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Ex1 Higher Revision 

1. 𝑓 ′(𝑥) = 8𝑥3               𝑓 𝑥 =  8𝑥3𝑑𝑥 =  
8𝑥4

4
+ 𝑐 = 2𝑥4 + 𝑐 

 

2. 𝑓 ′ 𝑥 =
6

𝑥3 = 6𝑥−3               𝑓 𝑥 =  6𝑥−3 𝑑𝑥 =  
6𝑥−2

−2
+ 𝑐 = −3𝑥−2 + 𝑐 = −

3

𝑥2 + 𝑐 

_________________________________________________________________ 

3. 𝑓 ′ 𝑥 =  𝑥 = 𝑥
1

2                𝑓 𝑥 =  𝑥
1

2𝑑𝑥 =  
𝑥

3
2

3

2

+ 𝑐 =
2

3
𝑥

3

2 + 𝑐 =
2

3
 𝑥3 + 𝑐 

_________________________________________________________________ 

4. 𝑓 ′ 𝑥 =
1

 𝑥
= 𝑥−

1

2                𝑓 𝑥 =  𝑥−
1

2𝑑𝑥 =  
𝑥

1
2

1

2

+ 𝑐 = 2 𝑥 + 𝑐 

_________________________________________________________________ 

5. 𝑓 ′ 𝑥 =
3𝑥4+6

𝑥2 =
3𝑥4

𝑥2 +
6

𝑥2 = 3𝑥2 + 6𝑥−2               𝑓 𝑥 =  3𝑥2 + 6𝑥−2 𝑑𝑥 =  
3𝑥3

3
+

3𝑥−1

−1
+ 𝑐  

= 𝑥3 −
6

𝑥
+ 𝑐 

_________________________________________________________________ 

6. 𝑓 ′ 𝑥 =
1−3𝑥

 𝑥
=

1

𝑥
1
2

−
3𝑥

𝑥
1
2

= 𝑥−
1

2 − 3𝑥
1

2                𝑓 𝑥 =  𝑥−
1

2 − 3𝑥
1

2  𝑑𝑥 =  
𝑥

1
2

1

2

−
3𝑥

3
2

3

2

+ 𝑐  

= 2 𝑥 − 2 𝑥3 + 𝑐 

_________________________________________________________________ 

7. 𝑓 ′ 𝑥 = (3𝑥 + 4)4                                              𝑓 𝑥 =  (3𝑥 + 4)4 𝑑𝑥 =  
(3𝑥+4)5

3×5
+ 𝑐  

=
(3𝑥 + 4)5

15
+ 𝑐 

_________________________________________________________________ 

8. 𝑓 ′ 𝑥 = (1 − 2𝑥)4                                              𝑓 𝑥 =  (1 − 2𝑥)4 𝑑𝑥 =  
(1−2𝑥)5

−2×5
+ 𝑐  

= −
(1 − 2𝑥)5

10
+ 𝑐 
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9.𝑓 ′ 𝑥 =
1

(2𝑥−3)2 = (2𝑥 − 3)−2          𝑓 𝑥 =  (2𝑥 − 3)−2 𝑑𝑥 =  
(2𝑥−3)−1

2×(−1)
+ 𝑐 = −

1

2(2𝑥−3)
+ 𝑐 

_________________________________________________________________ 

10.𝑓 ′ 𝑥 =
1

 (4𝑥+1)
= (4𝑥 + 1)−

1

2           𝑓 𝑥 =  (4𝑥 + 1)−
1

2  𝑑𝑥 =  
(4𝑥+1)

1
2

4×
1

2

+ 𝑐 =
 4𝑥+1

2
+ 𝑐 

_________________________________________________________________ 

11.𝑓 ′ 𝑥 =
3

(3𝑥+1)
3
2

= 3(3𝑥 + 1)−
3

2           𝑓 𝑥 = 3  (3𝑥 + 1)−
3

2  𝑑𝑥 = 3  
(3𝑥+1)

−
1
2

3×−
1

2

+ 𝑐 = −
2

 (3𝑥+1)
+ 𝑐 

_________________________________________________________________ 

12.𝑓 ′ 𝑥 = 𝑠𝑖𝑛3𝑥          𝑓 𝑥 =  𝑠𝑖𝑛3𝑥 𝑑𝑥 =  
−𝑐𝑜𝑠3𝑥

3
+ 𝑐 = −

𝑐𝑜𝑠3𝑥

3
+ 𝑐 

_________________________________________________________________ 

13.𝑓 ′ 𝑥 = 𝑐𝑜𝑠
1

3
𝑥          𝑓 𝑥 =  𝑐𝑜𝑠

1

3
𝑥 𝑑𝑥 =  

𝑠𝑖𝑛
1

3
𝑥

1

3

+ 𝑐 = 3𝑠𝑖𝑛
1

3
𝑥 + 𝑐 

_________________________________________________________________ 

14.𝑓 ′ 𝑥 = 𝑠𝑖𝑛2𝑥 =
1

2
(1 − 𝑐𝑜𝑠2𝑥)          𝑓 𝑥 =

1

2
 (1 − 𝑐𝑜𝑠2𝑥) 𝑑𝑥 =

1

2
 𝑥 −

1

2
𝑠𝑖𝑛2𝑥 + 𝑐  

 

=
1

2
𝑥 −

1

4
𝑠𝑖𝑛2𝑥 + 𝑐 

_________________________________________________________________ 

15.𝑓 ′ 𝑥 = 𝑐𝑜𝑠2 1

2
𝑥 =

1

2
(1 − 𝑐𝑜𝑠𝑥)          𝑓 𝑥 =

1

2
 (1 − 𝑐𝑜𝑠𝑥)  𝑑𝑥 =

1

2
 𝑥 − 𝑠𝑖𝑛𝑥 + 𝑐  

 

=
1

2
(𝑥 − 𝑠𝑖𝑛𝑥) + 𝑐 

_________________________________________________________________ 
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Ex2 New Integrals 

 

1. 𝑓 ′(𝑥) = 𝑒5𝑥                𝑓 𝑥 =  𝑒5𝑥𝑑𝑥 =
1

5
𝑒5𝑥 + 𝑐 

______________________________________________________________ 

2. 𝑓 ′(𝑥) = 𝑒−2𝑥                𝑓 𝑥 =  𝑒−2𝑥𝑑𝑥 = −
1

2
𝑒−2𝑥 + 𝑐  

______________________________________________________________ 

3. 𝑓 ′(𝑥) = 3𝑒
1

2
𝑥                𝑓 𝑥 = 3  𝑒

1

2
𝑥𝑑𝑥 = 6𝑒

1

2
𝑥 + 𝑐  

______________________________________________________________ 

4. 𝑓 ′ 𝑥 =
1

3𝑥
                              𝑓 𝑥 =

1

3
 

1

𝑥
𝑑𝑥 =

1

3
𝑙𝑛3𝑥 +

𝑐______________________________________________________________ 

5. 𝑓′ 𝑥 =
1

𝑥+5
                              𝑓 𝑥 =  

1

𝑥+5
𝑑𝑥 = ln⁡(𝑥 + 5) + 𝑐  

______________________________________________________________ 

 

