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Ex1 Substitution

f\/ﬁdx = fﬁ;_z—xzdx =sin~! (g) +c

= [ = tan” (3)
N gmde =[x =tanT (5) + ¢

1 o
. fﬁdx—fmdxzsm 1(§)+c

1 1 1 x
. dx = [——dx =—tan™! (—) c
f100+x2 f102+x2 10 10 t

1
D e————dx = [ ——dx = [ ———dx =-
f\/(36—25x2) 25(2—2—962) 5 ((g)z_xz) 5

1
: f(36+25x2)dx -

N G =2

dx = sin™! (g) +c

3 _ 1 _ 1
' f\/(36—9x2)dx =3J 9(%—,(2) ax f\/((Z)Z—xZ)

. fﬁ dx = 2[tan” 1(x) [[tan_1 (V3)] - tan_l(l)]] =2 [E - E] =%

1 (1+x?)

10. foﬁ\/ﬁdx = foﬁ\/ﬁ dx = [sin‘1 G)]f = [sin‘1 (\/72)] — [sin™}(0)] = E — O] = %
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11, i s dx = 3lsin~! Ol = 3|lsin™ (0] = [sin? (})]| =3[5-¢] =

x\13 _
2. ) oy @ = i ey dx = 5 tan™ (5)] = 5 [ltan™ (D] = [ean™ @]] = 5[5 - 0] = 5
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Ex 2 Integration by Partial Fractions

(x+8)
L f (x+2)(x+4)

x+8 A B
G106+ d @+ G+

x+8=A(x+4)+B(x+2)

(x+8) dx = 3 2 p
(x+2)(x + 4) x_,[(x+2)_(x+4) x

=3Iln|x+ 2| —2In|lx+ 2| +¢

2 fxz dx=f1+idx=dex
: x2—4 x2—4 (x+2)(x—2)

4 _ A B
G1G6-2 G+ ==

4=Ax—-2)+B(x+2)

x=-2 4=—44 A=-1
x=2 4=4B B=1

N (P S S
fx2—4 x‘f x+2)  x—2)™

=x+In|lx—2|—-In|x+ 2| +¢
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x2—6x—7
3. f (x—1)(x—2)(x+3) dx

x*—6x—17 A B C
GC—Dx-2Dx+3) -0 -2 x+3)

x> —6x—7=A(x—-2)(x+3)+Bx—-1)(x+3)+C((x - D(x—-2)

x=1 —12=—44 A=3
x=2 —-15=5B B=-3

x=0 —-7=-6A-3B+2C

; -7=-184+9+2C ; c=1

x*—6x—7 e = 3 3 1 p
(x—Dx-2)(x+3) x_f(x—l)_(x—2)+(x+3) x

=3lnlx—1|—-3n|lx—=2|+In|x+ 3| +¢

3
x°—2x—13 5x—7
4 >

5x—7
o dx = fx+2+x ———dx = fx+2+—(x+1)(x_3)dx
x-7 __ 4 [ B 5x—7=A(x—3)+B(x+1)
x+1Dx-3) (x+1  (x=3) xoi=aAx x
x=—-1 —12=-4A4 A=3
x=3 8 = 4B B=2
jx3—2x—13d _f o 3 N 2 p
x2—2x—3 T )* (x+1) (x-3) x

—sz+2x+31n|x+1|—21n|x—3|+c
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Ex 3 Denominator has linear and repeated factor

f 3x24x+1
x(x+1)?2

3x2+x+1_A+ B ,_¢C
x(x+1)2  x (x+1) (x+1)2

3x2+x+1=A(x+1?+Bx(x+1) +Cx

x=1 5=4A+2B+C ; 5=4+2B-3 B=2
f3xz+x+1d _f1+ 2 3 p
x(x +1)2 =) X (x+1) (x+1)2 x

= In|x| + 2In|x + 1| + +c

(x+1)

f x2—2x4+10 d
(x+2)(x—1)2

x% —2x+10 A B C
(x+2)(x—1)2_(x+2)+(x—1)+(x—1)2

x2=2x+10=A(x —1D?*+B(x—1Dx+2)+C(x +2)

x=-2 18 =94 A=2
x=0 10=A-2B+2C ;0 10=2-2B+6 B=-1

x2—2x+10 e = 2 1 3 p
(X + 2)(x — 1)2 x_f(x+2)_(x—1)+(x—1)2 x

=2In|x + 2| — In|x — 1| — +c

3
(x—=1)
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25
3. f(x+2)(2x—1)2 dx

25 4 B c
G+ 12 (x+2) x=D  @x-1)

