and Nature

dx dy
— = -2t — =4 — 3t
dt dt
dy dy dt -1 (3t?-4)
= x—=(4-3t)x—="——"—~
dx dt dx ( ) 2t 2t
For stati mt 2 = (3t2_4)—0
or stationary poin dx_ ot =
Bt2—4)=0
_ |4 _ |4
t= 3 and 3
3
4 4 8 4 4 16 8 16
= - = — 2: _—_= = = — 3: - —_ - = — - —
t—\/;,xélt 4-2=3 y=at—t=4( |3 2 9\/§ (3,9\/5)

3
4 4 8 4 4 16 8 16
=— |- x=4—-t’=4——=— =4t—t3=4|-|= |- - |= =— (_,__ )
t ’3 x t 373 y=4t—t ’3 ’3 9\/§ 3 9\/§

d’y d (dy) d (d_y)xﬂ_i<(3t2—4)>x 1

dx?  dx\dx) dt\dx) " dx dt 2t 2t

(2t><6t—3t2><2) 1 (3)
=l ) X— == — | —
4¢2 -2t 4t

4  d? 8 16
e= - .22 Max.TP at ( \/§)

3 dx? 3’9
2
t= |2 . Y5 Mini.TP at (g—% 3)

3 7 dx?
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b.

Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

x=(5-3t)> y=6t—t> Find Stationary Points and Nature
B 6(5-30) = 6(3t—5) Y _ 6—2
dt B ar = ¢ )
d dy dt 6 — 2t 3—-t
_y:_yx_:(6—2t)>( :( ): ( )
dx dt dx 6(3t—5) 6(3t—5) 33Bt-5)
For stati me ¥ — ¢ B0 _,
or stationary point — - = 3G3r=5)
B-1t)=0
t=3

t=3; x=(5-30)2=(5-3(3))% =16 y=6t—t2=6(3)—(3)2=9 (16,9)

d’y d (dy _d dy

ﬁza(a>_dt(a)xdx_dt

dt d/GB-1t) 1
dx _(3(3t—5)>x6(3t—5)

(33t =5)x (~1) = (3 — ) X9 1 -12
- < 93t —5)? ) X 8Bt—5) (54(3t _ 5)3)

d?y 18(3) — 12
. ( ) <0 Max. TP at (16,9)

~ 93B3 - 5)3

t=3 ; =
dx?
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

C. x=(t’+1) y=t(t—3)*> Find Stationary Points and Nature
dx _ o
dt
d
d_}tlz (t—32x1+tx2(t—-3)=(t—-3)?+2t(t—-3)=(t-3)[t—-3+2t] =3(t—-3)(t—1)
dy dy dt 1 3(t-3)(t—-1)
—_— =X —= — — X — =
dx s B IE- DX 2t
d 3(t—3)(t—1 3(t? —4t+3
For stationary point & 0 ( ) ) =0 For later¥
dx 2t 2t

(t—3)(t—1)=0

t=1and3

t=1; x=0*+1D)=((D*+1) =2 y=t({t—-3)2=1)({(1)-3)2=9 (2,4

t=3; x=0{*+1)=(3)%?+1)=10 y=t(t—3?=03)(3)-3)2=9 (10,0)

dx? dx

dt

d’y d (dy) d (dy> 8 dt d (3(t2 —4t+3)> 8 1
2t

dx) ~dt\dx) " dx _ dt 2t

_<2tx3(3t—4)—3(t2—4t+3)><2> 1 _<12t2—18>_6t2—9

4¢2 2t 8t3 4¢3

d?y 6(1)2 -9
t=1; = <0 Max. TP at (2,4)

Tdx? | 4(1)3

d’y  [6(3)?-9 o
t=3; e 23)3 >0 Mini.TP at (10,0)
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

2
2. x=t—sint y=1-—cost ShowyZZT}ZI+1=0
dx 1 . dy . .
Fri cos 7f = Sin
dy_dyxdt_ it x 1 _ sint
dx _dt “dx ST T —cost) | (1 cost)

dzy_d(dy>_d(dy)xdt_d( sint )x 1
dx?  dx\dx) dt\dx) dx dt\(1-cost))  (1— cost)

_ ((1 — cost) X cost — sint X sint) y 1 _ (cost — cos’t — sin’t _cost—1
- (1 — cost)? (1 —cost) (1 — cost)?3 "~ (1 —cost)3
cost—1  (1—cost) -1

(1—cost)3  (1—cost)>  (1— cost)?