6. 𝑓′ 𝑥 =
1

2𝑥−3
                              𝑓 𝑥 =  

1

2𝑥−3
𝑑𝑥 =

1

2
ln⁡

1

(2𝑥−3)
+ 𝑐 

______________________________________________________________ 

7. 𝑓 ′ 𝑥 =  𝑒𝑥 + 𝑒−𝑥 2 = 𝑒2𝑥 + 2 + 𝑒−2𝑥                𝑓 𝑥 =  𝑒2𝑥 + 2 + 𝑒−2𝑥𝑑𝑥 =
1

2
𝑒2𝑥 + 2𝑥 −

1

2
𝑒−2𝑥 + 𝑐 

______________________________________________________________ 

8. 𝑓 ′ 𝑥 =
1+𝑒𝑥

𝑒𝑥 = 𝑒−𝑥 + 1               𝑓 𝑥 =  𝑒−𝑥 + 1 𝑑𝑥 = −𝑒−𝑥 + 𝑥 + 𝑐 = 𝑥 − 𝑒−𝑥 + 𝑐 

______________________________________________________________ 

9. 𝑓 ′ 𝑥 = 𝑒2𝑥 +
1

𝑒2𝑥 = 𝑒2𝑥 + 𝑒−2𝑥                𝑓 𝑥 =  𝑒2𝑥 + 𝑒−2𝑥  𝑑𝑥 =
1

2
𝑒2𝑥 −

1

2
𝑒−2𝑥 + 𝑐 

 

10. 𝑓 ′ 𝑥 =
6

3𝑥+2
                                                   𝑓 𝑥 =  

6

3𝑥+2
 𝑑𝑥 = 2𝑙𝑛(3𝑥 + 2) + 𝑐 

______________________________________________________________ 

 

11. 𝑓′ 𝑥 =
3

1−2𝑥
    𝑓 𝑥 =  

6

3𝑥+2
 𝑑𝑥 = 2𝑙𝑛(3𝑥 + 2) + 𝑐 

______________________________________________________________ 

 

12. 𝑓′ 𝑥 =
5

6−7𝑥
    𝑓 𝑥 =  

5

6−7𝑥
 𝑑𝑥 = −

5

7
𝑙𝑛(6 − 7𝑥) + 𝑐 
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13. 𝑓′ 𝑥 = 𝑠𝑒𝑐24𝑥                         𝑓 𝑥 =  𝑠𝑒𝑐24𝑥 𝑑𝑥 =
1

4
𝑡𝑎𝑛4𝑥 + 𝑐 

_________________________________________________________________ 

14. 𝑓′ 𝑥 = 𝑠𝑒𝑐2(𝜋 + 2𝑥)                         𝑓 𝑥 =  𝑠𝑒𝑐2(𝜋 + 2𝑥) 𝑑𝑥 =
1

2
𝑡𝑎𝑛(𝜋 + 2𝑥) + 𝑐 

           _________________________________________________________________ 

15. 𝑓′ 𝑥 = 3𝑠𝑒𝑐22𝑥                         𝑓 𝑥 =  3𝑠𝑒𝑐22𝑥 𝑑𝑥 =
3

2
𝑡𝑎𝑛2𝑥 + 𝑐 
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DefiniteIntegralsEx3 

 

1. 𝐼 =   
2

𝑥2 −
5

𝑥4 𝑑𝑥 = 
2

1   2𝑥−2 − 5𝑥−4 𝑑𝑥 = 
2

1
 −

2

𝑥
+

5

3𝑥3 
1

2
=  −1 +

5

24
 −  −2 +

5

3
 = −

11

24
 

 

 

2. 𝐼 =    𝑥 −
1

 𝑥
 𝑑𝑥 = 

1
1

4
  𝑥

1

2 − 𝑥−
1

2 𝑑𝑥 = 
1

1

4

 
2 𝑥3

3
− 2 𝑥 

1

4

1

=  
2

3
− 2 −  

1

12
− 1 = −

5

12
 

 

 

3. 𝐼 =   
2𝑥2+3

 𝑥
 𝑑𝑥 = 

4

1   2𝑥
3

2 + 3𝑥−
1

2 𝑑𝑥 = 
4

1
 

4 𝑥5

5
+ 6 𝑥 

1

4

=  
128

5
+ 12 −  

4

5
+ 6 =

154

5
 

 

 

4.   (𝑥 + 3) 𝑑𝑥 =
6

1
 (𝑥 + 3)

1

2  𝑑𝑥 =
6

1
 

2(𝑥+3)
3
2

3
 

1

6

=  
2(6+3)

3
2

3
 −  

2(1+3)
3
2

3
 =  18 −

16

3
 =

38

3
 

 

5.  
1

 4+5𝑥 2  𝑑𝑥 =
1

0
  4 + 5𝑥 −2 𝑑𝑥 =

1

0
 −

1

5 4+5𝑥 
 

0

1

 

 

=  −
1

5 4 + 5(1) 
 −  −

1

5 4 + 5(0) 
 =  −

1

45
+

1

20
 =

1

36
 

 

____________________________________________________________________ 

6.  (𝑥 − 4)
1

3  𝑑𝑥 =
12

3
 

3(𝑥−4)
4
3

4
 

3

12

=  
3( 12 −4)

4
3

4
 −  

3( 3 −4)
4
3

4
 =  12 −

3

4
 =

45

4
= 11

1

4
 

 

7.  𝑐𝑜𝑠2𝑥 𝑑𝑥 =
𝜋

4
0

 
𝑠𝑖𝑛2𝑥

2
 

0

𝜋

4
=  

𝑠𝑖𝑛
𝜋

2

2
 −  

𝑠𝑖𝑛0

2
 =  

1

2
− 0 =

1

2
 

___________________________________________________________________________ 

8.  𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 =
𝜋

2
𝜋

4

 −𝑐𝑜𝑡𝑥 𝜋
4

𝜋

2 =  −𝑐𝑜𝑡
𝜋

2
 −  −𝑐𝑜𝑡

𝜋

4
 =  0 + 1 = 1 ∗  Calculator issue ∗ 

___________________________________________________________________________ 
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9.  𝑠𝑖𝑛2𝑥𝑑𝑥 =
2𝜋

0
 

1

2
(1 − 𝑐𝑜𝑠2𝑥) 𝑑𝑥 =

2𝜋

0

1

2
 𝑥 −

1

2
𝑠𝑖𝑛2𝑥 

0

2𝜋

 

=
1

2
  2𝜋 −

1

2
𝑠𝑖𝑛4𝜋 −  0 −

1

2
𝑠𝑖𝑛0   

=
1

2
 2𝜋 − 0 = 𝜋 

___________________________________________________________________________ 

10.  𝑒−3𝑥  𝑑𝑥 =
2

0
 −

1

3
𝑒−3𝑥 

0

2

= −
1

3
  𝑒−6 −  𝑒0  = −

1

3
 𝑒−6 − 1 =

1

3
 1 −

1

𝑒6  

 

