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Ex1 Higher Revision

1. f(x)=8x3 f(x)=f8x3dx=[¥+c]=2x4+c

’ x—Z
2. f(x)=x%=6x_3 f(x)=f6x‘3dx=[6_—2+c]=—3x‘2+c=—xi+c

3. f,(x)=\/§=x% f(x)=fx%dx=[%+c]=§x%+c=zm+c

' 1 1 1

4, f(x)=%=x_§ f(x)=fx_§dx=[%+c]=2\/§+c
2

' 3x*+6  3x* 6 _ 3 3x3 3yl

B. f'() === =25+ =3x +6x72 F) = [3x2 + 6x 2dx=[§+ = +c]
6
=x3-——+c¢
x

' 1-3x 1 3x 1 1 1 1 X2 X2

6. f(X)=\/_=—1——1=x 2 — 3x2 f(x):fx 2_3x2dx:T_T+C]
SR I 7 2
=2Vx—2/x% +¢

! 5

7. f () =0Gx+" f@) = [Gx+ )t de = [ 4 ¢
_ Bx+4)
R

! _ 5

8. f(0)=01-20" fO) = [ -2 dx =[S+ ]
(1—2x)°
= 10 +c

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx Page 1



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 1 ).docx

x 1
U =G = @x =) f@=[@x-3Pdx=|F | =~ e
10f (1) = ——=@4x+1)F  f(x)= [ (4x + 172 dx [(4x+1)% + C] _ VB
(4 x+1) X% >
3
11 (x) = =303x+1)2 —3((3x+1 d_3(3x+1)2 ]:_ 2
e (3x+1)% (Bx+1)z ) f( x+1) 2 dx [ X—= + ,/(3x+1)+

12.f " (x) = sin3x

f(x) = [sin3xdx = [_C03S3x + C] _ _CO;3x iy

13.f°(x) = cos%x flx) = fc05§x dx = [sm1

T +c] —35m;x+c
3

40 = sin’x =3 (1= cos20)  f() =3 /(1= cos2x) dx =[x = Jsin2a + |

1
= Ex —Zsian +c

15.f (x) = coszéx = %(1 — COSX) fx)= %f(l —cosx) dx =

N| =

[x — sinx + c]

=§(x—sinx)+c
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Ex2 New Integrals

1. f(x)=e> f(x)=fe5xdx=§65x+c
2. f(x)=e2x f(x)=fe‘2"dx=—%e‘2x+c
/ 1 1 1
3. f(x) =3e?" f(x) =3 [ez"dx = 6e2" + ¢
‘) =L =Llrlge =1
4. fW =, f(x)—3fxdx—3ln3x+
c
5. f’(x)zﬁ f(x)—f—dx—lnf(x+5)+c
s 1 10
6. f(x)—zX_3 f(x)—f—dx— ?2—+c
7. O =(eX+e™)2 =2 424 f(x)=fe2"+2+e‘2"dx=%ezx+2x—%e‘2x+c
'(x)_ﬂ_ —x _ —Xx X v X
8. [ =—"r=e"+1 f)=fe*+1ldx=—e"+x+c=x—e*+c
9. f'(")=ezx+e%=e2x+e_2" f(x)=[e** +e 2 dx=%ezx—%e_2x+c
10. f/ ) = 2 (x)—f—dx—Zln(3x+2)+c

3x+2 3x+2

11. f'(x) = ﬁ flx) = fm dx =2ln(3x+2)+¢

12. f'(x) = (x)—f—dx———ln(6—7x)+c

6—7x
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13. f'(x) = sec?®4x f(x) = [sec?4x dx = %tanll-x +c
14. f'(x) = sec?(m + 2x) f(x) = [sec?(m + 2x) dx = %tan(n +2x)+¢
15. f'(x) = 3sec?2x f(x) = [ 3sec?2x dx = %taan +c
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DefiniteIntegralsEx3