25=AQ2x—1)>+B2x -1 (x +2) + C(x +2)

x=-2 25=254 A=1

) 2

x=0 25=A-2B+2C ;0 25=1-2B+20 B=-2

25 [ 2 0
,[(x+2)(2x—1)2 x_f(x+2)_(2x—1)+(2x—1)2 *

5
=ln|x+2|—ln|2x—1|—m+c

S5x+2
4. f(x—Z)z(x+1)dx

sx+2 A B c
G-22G+D) G+ =2 (=27

5x+2=A(x—2?2+B(x+1D(x—-2)+C(x+1)

1
——1 —3=94 A=--
x 3
x=2 12=3C C=4
4 1
x=0 2=44-2B4C ; 2=-3-28+4 B=3

42 (- 1 4
f(x—2)2(x+1) x_f3(x+1)+3(x—2)+(x—2)2 X

1 1
=—ln|x—2|—§ln|x+1|— +c

3 (x —2)°
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Ex 4 Denominator has irreducible quadratic factor

x=1
x=0
x=2

f(x_i;‘(—;mdx check !

3x+1 A (Bx+0C)
G-DE+D) -1 @+D

3x+1=Ax>+1)+(Bx+C)(x—1)

3x+1 (x—1)

X

1

dx = [ —2 dx = [ —2 d
x— D@2+ 1) x_f(x—l)_(x2+1) x_f(x—l)_(x2+1)+(x2+1) x

f ()
e &

1
= 2In|x — 1| —Elnlx2 +1|+tan"lx +¢

= In|f (x|
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f 3x24+92x
(x+6)(x%+1)
3x*+92x A (Bx + ()
(x+6)(x2+1) (x+6) (x2+1)
3x2 +92x = A(x? + 1) + (Bx + C)(x + 6)
x=—6 —444=374 A=-12

x=0 0=A+6C C=12+-6=2

x=1 95=2A+B+6B+C+6C ; 95=-24+7B+ 14 B =15

15x

3x2 4+ 92x p _j -12 (15x+2)
G+ +D )

L9 g = Injf ()|

f(x)

15 ) L
= 7ln|x + 1| — 12In|x + 6] + 2tan™'x + ¢

_12
BSNCEE) dx:f(x+6)+(x2+1)+(x2+1)dx
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x=-1
x=1
x=0
x=2

x
3. fmdx
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x
f (x+1)(x—1)(x2+1) dx

x A B (Cx+ D)
GrDE-DE+D) G+ =D &+

x=Alx—1D*x*+ 1) +Bx+ 1>+ 1)+ (Cx +D)(x* - 1)

1=—44 A—1

N T4
1=4B B—1
- T4
0=—-A+B-D 0= 1+1 D D=0
- ; =7+ —
2=5A+15B + 6C 2—5+15+6C C = 1
N ’ T4 4 2

X dx = 1 1 X d
f(x4—1) x_,[4(x+1)+4(x—1)_2(x2+1) x

JLD gy = In|f ()]

f)

—1l| +1|+1l| 1] 1l|2+1|+
—4nx 4nx 4nx C
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x
f (x+1)(x%+4) dx

X A (Bx+0C)
(x+DE2+4) (x+1) (x2+4)

x=Ax*+4)+(Bx+C)(x+1)

1
——1 —1=54 A=--
x 5
4
x=0 0=4A+C C=:
8 1
x=1 1=54+2B+2C ; 1=-1+2B+; B=c

X dx = -1 X 4 d
f(x+1)(x2+4) x_f5(x+1)+5(x2+4)+5(x2+4) *

G
[ o dx = Inlf ()]

2 X 1 1
=—tan1 (=) -= 1] + —In|x? + 4
Stan (2) 5ln|x+ |+1oln|x +4|+c
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Ex 5 Integration by Parts

1. [xsinxdx
u=x ; du=dx ; dv = sinx dx ; vV = —CoSX

fudv=uv—fvdu

f udv = —xcosx — f —cosx dx = — xcosx + f cosx dx

= —xcosx + sinx + ¢

2. [xsin3xdx

u=x ; du=dx ; dv =sin3xdx ; vV =—=c0S3x

fudv=uv—fvdu

1 1 1 1
fudv = —§xcos3x — f —§c053x dx =— §xc033x + 5] cos3x dx

1
= — §xcos3x =+ asian +c

3. [Vxlnx dx

1
u=Ilnx ; du=;dx ; dv =x2dx ; vV ==x2

judv=uv—fvdu

2 3 2 31 2 3 2 1
Judv =—x2lnx—f—x2 —dx =—x21nx——jx2 dx
3 X 3 3

3
2 3 4 3
=§x2lnx—§x2 +c
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4. fx%lnx dx