___________________________________________________________________________ 

11.  𝑒1−𝑥  𝑑𝑥 =
1

0
 −𝑒1−𝑥 0

1 =  −𝑒0 −  −𝑒1 = −1 + 𝑒 = 𝑒 − 1 

 

___________________________________________________________________________ 

12.  𝑒
𝑥

2𝑑𝑥 =
1

0
2  𝑒

𝑥

2 
0

1

= 2   𝑒
1

2 −  𝑒0  = 2  𝑒
1

2 − 1 = 2𝑒
1

2 − 2 

___________________________________________________________________________ 

13.  
1

(𝑥−3)
 𝑑𝑥 =

9

5
 ln(𝑥 − 3) 5

9 =   ln(6) −  ln(2)  = ln  
6

2
 = ln 3  

____________________________________________________________________________________ 

 

 

14.  
1

(3𝑥+2)
 𝑑𝑥 =

1

0

1

3
 ln(3𝑥 + 2) 0

1 =
1

3
  ln(5) −  ln(2)  =

1

3
ln  

5

2
  

___________________________________________________________________________ 

15.  
1

 1−2𝑥 
 𝑑𝑥 =

0

−4
−

1

2
 ln 1 − 2𝑥  −4

0 = −
1

2
  ln 1  −  ln 9   = ln 3 
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Ex 4 Integration by Substitution 

1.   𝑥(𝑥2 − 3)5𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑥2 − 3     
𝑑𝑢

𝑑𝑥
= 2𝑥         𝑥𝑑𝑥 =

𝑑𝑢

2
 

 

 𝑥(𝑥2 − 3)5𝑑𝑥 =  
1

2
𝑢5𝑑𝑢 

=  
𝑢6

12
+ 𝑐 =

(𝑥2 − 3)
6

12
+ 𝑐 

__________________________________________________________________________ 

 

2.    𝑥2(𝑥3 − 1)2𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑥3 − 1     
𝑑𝑢

𝑑𝑥
= 3𝑥2𝑥2𝑑𝑥 =

𝑑𝑢

3
 

 

 𝑥2(𝑥3 − 1)2𝑑𝑥 =  
1

3
𝑢2𝑑𝑢 

=  
𝑢3

9
+ 𝑐 =

(𝑥3 − 1)
3

9
+ 𝑐 

__________________________________________________________________________ 

 

3.   𝑥 (1 − 𝑥2)𝑑𝑥 =  𝑥(1 − 𝑥2)
1

2𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 1 − 𝑥2
𝑑𝑢

𝑑𝑥
= −2𝑥         𝑥𝑑𝑥 =

𝑑𝑢

−2
 

 

 𝑥 (1 − 𝑥2)𝑑𝑥 =  −
1

2
𝑢

1

2𝑑𝑢 

=  −
2𝑢

3

2

2 × 3
+ 𝑐 = −

  1 − 𝑥2 3

3
+ 𝑐 
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4.   𝑐𝑜𝑠𝑥𝑠𝑖𝑛4𝑥𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑠𝑖𝑛𝑥
𝑑𝑢

𝑑𝑥
= 𝑐𝑜𝑠𝑥         𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑑𝑢  

 

 𝑢4𝑑𝑥 =  
1

5
𝑢5𝑑𝑢 

=
𝑠𝑖𝑛5𝑥

5
+ 𝑐 

___________________________________________________________________________ 

5.   
𝑥

(1−𝑥2)3 𝑑𝑥 =  𝑥(1 − 𝑥2)−3𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 1 − 𝑥2
𝑑𝑢

𝑑𝑥
= −2𝑥        𝑥𝑑𝑥 =

𝑑𝑢

−2
 

 

 𝑥(1 − 𝑥2)−3𝑑𝑥 =  −
𝑢−3

2
𝑑𝑢 =  

1

4
𝑢−2 + 𝑐 

=
1

4(1 − 𝑥2)
2 + 𝑐 

___________________________________________________________________________ 

6.   
𝑥3

1+𝑥4 𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 1 + 𝑥4
𝑑𝑢

𝑑𝑥
= 4𝑥3        𝑥𝑑𝑥 =

𝑑𝑢

4
 

 

 
𝑥3

1 + 𝑥4
𝑑𝑥 =  

1

4𝑢
𝑑𝑢 =  

1

4
ln𝑢 + 𝑐 

=
1

4
ln⁡(1 + 𝑥4) + 𝑐 

___________________________________________________________________________ 
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7.   
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠3𝑥
𝑑𝑥 =   𝑠𝑖𝑛𝑥𝑐𝑜𝑠−3𝑥𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑐𝑜𝑠𝑥
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥        𝑠𝑖𝑛𝑥𝑑𝑥 = −𝑑𝑢  

 

 𝑠𝑖𝑛𝑥𝑐𝑜𝑠−3𝑥𝑑𝑥 =  −𝑢−3𝑑𝑢 =  
𝑢−2

2
+ 𝑐 

=
1

2𝑐𝑜𝑠2𝑥
+ 𝑐 =   

1

2
𝑠𝑒𝑐2𝑥 + 𝑐 

___________________________________________________________________________ 

8.    
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛6𝑥
𝑑𝑥 =   𝑐𝑜𝑠𝑥𝑠𝑖𝑛−6𝑥𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑠𝑖𝑛𝑥
𝑑𝑢

𝑑𝑥
= 𝑐𝑜𝑠𝑥        𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑑𝑢  

 

 𝑐𝑜𝑠𝑥𝑠𝑖𝑛−6𝑥𝑑𝑥 =  𝑢−6𝑑𝑢 =  
𝑢−5

−5
+ 𝑐 

= −
1

5𝑠𝑖𝑛5𝑥
+ 𝑐  

___________________________________________________________________________ 

9.   
𝑒𝑥

3𝑒𝑥−1
𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 3𝑒𝑥 − 1
𝑑𝑢

𝑑𝑥
= 3𝑒𝑥𝑒𝑥𝑑𝑥 =

𝑑𝑢 

3
 

 

 
𝑒𝑥

3𝑒𝑥 − 1
𝑑𝑥 =  

1

3𝑢
𝑑𝑢 =  

𝑙𝑛𝑢

3
+ 𝑐 

=
𝑙𝑛(3𝑒𝑥 − 1)

36
+ 𝑐  

___________________________________________________________________________ 
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10.   
𝑠𝑒𝑐 2𝑥

𝑡𝑎𝑛𝑥
𝑑𝑥 

 

𝐿𝑒𝑡         𝑢 = 𝑡𝑎𝑛𝑥             
𝑑𝑢

𝑑𝑥
= 𝑠𝑒𝑐2𝑥        𝑠𝑒𝑐2𝑥𝑑𝑥 = 𝑑𝑢 

 

 
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛𝑥
𝑑𝑥 =  

𝑑𝑢

𝑢
= 𝑙𝑛𝑢 + 𝑐 = ln 𝑡𝑎𝑛𝑥 + 𝑐 

 

__________________________________________________________________________ 
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Ex5HarderSubstitution 

 

1. 𝑦 =  9𝑥(3𝑥 + 2)3𝑑𝑥                           𝑢 = 3𝑥 + 2     
𝑑𝑢

𝑑𝑥
= 3      𝑑𝑥 =

𝑑𝑢

3
   𝑥 =

𝑢−2 

3
 

 