L= (G- 5)dr= @t —sehar= [ ] = [ g] - [2 4] =

2vVx3

2. I=f%1( —T)dx—ﬁ (xZ—x Z)dx—

] -B-1- k-

3 1= [ () dr = (26 4 3 8) ax = [B o] <[22 12] <[] = 12

6

4. [*JGcT3)dx=["(x+3)dx l“"”ﬁl =
1

3 3
2(6+3)2 2(1+3)2 _38
][] - o -5)-

5. fol; dx = f01(4 +5x) 2 dx = [—

(4+5x)2 5(4+5x)]0

= [~ savsm) - [sarsanl =t = 5

412 4 4

12 1 _Be-93| _ [3(a-93 3(3)-4)3| _ 31 _45 .1

6. |, (x—4)3dx—[TL _[ - l—l - l_[12—z]_7_11Z
stx T sin smO 1
7. f‘*costdx—[ [ ] [ = ——0]—5

[ cotg] — [—cot%] = [0+ 1] =1 = Calculatorissue *

-Pl:lNl:l

8. JZ cosec?x dx =[—cotx]? =
1
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. _oml. A 1. n
9. [, sin*xdx = | - (1 — cos2x) dx—z[x ZSLTLZX]O

-3~ fo- 3]
—2 Vs ZSlTlTL' ZSlTl

1
=3 2r—0]=m
0. [} e =[~fe] = 5[l 1) = 3t -1 =5 (1-5)

11. fol el dx =[—el™*i =[-e’] - [-el]=-1+e=e—1

12. fol ezdx =2 [eg]z =2 “e%] — [eo]l =2 (e% - 1) — 2072

13. [ = dx =[In(x = )2 = [[In(6)] - In)]] =In () = In(3)

14, fol (3x1+2) dx =§[1n(3x +2)]§ = %[[ln(S)] — [In(2)]] = §1n (g)
5. f—04 (1—12x) dx == % [In(1 - 2x)124 = —%[[ln(l)] —[In(9)]] =In3
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Ex 4 Integration by Substitution

1. [ x(x? —3)%dx

Let u=x%-3 d—u=2x xdx=d—u
dx 2

ul (3 —1)°
= ?+C 9 +cC
1
3. [x(1—x2)dx = [ x(1 —x*)2dx
et u=1-x2__; ax = &
e u = X dx_ X xx—_z

1 1
wa/(l—xz)dx = —Eufdu
202 JaA—x2)3
Ste|=———5 ¢

2
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[ cosxsin*xdx

du

Let u= Sinxd— = cosx cosxdx = du
x

_ sin x+
X —
f—(l_x2)3 dx = [x(1—x?)3dx
2du du
Let u=1—x*—=-2x xdx = —
dx -2

fx(l—xz)_3dx =f—u7du= Zu_z +c

1

=————+c
4(1 — x2)

fl-T—x‘* dx

x3 1 1
J1+x4dx=JEdu= Zlnu+c

1
= Il + xH +c
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sinx , -
7. | dx = [ sinxcos 3xdx
cos3x

du ]
Let U = CoSx— = —sinx
dx

sinxdx = —du

-2

: 3 a0 | -3, %
sinxcos ’xdx = udu = > +c
L Lsectx +
=———+c = —sec’x+c
2c082x 2
coSsx _ .. 6
8. J;dx = [ cosxsin™®xdx
. du
Let u = Sinx— = cosx cosxdx = du
dx
uS
jcosxsin‘%dx =] “odu = —5+c
1
~ 5sindx
eX
9 f39x—1 dx

du
Let u=3e*—1—=3e*e*dx = —

dx

ex
f—Bex—l f—du——+c

In(3e* — 1)
=T 36 ¢
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10, [ gy

tanx

du ) )
Let u = tanx T = sec’x sec’xdx = du
X

sec’x du
f dx=f—=lnu+c=ln(tanx)+c
tanx u
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Ex5HarderSubstitution
3 du du u—2
1. y=[9x(3x +2)3dx u=3r+2 =3 de=%5 x="=
u—2 1
f9x(3x+2)3dx:f9< 3 >><u3><§du
u  ut (x+2)» (x+2)*