1
u=lnx ; du=-dx ; dv=x3dx ; v=-—=x2

X 2

fudv=uv—fvdu
fd—l‘zl fl‘zld—l‘zl +1f‘3d
udv = Zx nx Zx xx— 2x nx 3 X X

1
——mlnx 42+c
5. [xe* dx

u=x ; du=dx ; dv=e*dx ; v=e*

fudvzuv—fvdu

fudvzxex—fex dx =xe* —e* +¢

=e*(x—1)+c

6. [ xcosdxdx

u=x ; du=dx ; dv = cosdx dx ; v = —sindx

fudv=uv—fvdu

1 1
fudv = szinél-x — ZJ sindx dx

1 1
= szm4x + Ecos4x +c

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx Page 12



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx

Ex 6 Repeated Integration by Parts

1. [x%cosxdx
u=x ;odu =2xdx dv = cosx dx ; v = sinx

fudv=uv—fvdu

fudv = x2sinx — f 2xsinx dx = x?sinx — 2 f xsinx dx
u=x ; du=dx ; dv =sinxdx ; UV = —C0SX

= x2%sinx — 2 [—xcosx — f —COoSX dx]

= x2sinx + 2xcosx — 2sinx + ¢

2. [x?sin3x dx

1
u = x? ;o du=2xdx dv =sin3xdx ; v = —§cos3x
fudv=uv—fvdu
1 2
fudv = —§x2cos3x +§f xcos3x dx
1
u=x ; du=dx ; dv = cos3xdx ; v=§sin3x

—123+21'3 1J.'Bd
= —gX"cos3x 3[3xsmx 3 | Sin3x x]

2 2
= —§xzcos3x + §xsin3x + ﬁcos3x +c
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3. [x%e® dx
1

x%  ; du=2xdx ; dv =e** dx ; v = Ee

2x

g
I

fudv=uv—fvdu

1 1 1
fudv = Exzez" —EIerzx dx = Exzez" —fxez" dx

u=x ; du=dx ; dv=e*dx ; v=§ezx

1 1 1
— 42p2x _|Z 2x _ 2x
2x e [er Zfe dx]

1 1 1 1 1
— 42p2x _ 2x ~ ,2x — _ p2x 2 _ -
er er +4e +c 2e (x x+4>+c
4. [x*cos2xdx
1
u = x2 ;o du=2xdx dv = cos2x dx ; v=zsin2x
fudv=uv—fvdu
1, )
fudv = Ex sin2x — fxstx dx
1
u=x ; du=dx ; dv = sin2x dx ; v=—56052x

1 5 . 1 1
= —x°sin2x — [—EXCOSZX + E_f cos2x dx]

1 1
2 . ,
= = 2x + = xc0s2x — — sin2x +
zx SIniZx 2.XCOS X 4SlTl X C
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5. [x%e™dx

u=x%2 . du=2xdx ; dv=e*dx ; v=—e*
fudvzuv—fvdu
fudv = —x%e* + 2fxe_x dx
u=x ; du=dx ; dv=e*dx ; v=—e*
= —x%e ¥ 42 [—xe"‘ +fe"‘ dx]
= —x?e ™ —2xe*—-2eF+c=—-—eF(xX*+2x+2)+c
6. [x3e* dx

u=x s du =3x%dx dv=e*dx ; v=e*

fudv=uv—fvdu

fudv = x3e* — 3fx2ex dx

u = x? ;o du=2xdx dv=e*dx ; v=e*

-

= x3e¥ -3 [xzex - foex dx]

u=x ; du=dx ; dv=e*dx ; v=e*

= x3e* — 3x%e* + 6fxe" dx = x3e* — 3x%e* + 6[xe" — f e* dx]

= x3e* —3x%e* + 6xe* —6e* +c=e*(x3 —3x>+6x—6) +c
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Ex 7 Integration by Parts with Dummy Function

1. [tan"lxdx
1

T 11«2

fudvzuv—fvdu

x
fudv = xtan 1x — f dx
1+ x2

1
= xtan_lx—zlnll +x?%|+c

1

u=tan ‘'x ; du dx dv =1dx ; vV=x

3
u=sin"13x ; du=——=dx ; dv =1dx ; vV=x
V1 — 9x2
fudvzuv—fvdu
fudv—xsin_13x—3dex
V1 — 9x2
du
u=1-9x2 ;o du=-18xdx ; ——=xdx
18
du 1 1