 9𝑥(3𝑥 + 2)3𝑑𝑥 =  9  
𝑢 − 2 

3
 × 𝑢3 ×

1

3
𝑑𝑢 

 

=  𝑢3 𝑢− 2 𝑑𝑢 =  𝑢4 − 2𝑢3𝑑𝑢 =
𝑢5

5
−

𝑢4

2
+ 𝑐 =

 𝑥 + 2 5

5
−

 𝑥 + 2 4

2
+ 𝑐   

 

___________________________________________________________________________ 

2. 𝑦 =  7𝑥(2𝑥 + 3)5𝑑𝑥                           𝑢 = 2𝑥 + 3     
𝑑𝑢

𝑑𝑥
= 2      𝑑𝑥 =

𝑑𝑢

2
   𝑥 =

𝑢−3 

2
 

 

 7𝑥(2𝑥 + 3)5𝑑𝑥 =  7  
𝑢 − 3 

2
 × 𝑢5 ×

1

2
𝑑𝑢 

 

=  
7

4
𝑢5 𝑢− 3 𝑑𝑢 =

7

4
 𝑢6 − 3𝑢5𝑑𝑢 =

7

4
 
𝑢7

7
−

𝑢6

2
 + 𝑐 =

𝑢7

4
−

7𝑢6

8
+ 𝑐 =

 2𝑥 + 3 7

4
−

7 2𝑥 + 3 6

8
+ 𝑐 

___________________________________________________________________________ 

3. 𝑦 =  3𝑥  1 + 𝑥2 𝑑𝑥 =  3𝑥 1 + 𝑥2 
1

2𝑑𝑥 

 

𝑢 = 1 + 𝑥2
𝑑𝑢

𝑑𝑥
= 2𝑥     𝑥 𝑑𝑥 =

𝑑𝑢

2
   𝑥 =  (𝑢 − 1) = (𝑢 − 1)

1

2 

 

 3𝑥 1 + 𝑥2 
1

2𝑑𝑥 =  3 × 𝑢
1

2 ×
1

2
𝑑𝑢 

=
3

2
 𝑢

1

2𝑑𝑢 =
3

2
 
𝑢

3

2

3

2

 + 𝑐 = 𝑢
3

2 + 𝑐 =  1 + 𝑥2 
3

2 + 𝑐 =   1 + 𝑥2 3 + 𝑐 
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4. 𝑦 =  
3𝑥

  2𝑥+3 
𝑑𝑥 =  3𝑥 2𝑥 + 3 −

1

2𝑑𝑥 

              𝑢 = 2𝑥 + 3     
𝑑𝑢

𝑑𝑥
= 2         𝑑𝑥 =

𝑑𝑢

2
          𝑥 =

𝑢 − 3

2
 

 

 3  
𝑢 − 3

2
 ×  𝑢 −

1

2 ×
1

2
𝑑𝑢 =

3

4
 𝑢

−
1

2 𝑢 − 3 𝑑𝑢 =  
3

4
 𝑢

1

2 − 3𝑢
−

1

2𝑑𝑢 

 

=
3

4
 
2𝑢

3

2

3
− 6𝑢

1

2 + 𝑐 =
1

2
𝑢

3

2 −
9

2
𝑢

1

2 + 𝑐 =
1

2
  2𝑥 + 3 3 −

9

2
  2𝑥 + 3 + 𝑐 

_____________________________________________________________________________ 

  



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx 

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx Page 13 
 

 

Ex6 Trig Substitutions 

 

1. 𝑦 =  
𝑥

  1−𝑥2 
𝑑𝑥 

 

             𝑥 = 𝑠𝑖𝑛𝜃     
𝑑𝑥

𝑑𝜃
= 𝑐𝑜𝑠𝜃         𝑑𝑥 = 𝑐𝑜𝑠𝜃𝑑𝜃            

 

 
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

  1 − 𝑠𝑖𝑛2𝜃 
𝑑𝜃 =  

𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
𝑑𝜃 =   𝑠𝑖𝑛𝜃𝑑𝜃 = −𝑐𝑜𝑠𝜃 + 𝑐 = −  1 − 𝑥2 + 𝑐 

 

_____________________________________________________________________________ 

 

2. 𝑦 =   (4 − 𝑥2)𝑑𝑥    𝐶ℎ𝑒𝑐𝑘 ‼‼      

 

             𝑥 = 2𝑠𝑖𝑛𝜃     
𝑑𝑥

𝑑𝜃
= 2𝑐𝑜𝑠𝜃         𝑑𝑥 = 2𝑐𝑜𝑠𝜃𝑑𝜃            

 

  (4 − 𝑥2)𝑑𝑥 =   (4 − 4𝑠𝑖𝑛2𝜃) × 2𝑐𝑜𝑠𝜃𝑑𝜃 =  2𝑐𝑜𝑠𝜃 × 2𝑐𝑜𝑠𝜃𝑑𝜃 =  4𝑐𝑜𝑠2𝜃𝑑𝜃 

 4𝑐𝑜𝑠2𝜃𝑑𝜃 = 4  
1

2
 1 + 𝑐𝑜𝑠2𝜃 𝑑𝜃 = 2   1 + 𝑐𝑜𝑠2𝜃 𝑑𝜃 

= 2  𝜃 +
1

2
𝑠𝑖𝑛2𝜃 + 𝑐 = 2𝜃 + 𝑠𝑖𝑛2𝜃 + 𝑐 = 2𝜃 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑐 

2𝜃 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑐 = 2𝑠𝑖𝑛−1  
𝑥

2
 + 𝑥 ×

1

2
  (4 − 𝑥2) + 𝑐 

2𝜃 + 𝑠𝑖𝑛2𝜃 + 𝑐 = 2𝑠𝑖𝑛−1  
𝑥

2
 +

𝑥

2
 (4 − 𝑥2) + 𝑐 

 

_____________________________________________________________________________ 
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3. 𝑦 =  
𝑥

  9−𝑥2 
𝑑𝑥 

 

             𝑥 = 3𝑠𝑖𝑛𝜃     
𝑑𝑥

𝑑𝜃
= 3𝑐𝑜𝑠𝜃         𝑑𝑥 = 3𝑐𝑜𝑠𝜃𝑑𝜃            

 

 
9𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

  9 − 9𝑠𝑖𝑛2𝜃 
𝑑𝜃 =  

3𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
𝑑𝜃 = 3  𝑠𝑖𝑛𝜃𝑑𝜃 = −3𝑐𝑜𝑠𝜃 + 𝑐 = −  9 − 𝑥2 + 𝑐 

_____________________________________________________________________________ 

4. 𝑦 =  
𝑥2

  4−𝑥2 
𝑑𝑥 

 

             𝑥 = 2𝑠𝑖𝑛𝜃     
𝑑𝑥

𝑑𝜃
= 2𝑐𝑜𝑠𝜃         𝑑𝑥 = 2𝑐𝑜𝑠𝜃𝑑𝜃            

 