— 3 _ — 4 _ 3 - = _ _
—fu(u 2)du fu 2u”du z 2+c z > +c
2. y=[7x(2x + 3)%dx U=2x+3 B_o gp=B ,_u3
dx 2 2

c u—3 g 1
f7x(2x+3) dx:f7< >><u xzdu

7 7 7 (u’  u® u’  7u® 2x+3)” 7Q2x+3)°
_[Z. 50, _ 6 —aySgy =L (% - —
—j4u (u—3)du 4-[11 3u’du 4(7 > 2 3 +c 2 3 +c

1
3. y=[3x/(1 +x2)dx = [3x(1 + x?)2dx

du d 1
u=1+xza=2x xdx=7u x=yJ(u—-1=@w-1):

1 1 1
J3x(1+x2)5dx=13><u5x§du

3
z 3 3
2tce=(1+x2)2+c=yA+x2)3+¢

BJ‘ ld 3 4
= — 2 = — =
) uzau > c u

u
3
2
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dx = [3x(2x +3)"~ de

43 du_z P _du _u—3
u=2x T x—2 x = 5

4. y= fw/(z +3)

u—3 11 3 _t 3( 1 1
f3< >><(u)ZXEdu=qu2(u—3)du=qu2—3u2du

3|2uz 1 1 3 9 1

1 9
Z T—6u2+c =Eu5—zu5+c=§\/(2x+3)3—z (2x+3)+c
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Ex6 Trig Substitutions

“sind P o9 dx = cos6dd
X = sin dg—cos X = cos
sinfcosf schosH
f f =fsin9d9=—cost9+c=— (1—-x2)+c
NI sin29 cos6

2. y=[(4—x%dx Check !

dx
— = 2cos0 dx = 2cos0d6

= 2sinf
x sin 70

J\/(4 —x2)dx = ]‘/(4 — 4sin?0) X 2cosHdO = f 2c0s6 X 2cosfdO = J 4cos*6do
1
'[460529(19 = 4[5(1 + c0s26)d6 = 2 f(l + cos26)d6

1
=2 [9 + EsinZH + c] = 20 + sin20 + ¢ = 20 + 2sinfcosf + ¢

x 1
20 + 2sinfcosh + ¢ = 2sin~! (2)+x>< (’(4 x2)>+c
; —2sin- (D) + X (4 — x2
20 + sin26 + ¢ = 2sin (2)+2 (4—x%)+c
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d
x = 3sinf £ = 3cosb dx = 3cos0do

J‘ 9sinfcos0 J j‘3sin6€059

(9 — 9sin?0) B

d9=3fsin9d9=—3c059+c =—J/(9—x%)+c
cos@

d
x = 2sinf £ = 2cos6 dx = 2cos8d6

f 4sin?0 x 20059 f 4sin®OcosO

J (4 — 4sin?0)

de = 4jsin29d9 = —2](1 + c0s26) do + ¢
cos0

1
-2 (9 + Esinze) +c=—-20 — 2sinfcosO + ¢
= —2sin~! (E) —x ><l 4—-x)+c
2 2

= —2sin”? (;) —g 4 —xD) +c
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ExBA Definite Integrals

1 y=[x3@+x"%dx

u du
u=2+x*—=4x3—=x%dx ; x=0u=2 x=1u=3
dx 4
1 _ 665
fx3(2+x4)5dx— —du—
. ) 24|, 24

9 x+1
2. y=|[ —=——dx
y 4 x242x—7

5 du du
u=x“+2x-7 a=2(x+1)7=(x+1)dx; x=9 u=92; x=4u=17

]1 jZ%du - %[mizc;u)]%% - %[[ln(92)] [in(17)]] [zn( )]