—d2y+1 1 t)? -t +1=0=RHS
= —_ X = =
T2 ( cost)

LHS = y?
Y (1 — cost)?
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

Ex 7 Parametric Differentiation - Motion in a Plane

1. x=t(2—-t) y=t(3—t) Findthespeedwhent = 0and whent =2
dx dy
i R-t)x1+tx(-1)=2(1-1) E=(3—t)x1+tx(—1)=(3—2t)
dx dy
t=0; —=2(1-0)=2(1-(0)=2 —=3-20=03-2(0)=3

b= (5 +(3) - -

d—’:=2(1—t)=2(1—(2))=—2 ﬂ—(S—Zt)=(3—2(2))=—1

-2 . —
t=2:3 dt

b= (5 +($)' - v

2. x=t+1 y=t? Findthespeedwhent =2

dx dy

—=1 — =2t

dt dt
t=2 dx—l dy—Zt 2X2=4
ST dt dt B
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

3. X = cos2t y = 2sint  Find the speed whent = 0
dx = —2sin2t 4y = 2cost
g = T2sin J¢ = 2cos
dx _ _ dy
t=0 ; i —2sin2t = —2sin2(0) =0 i 2cost = 2cosi{D) = 2

o] = (dx)2+(dy) e
v= dt dt) -

4, x=et y =e %t Find the speed whent = In3
dx dy
ot 2 = _De2
at ¢ dt
dx dy 2
— D ot — ,In3 L = Qe = _Dp—2ln3 _ __
t=1In3 ; 7t e e 3 It e e 9

- (8 - fore (-5
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

5. x = sect y =tant Find the speed whent = %
dx dy
— = sect tant — = sec’t
7 = Secttan 7 = See
t_n dx L tant — nt T2 dy 24 _ , T4
=< g = secttant =sec—tan =g g = Sect=sect - =g

6. x=Imn(t+1) y =t?> Find the speed whent = 1
dx 1 d
== Ay
dt =~ @+ 1) dt
P e P
S dt (t+1) (H+1D) 2 a7

- (& (@ - [ a2
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Advanced Higher - Differentiation Unit 1.2 Differentiation Practice and Solutions

7. x = 4cost y = 3sint Find Max and Mini speed and corresponding postions.
ax _ 4sint Y _ 3cost
gp = dsin 7¢ = 3cos

dx\* [ dy\*
lv| = \/( d—f) + (d_)t]> = J(—4sint)? + (3cost)? = y/16sin’t + 9cos>t

= /9sin?t + 9cos?t + 7sint

= /9(sin%t + cos?t) + 7sin’t

=+/9+7sin’t = as required

) ) dx dx )
For stationay points — =0 — = —4sint =0 t=0andm
dt dt
F tati int dy—O dy—3 t=20 t—ﬂ dBT[
or stationay points —- = J¢ = Scost = =5 and —

For t=0 ;x = 4cost = 4cos(0) =0 y = 3sint = 3sin(0) =0 4,0)

For t=0 ;x = 4cost = 4cos(m) = —4 y = 3sint = 3sin(0) =0 (-4,0)

lv| = V9+7sin%t = J9+7sin%(0) =9 = 3

lv| = V9+7sin%t = \[9+7sin%(m) = V9 = 3

For t=— ;x= 4cost = 4cos(=) =0 = 3sint = 3sin(=) =3 (0,3
or t—z ;X = 4cost = cos(z)— y = 3sint = sm(i)— 0,3)

3m 3 3m
For t= - X = 4cost = 4cos (7> =0 y = 3sint = 3sin (7> =3 (0,-3)

lv| = V9+7sin?t = /9+7sin2 (g) =V16 =4

lv| = V9+7sin?t = |9+7sin? (37") =16 = 4
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