 
4𝑠𝑖𝑛2𝜃 × 2𝑐𝑜𝑠𝜃

  4 − 4𝑠𝑖𝑛2𝜃 
𝑑𝜃 =  

4𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃

𝑐𝑜𝑠𝜃
𝑑𝜃 = 4  𝑠𝑖𝑛2𝜃𝑑𝜃 = −2   1 + 𝑐𝑜𝑠2𝜃 𝑑𝜃 + 𝑐  

= −2  𝜃 +
1

2
𝑠𝑖𝑛2𝜃 + 𝑐 = −2𝜃 − 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑐 

= −2𝑠𝑖𝑛−1  
𝑥

2
 − 𝑥 ×

1

2
  4 − 𝑥2 + 𝑐 

= −2𝑠𝑖𝑛−1  
𝑥

2
 −

𝑥

2
  4 − 𝑥2 + 𝑐 

_____________________________________________________________________________ 
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Ex5A Definite Integrals 

1. 𝑦 =  𝑥3 2 + 𝑥4 5𝑑𝑥
1

0
 

 

             𝑢 = 2 + 𝑥4
𝑑𝑢

𝑑𝑥
= 4𝑥3

𝑑𝑢

4
= 𝑥3𝑑𝑥     ;       𝑥 = 0   𝑢 = 2     𝑥 = 1   𝑢 = 3     

 

 𝑥3 2 + 𝑥4 5𝑑𝑥
1

0

=  
𝑢5

4
𝑑𝑢

3

2

=  
𝑢6

24
 

2

3

=  
36

24
 −  

26

24
 =

665

24
 

 

 

2. 𝑦 =  
𝑥+1

𝑥2+2𝑥−7
𝑑𝑥

9

4
 

 

 𝑢 = 𝑥2 + 2𝑥 − 7     
𝑑𝑢

𝑑𝑥
= 2 𝑥 + 1 

𝑑𝑢

2
=  𝑥 + 1 𝑑𝑥  ;   𝑥 = 9   𝑢 = 92 ;   𝑥 = 4  𝑢 = 17   

 

 
1

2𝑢
𝑑𝑢

92

17

=
1

2
 ln⁡(𝑢) 17

92 =
1

2
  𝑙𝑛 92  −  𝑙𝑛 17   =

1

2
 𝑙𝑛  

92

17
   

 

 

3. 𝑦 =  
 𝑥

2+ 𝑥
𝑑𝑥

4

0
=  

𝑥
1
2

2+𝑥
1
2

𝑑𝑥
4

0
 

 

 𝑢 = 2 + 𝑥
1

2
𝑑𝑢

𝑑𝑥
=

1

2𝑥
1

2

       2(𝑢 − 2)𝑑𝑢 = 𝑑𝑥  ;  𝑥
1

2 = (𝑢 − 2)  𝑥 = 4   𝑢 = 4 ;   𝑥 = 0  𝑢 = 2   

 
1

𝑢
× (𝑢 − 2) × 2(𝑢 − 2)𝑑𝑢

4

2

= 2   
𝑢2 − 4𝑢 + 4

𝑢
 𝑑𝑢

4

2

= 2   𝑢 − 4 +
4

𝑢
 𝑑𝑢

4

2

 

= 2  
𝑢2

2
− 4𝑢 + 4𝑙𝑛𝑢 

2

4

= 2  8 − 16 + 4𝑙𝑛4 −  2 − 8 + 4𝑙𝑛2  = 2 −2 + 4(𝑙𝑛2)  

= −4 + 8𝑙𝑛2 = 8𝑙𝑛2 − 4 
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4. 𝑦 =  
𝑥

 (1−𝑥2)
𝑑𝑥

1

2
0

 

 

 𝑢 =  1 − 𝑥2 
𝑑𝑢

𝑑𝑥
= −2𝑥      −

𝑑𝑢

2
= 𝑥𝑑𝑥  ;     𝑥 =

1

2
   𝑢 =

3

4
 ;   𝑥 = 0  𝑢 = 1   

 
𝑥

 (1 − 𝑥2)
𝑑𝑥

1

2

0

=   
𝑢−

1

2

−2
 𝑑𝑢

3

4

1

= −
1

2
 2𝑢

1

2 
1

3

4
 

= −
1

2
   3 −  2  = 1 −

 3

2
 

 

 

5. 𝑦 =  𝑥 2𝑥2 + 3𝑑𝑥
1

0
 

 

             𝑢 = 2𝑥2 + 3     
𝑑𝑢

𝑑𝑥
= 4𝑥         

𝑑𝑢

4
= 𝑥𝑑𝑥     ;       𝑥 = 1   𝑢 = 5     𝑥 = 0   𝑢 = 3     

 

 𝑥 2𝑥2 + 3𝑑𝑥
1

0

=
1

4
 𝑢

1

2𝑑𝑢
5

3

=
1

4
 

2𝑢
3

2

3
 

3

5

=
1

12
  10 5 −  6 3  =

1

6
 5 5 − 3 3  

 

 

 

6. 𝑦 =  
𝑠𝑖𝑛𝑥

1+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
𝜋

3

 

 

  𝑢 = 1 + 𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥        − 𝑑𝑢 = 𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

2
   𝑢 = 1     𝑥 =

𝜋

3
   𝑢 =

3

2
 

 
𝑠𝑖𝑛𝑥

1 + 𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2

𝜋

3

= − 
1

𝑢
𝑑𝑢

1

3

2

= − 𝑙𝑛𝑢 3

2

1 = −   𝑙𝑛1 − 𝑙𝑛  
3

2
  = 𝑙𝑛  

3

2
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7. 𝑦 =  
1−2𝑠𝑖𝑛𝑥

𝑥+2𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

 

 

  𝑢 = 𝑥 + 2𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= 1 − 2𝑠𝑖𝑛𝑥        𝑑𝑢 = 1 − 2𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

2
   𝑢 =

𝜋

2
     𝑥 = 0   𝑢 = 2     

 
1 − 2𝑠𝑖𝑛𝑥

𝑥 + 2𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2

0

=  
1

𝑢
𝑑𝑢

𝜋

2

2

=  𝑙𝑛𝑢 2

𝜋

2 =   𝑙𝑛  
𝜋

2
  − 𝑙𝑛2 = 𝑙𝑛  

𝜋

4
  

 

 

8.  𝑦 =  𝑐𝑜𝑡𝑥𝑑𝑥
𝜋

2
𝜋

3

=  
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥

𝜋

2
𝜋

3

 

 

  𝑢 = 𝑠𝑖𝑛𝑥     
𝑑𝑢

𝑑𝑥
= 𝑐𝑜𝑠𝑥        𝑑𝑢 = 𝑐𝑜𝑠𝑥𝑑𝑥    ;       𝑥 =

𝜋

2
   𝑢 = 1     𝑥 =

𝜋

3
   𝑢 =

 3

2
 

 
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥

𝜋

2

𝜋

3

=  
1

𝑢
𝑑𝑢

1

 3

2

=  𝑙𝑛𝑢  3

2

1 =   𝑙𝑛 1  − 𝑙𝑛  
 3

2
  = −𝑙𝑛 

 3

2
  

−𝑙𝑛  
 3

2
 = − 𝑙𝑛 3 − 𝑙𝑛2 =  𝑙𝑛2 − 𝑙𝑛 3 = 𝑙𝑛  

2

 3
  

 