1du 1 1
u=2+x2—=— 2w—-2)du=dx;xz2=u—-2)x=4 u=4; x=0u=2
dx 2x2

41 Yrut—4u+4 4 4
J—x(u—Z)xZ(u—Z)du=2f EEEE— du=2J (u—4+—>du
2 u 2 u 2 u

4

2
=2 l% —4u + 4lnul = 2[[8 — 16 + 4In4] — [2 — 8 + 4In2]| = 2[-2 + 4(In2)]
2

=—4+8In2 =8in2 — 4
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5. y= fol xV2x2 + 3dx

52 du _ du _ 4o P
u=2x“+3 dx_4x 4—xdx ;o x=1 u=5 x=0 u=3

3
5 1 1|2uz

folx 2x2+3dx=%f u2du=ZT =%“10\/§]—[6\/§]]=%(5\/§—3\/§)

3

6. y= 7 _sinx_ dx

% 1+4cosx
14 du ] p ncd T 1 T 3
u= CoSXx — = —Slnx — au = sinxdx , X=— U= X=— U=-—
dx 2 3 2

[ - [ = mit = - 3] - )

2
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3 - Zsmx

0 x+2cosx

I
<

I

NS

=

I
o
<

I
()

u T
u=x+2cosx —=1-—2sinx du=1-2sinxdx ; x=
dx 2

m

71— 2si 71
fo e f = au = i = [[in (5)] - m2] = n )

T T
P) 5 COSX

8. y= [Zcotxdx = [}—dx
3 3 sinx

e du i = i _T T V3
Uu = sinx dx—cosx u = cosxdx ; x—2 u= x—3 u—2
3 COSX 11 . V3 V3
.L Sinx dx = fﬁadu = [lnu]g = I[ln(l)] —In <7>] = —In <7>
3 2
V3 2
—In|—| = —(lnvV3=n2) = (In2 — nV3) = In (—)
(F)=—C )= )=in(%
9. y = J3sinxcos*xdx
du T
U =cosx — = —sinx —du=sinxdx ; x=— u=-=- x=0u=1
dx 3
3 1 128 31
f sinxcos*xdx = — 4du = >] =
0 160 160 160
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Z sinx

10. y = fl mdx
6

du ) ) s 1 s V3
u =cosx — = —sinx —du=sinxdx ; x=— u=— Xx=— U=—
4 V2 6 2
T, 1 1L 2 2
1 sinx 7z vz
e[ [0 (3] -
fzcoszxx fﬁu " ul (v2) V3 vz V3
6 2
1, y=[" -
'y_e xlnx x
dt 1 1 )
t=lnx —=- dt=—dx ; x=e“ t=2 x=e t=1
dx x X
e 1 21
——dx = | —dt =[Int]? = [(In2) — (In1)] = In2
| st = | e =ttt = 1@ - (1)) =
2 e<X
12y:f1(2x_1)2dx
dt dt
t=e2* -1 —=2e*—=e%dx ; x=2t=e*—-1 x=1t=e%2-1
dx 2
[ mgean= [ gt~ 2] A () - ()
02T, 22 T e, T2 et o) T U e

- %[((ez 1_ 1)) - <(e41— 1))] B % (e(:;—l)l)_(e(fz—_l)l) B 2(62(i41;(2?_ 1)

e(e” — 1) e?