9. 𝑦 =  𝑠𝑖𝑛𝑥𝑐𝑜𝑠4𝑥𝑑𝑥
𝜋

3
0

 

 

  𝑢 = 𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥       − 𝑑𝑢 = 𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

3
   𝑢 =

1

2
     𝑥 = 0   𝑢 = 1     

 𝑠𝑖𝑛𝑥𝑐𝑜𝑠4𝑥𝑑𝑥

𝜋

3

0

= − 𝑢4𝑑𝑢
1

1

2

=  
𝑢5

5
 

1

2

1

=   
1

5
 −  

1

160
  =

128

160
=

31

160
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10.  𝑦 =  
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

4
𝜋

6

 

 

  𝑢 = 𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥       − 𝑑𝑢 = 𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

4
   𝑢 =

1

 2
     𝑥 =

𝜋

6
   𝑢 =

 3

2
 

 
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

4

𝜋

6

= − 𝑢−2𝑑𝑢

1

 2

 3

2

= −  −
1

𝑢
 
 3

2

1

 2

=    2 −  
2

 3
  =  2 −

2

 3
 

 

 

11.  𝑦 =  
1

𝑥𝑙𝑛𝑥
𝑑𝑥

𝑒2

𝑒
 

 

  𝑡 = 𝑙𝑛𝑥     
𝑑𝑡

𝑑𝑥
=

1

𝑥
       𝑑𝑡 =

1

𝑥
𝑑𝑥    ;       𝑥 = 𝑒2   𝑡 = 2     𝑥 = 𝑒   𝑡 = 1     

 
1

𝑥𝑙𝑛𝑥
𝑑𝑥

𝑒2

𝑒

=  
1

𝑡
𝑑𝑡

2

1

=  𝑙𝑛𝑡 1
2 =   𝑙𝑛2 −  𝑙𝑛1  = 𝑙𝑛2 

 

 

12.  𝑦 =  
𝑒2𝑥

(𝑒2𝑥−1)2 𝑑𝑥
2

1
 

 

  𝑡 = 𝑒2𝑥 − 1     
𝑑𝑡

𝑑𝑥
= 2𝑒2𝑥

𝑑𝑡

2
= 𝑒2𝑥𝑑𝑥    ;       𝑥 = 2   𝑡 = 𝑒4 − 1     𝑥 = 1   𝑡 = 𝑒2 − 1     

 
𝑒2𝑥

(𝑒2𝑥 − 1)2
𝑑𝑥

2

1

=  
1

2𝑡2
𝑑𝑡

𝑒4−1

𝑒2−1

=
1

2
 −

1

𝑡
 
𝑒2−1

𝑒4−1

=
1

2
 −  

1

𝑒4 − 1
 −  −

1

(𝑒2 − 1)
   

=
1

2
  

1

(𝑒2 − 1)
 −  

1

(𝑒4 − 1)
  =

1

2
 
(𝑒4 − 1) − (𝑒2 − 1)

(𝑒2 − 1)(𝑒4 − 1)
 =

(𝑒4 − 𝑒2)

2(𝑒2 − 1)(𝑒4 − 1)
 

=
𝑒2(𝑒2 − 1)

2(𝑒2 − 1)(𝑒4 − 1)
=

𝑒2

2(𝑒4 − 1)
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Ex5B Definite Integrals 

1. 𝑦 =  𝑠𝑖𝑛5𝑥𝑑𝑥
𝜋

2
0

 

 

  𝑢 = 𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥       − 𝑑𝑢 = 𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

2
   𝑢 = 0     𝑥 = 0   𝑢 = 1     

𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 =  1 − 𝑢2 𝑠𝑖𝑛4𝑥 =  1 − 𝑢2  1 − 𝑢2 = 𝑢4 − 2𝑢2 + 1 

 𝑠𝑖𝑛5𝑥𝑑𝑥

𝜋

2

0

=  𝑠𝑖𝑛4𝑥 𝑠𝑖𝑛𝑥𝑑𝑥

𝜋

2

0

= −  𝑢4 − 2𝑢2 + 1 𝑑𝑢
0

1

= −  
𝑢5

5
−

2𝑢3

3
+ 𝑢 

1

0

 

= −  
05

5
−

2(0)3

3
+ 0 −  

15

5
−

2(1)3

3
+ 1   

  

=  
1

5
−

2

3
+ 1 =

8

15
 

____________________________________________________________ 

2.  𝑦 =  𝑠𝑖𝑛3𝑐𝑜𝑠2𝑥𝑑𝑥
𝜋

4
0

     𝑐ℎ𝑒𝑐𝑘 ‼‼! 

 

  𝑢 = 𝑐𝑜𝑠𝑥     
𝑑𝑢

𝑑𝑥
= −𝑠𝑖𝑛𝑥       − 𝑑𝑢 = 𝑠𝑖𝑛𝑥𝑑𝑥    ;       𝑥 =

𝜋

4
   𝑢 =

1

 2
     𝑥 = 0   𝑢 = 1     

𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 =  1 − 𝑢2  

 𝑠𝑖𝑛3𝑐𝑜𝑠2𝑥𝑑𝑥

𝜋

4

0

=  𝑠𝑖𝑛2𝑥 𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛𝑥𝑑𝑥

𝜋

2

0

= − 𝑢2 1 − 𝑢2 𝑑𝑢

1

 2

1

=  𝑢4 − 𝑢2𝑑𝑢

1

 2

1

=  
𝑢5

5
−

𝑢3

3
 

1

1

 2

 

 

=   
 

1

 2
 

5

5
−

 
1

 2
 

3

3
 −  

15

5
−

13

3
   

 

=   
1

20 2
−

1

6 2
 −  

1

5
−

1

3
  = −

14 2

240
+

2

15
= −

14 2

240
+

2

15
= −

7 2

120
+

2

15
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Ex7 Area under a Curve 

1.    3𝑥2 + 2𝑑𝑥
2

0
=  𝑥3 + 2𝑥 0

2 =   8 + 4 −  0  = 12 

 

 

1. (b)   𝑥3 − 𝑥𝑑𝑥
2

1
=  

𝑥4

4
−

𝑥2

2
 

1

2

=   4 − 2 −  
1

4
−

1

2
  = 2

1

4
 

 

 

Q2. (a)  𝑦 = 6 + 𝑥 − 𝑥2 =  3 − 𝑥  2 + 𝑥                     𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒  𝑥 = −2  𝑎𝑛𝑑  𝑥 = 3 

  6 + 𝑥 − 𝑥2  𝑑𝑥
3

−2

=  6𝑥 +
𝑥2

2
−

𝑥3

3
 
−2

3

=   18 +
9

2
− 9 —  −12 + 2 +

8

3
  =

125

4
= 20

5

6
 

  

  



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx 

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx Page 21 
 

 

Q2. (b)  𝑦 = 𝑥 𝑥 − 2  𝑥 − 3 = 𝑥 𝑥2 − 5𝑥 + 6 = 𝑥3 − 5𝑥2 + 6𝑥             𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒  𝑥 = 0     𝑥 = 2  𝑎𝑛𝑑  𝑥 = 3 

 

𝐴1 =   𝑥3 − 5𝑥2 + 6𝑥  𝑑𝑥
2

0

=  
𝑥4

4
−

5𝑥3

3
+ 3𝑥2 

0

2

=   4 −
40

3
+ 12 —  0  =

125

4
=

𝟖

𝟑
 

  

  

𝐴2 =  
𝑥4

4
−

5𝑥3

3
+ 3𝑥2 

2

3

=   
81

4
− 45 + 27 —  4 −

40

3
+ 12  = −

5

12
=

𝟓

𝟏𝟐
 

𝐴𝑇 = 𝐴1 + 𝐴2 =
8

3
+

5

12
=

37

12
= 𝟑

𝟏

𝟏𝟐
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Ex8 Area between two curves 

 

1. 𝑦 = 𝑥 10 − 𝑥          𝑎𝑛𝑑  𝑦 = 4𝑥 

 

10𝑥 − 𝑥2 = 4𝑥 

𝑥2 − 6𝑥  = 0  

 𝑥 𝑥 − 6 = 0            𝑟𝑜𝑜𝑡𝑠  𝑥 = 0 𝑎𝑛𝑑  𝑥 = 6 

   10𝑥 − 𝑥2 − 4𝑥 𝑑𝑥
6

0
=  −𝑥2 + 6𝑥 𝑑𝑥

6

0
 −

𝑥3

3
+ 3𝑥2 

0

6

=   −
216

3
+ 108 —  0  = 36 

_____________________________________________________________________________ 

2. 𝑦 = 4𝑥 − 𝑥2         𝑎𝑛𝑑  𝑦 = 𝑥2 − 4𝑥 + 6 

 

𝑥2 − 4𝑥 + 6 = 4𝑥 − 𝑥2 

2𝑥2 − 8𝑥 + 6  = 0  

𝑥2 − 4𝑥 + 3  = 0 
 𝑥 − 1  𝑥 − 3  = 0       𝑟𝑜𝑜𝑡𝑠  𝑥 = 1 𝑎𝑛𝑑  𝑥 = 3       

  

   4𝑥 − 𝑥2 − (𝑥2 − 4𝑥 + 6) 𝑑𝑥
3

1
=  −2𝑥2 + 8𝑥 − 6 𝑑𝑥 =

3

1
 −

2𝑥3

3
+ 4𝑥2 − 6𝑥 

1

3

 

 

=   −18 + 36 − 18 — −
2

3
+ 4 − 6  = 2

2

3
 

_____________________________________________________________________________ 
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3. 𝑦 = 2 𝑥         𝑎𝑛𝑑  𝑦 =
𝑥2

4
 

 

2 𝑥 =
𝑥2

4
 

4𝑥 =
𝑥4

16
  

𝑥4 − 64𝑥 = 0 

𝑥 𝑥3 − 64 = 0       𝑟𝑜𝑜𝑡𝑠   𝑥 = 0  ;   𝑥 = 4      

  

 𝐴 =   2𝑥
1

2 −
𝑥2

4
 𝑑𝑥

4

0
=  

4𝑥
3
2

3
−

𝑥3

12
 

0

4

=   
32

3
−

64

12
 −  0  = 5

1

3
 

_____________________________________________________________________________ 

4. 𝑦 = 𝑥3 + 𝑥2 − 5𝑥         𝑎𝑛𝑑  𝑦 = 𝑥2 − 𝑥 

 

      𝑥3 + 𝑥2 − 5𝑥 = 𝑥2 − 𝑥 

𝑥3 − 4𝑥  = 0  

𝑥(𝑥2 − 4)   = 0 

𝑥 𝑥 + 2  𝑥 − 2  = 0       𝑟𝑜𝑜𝑡𝑠  𝑥 = −2 ;   𝑥 = 0   ;   𝑥 = 2       

  

 𝐴1 =   𝑥3 + 𝑥2 − 5𝑥 − (𝑥2 − 𝑥) 𝑑𝑥
0

−2
=   𝑥3 − 4𝑥  𝑑𝑥 =

3

1
 −

𝑥4

4
− 2𝑥2 

−2

0

 

 

=   0 —  4 − 8  = 4 

              𝐴2 =   𝑥2 − 𝑥 −  𝑥3 + 𝑥2 − 5𝑥  𝑑𝑥
2

0
=   4𝑥 − 𝑥3  𝑑𝑥 =

3

1
 2𝑥2 −

𝑥4

4
 

0

2

 

 

=   8— 4 −  0  = 4 

𝐴𝑇 = 4 + 4 = 8 

__________________________________________________________________________________  
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5. 𝑦 = 𝑠𝑖𝑛𝑥         𝑎𝑛𝑑  𝑦 = 𝑐𝑜𝑠𝑥 

 

      𝑠𝑖𝑛𝑥 = 𝑐𝑜𝑠𝑥 

𝑡𝑎𝑛𝑥 = 1  

  

𝑟𝑜𝑜𝑡𝑠 𝑥 =
𝜋

4
       𝑟𝑜𝑜𝑡𝑠  𝑥 =

5𝜋

4
       

  

 𝐴 =  (𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥) 𝑑𝑥
5𝜋

4
𝜋

4

=   −𝑐𝑜𝑠𝑥 −  𝑠𝑖𝑛𝑥  𝜋
4

5𝜋

4  

 

                    =    
1

 2
 −  −

1

 2
  —  −

1

 2
 −  

1

 2
    

             

                    =   
2

 2
 +  

2

 2
  = 2 2 

 

__________________________________________________________________________________  

6. 𝑦2 = 4𝑎𝑥         𝑎𝑛𝑑  𝑥2 = 4𝑎𝑦 

      𝑦 = 2 𝑎𝑥         𝑎𝑛𝑑  𝑦 =
𝑥2

4𝑎
 

2 𝑎𝑥 =
𝑥2

4𝑎
        ;          4𝑎𝑥 =

𝑥4

16𝑎2         ;         64𝑎3𝑥 = 𝑥4   

  

𝑥4 − 64𝑎3𝑥 = 0            ;         𝑥(𝑥3 − 64𝑎3) = 0        ;         𝑟𝑜𝑜𝑡𝑠  𝑎𝑟𝑒   𝑥 = 0   ;    𝑥 = 4𝑎 

𝐴 =   2 𝑎𝑥
1

2 −
1

4𝑎
𝑥2 𝑑𝑥

4𝑎

0

=   
4 𝑎𝑥

3

2

3
 −  

1

12𝑎
𝑥3  

0

4𝑎

 

=   
4 𝑎 4𝑎 

3

2

3
 −  

1

12𝑎
 4𝑎 3  −  0 =

32𝑎2

3
−

16𝑎2

3
=

16𝑎2

3
 

            
 

Example  

when a = 1 
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Ex 9 Area enclosed by curve and the y-axis 