2@~ —1) 2(e*—1)
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Ex5B Definite Integrals

1. y=[2sin°xdx

du )
U =cosx —— = —sinx

I — du = sinxdx

T
; x=§ u=0 x=0u=1

sinx=1—-cos’x =1 —u?)sin*x =1 —-u?> )1 -u?) =u*-2u*+1

™

R % 4 . 0 4 9 ub o 2u8
sin°xdx = | sin*xsinxdx=—| (wW*-2u*+1l)du=—-|———+u
0 0 1 5 3
1
0> 2(0)3 15 2013
N OOy B O
5 3 5 3
_ [1 2 4 1] 8
5 3 15
2. y = J¢sin®cos’xdx  check !
g du = sinxd z ! 0 u=1
u=cosx —=-sinx —du=sinxdx ; x=— u=— x=0 u=
dx 4 V2
sin?x =1 — cos?x = (1 —u?)

n n 1 1 531
4 2 V2 NA u u
f sincos?xdx = J sin®x cos®x sinxdx = —j u?(1 —u?)du = f ut —uldu = l? — ?l

0 0 1 1

(J—g)s _ (5—3)3 (B

_[( 1 1> <1 1>]_ Wz 2 142 2 V2 2
N 240 15 240 15 120 15

2072 6V2 5 3
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Ex7 Area under a Curve

1. foz 3x2 + 2dx = [ + 2x]§ = [[8 + 4] — [0]] = 12

e I (B o B

2

Q2.(a) y=6+x—x*=3-x)(2+x) rootsare x = —2 and x = 3

3
J (6+x—x?)dx =

-2

2 B3 9 817 125 5
6x + — — — =H18+——9]—[—12+2+—”=—=20—
2 3, 2 3 4 6
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Q2.(b) y=x(x —2)(x —3) = x(x®> = 5x + 6) = x> — 5x? + 6x rootsare x =0 x=2 and x =3
2 Pt 40 125 8
Ai=| (x®-5x"+6x)dx =|———+3x =H4——+12]—[0]]=—=—
. 4 3 . 3 4 3
xt 5xd > 81 40 5 5
Ay = [———+3x? =H——45+27]—[4——+12”=——=—
4 5 4 3 12 12
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Ex8 Area between two curves

1. y=x(10—-x) and y = 4x

10x — x2 = 4x

x2—6x =0 1%

x(x—6)=0 roots x =0and x =6

6

6 2 _(®_,2 il 2| _ [[_2te
fo(lox—x)—4xdx—f0 —Xx +6xdx[—3+3x ]0—” Tt

108] — [0]] =36

2. y=4x—x? and y =x%—4x+6

x? —4x + 6 = 4x — x? ;
2x2—8x+6 =0
x> —4x+3 =0
(x—1D(x—-3) =0 roots x=1and x =3

3 2 2 _ (3 _ 5.2 _ 2_x3 2
f1(4x—x)—(x —4x+6)dx-f1 2x +8x—6dx—[— T+ 4x —6xl

= [[—18+36—18]—[—§+4—6” = 2%
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X
3

3. y=2Vx and y =—

2

X
2Vx = — '
Vx 4 |
. |
x 0
4X—E ”
x*—64x =0

x(x3—64)=0 roots x=0; x=4

3 4
4, 2\ _ 2 a2 i 32 64 1
A= (2x2)—: dx = T_EL - “?_E _[0]] =57

4, y=x3+x%-5x and y = x% —x ,

2

x34+x?—-5x=x>—x /
| c

x3—4x =0 b
x(x>—4) =0 i
x(x+2)(x—2) =0 7roots x=-2; x=0; x=2 ‘."

0
A = f_oz(x3 +x?=5x) — (x* —x)dx = f13(x3 — 4x) dx = [_%4_ szl 2

= [[0]—[4 —8]] = 4

2
Ay = foz(xz —x) — (3 +x*—5x)dx = f13(4x —x¥) dx = [zxz - xﬂo

= [[8—4] - [0]] = 4

Ar=4+4=8
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5. y=sinx and y = cosx

sinx = cosx /:._ N
X o ] 2 3 a 5
tanx =1
_‘I ..

. T . 5m
roots x = — roots x = —
4 4

5t S5t

A= fg(sinx — cosx) dx = [[—cosx] — [Sinx]]z4

[ H)-1e0-G)

)+ (3)-2

6. y>=4ax  and x* = 4ay

~" Example
xZ
y = 2vax and y = ™ whena=1
W=, dax=-— ; 64dPx=ax*
ax=.- ax=r— a’x = x
x* —64a3x =0 ;0 x(x*—64a%)=0 ; rootsare x=0 ; x=4a

4a
3
4a 11 4axz 1
A= .[ (2\/5965 ——xz) dx = - [—x3]
0 4a 3 12a
0

3 3

4\/5(4a)% 1 _32a* 16a® 16a°
3 _[12a(4a)3]‘_[0]_ 3
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Ex 9 Area enclosed by curve and the y-axis

1. x=y2 ty=3
3 313
A= Zdzzl]z 9]—TJ0]] =9
J vtay ho [191— o]
2. y=x3 x—y; y=1landy =38
3
L [3%} 3(8)‘ H 121_[”_11_

‘% y=2andy =3

3.y=%=y
A f y3dy [2y§]3 - [[2(3)1] — [2(2)§]] = [[2V3]—[2v2]] = 23 — 2v2

2 y=0andy=1

4 y2=1—-x ; x=1-y
1 1
1 2
R
0 3
1 1 1
5 y=5 X=-—7 ;x=Yy?3 y=8andy =27
y3
27
27 33
a=| yzw—[y -[[F]—re1] =5 =73
8 2

Page 25
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6. y=lnx ; x=¢e y=2andy =75

5
A= f e dy =[5 = [[e5]—[¢]] = & — e = e2(e* — 1)
2
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Ex10 - The Volume of Revolution

1.(a)y=% x=1landx =4 e |

N 416 4 161"
A :J. n(—) dx = A =77.'f — dx :nf 16x7% dx =rt[——] = n[[-4]—[-16]] = 12n
1 X 1 X 1 Xl

1 N ’I
(b)y=vx; y=x2  x=0andx=4 L ]
1 //’
4 112 4 2 4 .
A:fﬂ_’(xi) dx:A:T[.I-de:T[— 0 '\.I_.
0 0 2 0 0 1 2 3 a

= n[[8]—[0]] = 8n

@y=x+2y=2; y=—3x+1 x=0andx =2

2 1 2
Az.f rc(——x+1> dx = A !
0 2
21 1, 2 T
=7 (—x —x+1) dx=m|—x" ——+x
o \4 12

o[-t |

o

1. L —,2 _1 1
(d)Y—xz, y=x x—3andx—2

|
1 |

A= an(x_z)2 dx=A= n.ff(x—df) dx =1 [_ ir ‘I‘"

3x31L

g0 - 2

@
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04

(e)y=x(x—-1); ; y=x2—x x=0 and x=1

1
A=f1r(x2—x)2 dx=7rf
0 0

@ @, @ 1w
_"” 5 2 T3 l_m]_%

02

1
XS X'4 X3

-2+ xdx=n|———+—
5 2 3

1

0 0z "-\l__’_ = —

04

B)y=vO—x2 ; y=©@-x37 x=-3 and x=3
33

A=f37r((9—x2)%) dx=nf3(9—x2)dx=n[9x—x?
-3

-3 _3 "" N
= 7[[27 — 9]— [=27 + 9]] = 7(54 — 18) = 367 / 2 \

2

(9 y*=8x ; y=v8x x=0 and x=4 .

4 1 2 4 4 /

A= J n((8x)5) dx = nj 8x dx = m[4x*]}
0 0 1/
Iﬂ
= 7'[[[64]_ [0]] = 641 ‘ o 2 3
(h) y = sinx x=0 and x=m ‘ |
P .

4
A =J m(sinx)? dx
0

44 _—

=7IJ —(1—6052x)dx=—f (1 — cos2x) dx
0 2 2 Jo

/[ 1 4

= 5 [x - Estxlo

=Tl 01— o] =
—i[[ﬂ— ]—[1]—7
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