1. 𝑥 = 𝑦2         ∶  𝑦 = 3 

𝐴 =  𝑦2 𝑑𝑦
3

0

=  
𝑦3

3
 

0

3

=   9 —  0  = 9 

___________________________________________________________________________ 

2. 𝑦 = 𝑥3        𝑥 = 𝑦
1

3;       𝑦 = 1 𝑎𝑛𝑑 𝑦 = 8 

𝐴 =  𝑦
1

3  𝑑𝑦
8

1

=  
3𝑦

4

3

4
 

0

3

=   
3(8)

4

3

4
 —  

3

4
  =   12 —  

3

4
  = 11

1

4
 

___________________________________________________________________________ 

3. 𝑦 =
1

 𝑦
= 𝑦−

1

2              𝑦 = 2 𝑎𝑛𝑑 𝑦 = 3 

𝐴 =  𝑦−
1

3  𝑑𝑦
3

2

=  2𝑦
1

3 
2

3

=   2(3)
1

3 —  2(2)
1

3  =   2 3 —  2 2  = 2 3 − 2 2 

_________________________________________________________________________ 

4. 𝑦2 = 1 − 𝑥      ;   𝑥 = 1 − 𝑦2          𝑦 = 0 𝑎𝑛𝑑 𝑦 = 1 

𝐴 =  1 − 𝑦2 𝑑𝑦
1

0

=  𝑦 −
𝑦3

3
 

0

1

=   1 −
(1)3

3
 —  0  =

2

3
 

_________________________________________________________________________ 

5. 𝑦 =
1

𝑥3       ;   𝑥 =
1

𝑦
1
3

   ;   𝑥 = 𝑦−
1

3          𝑦 = 8 𝑎𝑛𝑑 𝑦 = 27 

𝐴 =  𝑦
−

1

3  𝑑𝑦
27

8

=  
3𝑦

2

3

2
 

8

27

=   
27

2
 —  6  =

15

2
= 7

1

2
 

_________________________________________________________________________ 
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6. 𝑦 = 𝑙𝑛𝑥      ;    𝑥 = 𝑒𝑦           𝑦 = 2 𝑎𝑛𝑑 𝑦 = 5 

𝐴 =  𝑒𝑦  𝑑𝑦
5

2

=  𝑒𝑦 2
5 =   𝑒5 —  𝑒2  = 𝑒5 − 𝑒2 = 𝑒2(𝑒3 − 1) 

_________________________________________________________________________ 
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Ex10 - The Volume of Revolution 

 

 

1.(a) 𝑦 =
4

𝑥
             𝑥 = 1 𝑎𝑛𝑑 𝑥 = 4 

𝐴 =  𝜋  
4

𝑥
 

2

  𝑑𝑥
4

1

= 𝐴 = 𝜋 
16

𝑥2
  𝑑𝑥

4

1

= 𝜋 16𝑥−2  𝑑𝑥
4

1

= 𝜋  −
16

𝑥
 

1

4

= 𝜋  −4 —  −16  = 12𝜋 

_________________________________________________________________________ 

(b) 𝑦 =  𝑥  ;    𝑦 = 𝑥
1

2             𝑥 = 0 𝑎𝑛𝑑 𝑥 = 4 

𝐴 =  𝜋  𝑥
1

2 
2

  𝑑𝑥
4

0

= 𝐴 = 𝜋 𝑥  𝑑𝑥
4

0

= 𝜋  
𝑥2

2
 

0

4

= 𝜋  8 —  0  = 8𝜋 

_________________________________________________________________________ 

(c) 𝑦 = 𝑥 + 2𝑦 = 2  ;    𝑦 = −
1

2
𝑥 + 1            𝑥 = 0 𝑎𝑛𝑑 𝑥 = 2 

𝐴 =  𝜋  −
1

2
𝑥 + 1 

2

  𝑑𝑥
2

0

= 𝐴

= 𝜋  
1

4
𝑥2 − 𝑥 + 1  𝑑𝑥

2

0

= 𝜋  
1

12
𝑥3 −

𝑥2

2
+ 𝑥 

0

2

= 𝜋   
2

3
 —  0  =

2

3
𝜋 

_________________________________________________________________________ 

(d) 𝑦 =
1

𝑥2 ;    𝑦 = 𝑥−2            𝑥 =
1

3
 𝑎𝑛𝑑 𝑥 =

1

2
  

𝐴 =  𝜋 𝑥−2 2  𝑑𝑥

1

2

1

3

= 𝐴 = 𝜋  𝑥−4  𝑑𝑥

1

2

1

3

= 𝜋  −
1

3𝑥3
 

1

3

1

2

= 𝜋   −
8

3
 —  −9  =

19

3
𝜋 

_________________________________________________________________________ 
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(e) 𝑦 = 𝑥 𝑥 − 1 ;      ;        𝑦 = 𝑥2 − 𝑥         𝑥 = 0   𝑎𝑛𝑑   𝑥 = 1 

𝐴 =  𝜋 (𝑥2 − 𝑥)
2

  𝑑𝑥
1

0

= 𝜋  𝑥4 − 2𝑥3 + 𝑥2 𝑑𝑥
1

0

= 𝜋  
 𝑥5

5
−

 𝑥4

2
+

 𝑥3

3
 

0

1

 

= 𝜋   
 (1)5

5
−

 (1)4

2
+

 (1)3

3
 —  0  =

𝜋

30
 

_________________________________________________________________________ 

(f) 𝑦 =   9 − 𝑥2 ;      ;    𝑦 =  9 − 𝑥2 
1

2          𝑥 = −3   𝑎𝑛𝑑   𝑥 = 3 

𝐴 =  𝜋   9 − 𝑥2 
1

2 
2

  𝑑𝑥
3

−3

= 𝜋  9 − 𝑥2  𝑑𝑥
3

−3

= 𝜋  9𝑥 −
 𝑥3

3
 
−3

3

 

= 𝜋  27 − 9 — −27 + 9  = 𝜋 54 − 18 = 36𝜋 

_________________________________________________________________________ 

(g) 𝑦2 = 8𝑥      ;    𝑦 =  8𝑥         𝑥 = 0   𝑎𝑛𝑑   𝑥 = 4 

𝐴 =  𝜋   8𝑥 
1

2 
2

  𝑑𝑥
4

0

= 𝜋 8𝑥 𝑑𝑥
4

0

= 𝜋 4𝑥2 0
4 

= 𝜋  64 —  0  = 64𝜋 

_________________________________________________________________________ 

(h) 𝑦 = 𝑠𝑖𝑛𝑥               𝑥 = 0   𝑎𝑛𝑑   𝑥 = 𝜋  

𝐴 =  𝜋 𝑠𝑖𝑛𝑥 2  𝑑𝑥
4

0

= 𝜋 
1

2
(1 − 𝑐𝑜𝑠2𝑥) 𝑑𝑥

4

0

=
𝜋

2
 (1 − 𝑐𝑜𝑠2𝑥) 𝑑𝑥

4

0

=
𝜋

2
 𝑥 −

1

2
𝑠𝑖𝑛2𝑥 

0

𝜋

 

                                   =
𝜋

2
  𝜋 − 0 —  0  =

𝜋2

2
 

_________________________________________________________________________ 

 