X 1 1 1 1
= dx=| - —— [ wdu = ——[2wz] = —=(1 - 9x?)2
.[1—9x2 x f NG g | W du 18[u2] 9( x°)z

1
= xsin"'3x + 3 (1-9x3)+¢
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3. [tan 12xdx
2

1+ 4x?

fudv=uv—fvdu

u=tan 12x ; du dx ; dv=1ldx ; v=x

X
dv = xtan™'2x — 2 d
fuv xtan~2x f1+4x2x
) du

u=1+4+4x ;o du =8xdx ?=xdx

f X dx = du—lfld =L+ a2 = S+ 4
T+42 " J 8y 8)u™ =8t xU=gm x
1
= xtan_12x—Zln|1+4x2| +c
4. [sin7t (g) dx
X 1
u=sin_1(—) i odu= dx ; dv=1ldx ; v=x
2 4 — x?
fudv=uv—fvdu
X X
fudvzxsin_l(z)—f 4—x2dx
) du
u=4-—x ;o du=—-2xdx ; —7=xdx
f X d J‘ du 1f _ld 1[2 1] “ 2)1
X = —_—_— —— u 2qu = —— uz| = — — X 2
N ) Zu% 2 2

= xsin~! (;) +J(4—x%)+c
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5. [cos™lxdx
dx dv =1dx ; v=x

u=cos x ; du=-—-

fudvzuv—fvdu

x
udv = xcos 1x + f dx
f V1 — x?

du

u=1-—x% ; du=-2xdx ; —7=xdx

du 1 1 1 1 1
dx = f__lz —Efu_idu = —E[ZuE] =—(1-x%)2
2uz

| =

= xcos lx —(1—x%)+c

u=tan"! (—) ;o odu= 4j—xzdx ;

fudv=uv—fvdu

X X
fudv=xtan_1 (E)—2f4 ! dx

dv =1dx ; v=x

) du
u=4+x ;o du=2xdx 7=xdx
| mx- d”—lfld = 2 linl4 +x2l] =5 Inf4 + 22|
4 42T oy T 2yt T T E IR

= xtan~! (;) —Inl4+x?*|+c
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7. [In2xdx

u=Imn2x ; du=-dx ; dv =1dx ; vV=x

fudvzuv—fvdu

fudvlean—fldx

= xln2x—x+c

8. [(lnx)? dx

u=(lnx)*> ; duszx ; dv =1dx ; v=x

fudvzuv—fvdu

fudv = x(lnx)? =2 f Inx dx

1
u=Inx ; du=;dx ; dv =1dx ; v=x
fudv=xlnx—f1dx
=xlnx — x

x(Inx)? = 2[xInx — x] + ¢ = x(Inx)? — 2xInx + 2x + ¢
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Ex 8 Integration by Parts bck to Original Form

1. [e*sin2xdx

u=-e ;o du=efdx dv = sin2x dx ; v=—§c052x

I=fudv:uv—fvdu

1 1
I = fudv = —Eexc052x+5f e*cos2x dx

1
u=e* ; du=e*dx ; dv = cos2x dx ; v = =sin2x

1 1
fudv = Ee"sian _Ef e*sin2x dx

= —e¥sin2x — =1
Zesmx )

I = —=e¥cos2x + = |mesin2x — 21| = — 2 e*cos2x + e sin2x — -1
= 28 COSLXx 5 26 Sinsx 5 = 26 COSLXx 46 Sinix 4
[ 41 = —=e¥cos2x + = e*sin2
4 = 26 COSLXx 4esmx
> | = L e*cos2x + 2 e*sin2
= 26 COSsLx 4esmx

2
I = ge"sian - Ee"cost +c
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2. [e*sinxdx
u=e?* ; du=-efdx ; dv = sinx dx ; UV = —CoSX

I=fudv:uv—fvdu

I = fudv = —e‘xcosx—fe‘xcosxdx

u=e?* ; du=-eFfdx ; dv = cosx dx ; v = sinx

fudv = e *sinx + f e *sinx dx

=eFsinx +1
I = —e*cosx — [e *sinx + 1] = —e ¥cosx — e *sinx — |
2] = —e *cosx — e *sinx
I = —Ee_xcosx ——e *sinx+c
1 _
I = —Ee (cosx + sinx) + ¢
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3. [e **cos3xdx

1
u=e i du=—-2e%dx ; dv = cos3x dx ; v = =sin3x

3
szudvzuv—fvdu

1, . 2 o
szudvz §e xsm3x+§fe *sin3x dx

u=e 2 . du=-2e%dx ; dv = sin3xdx ; v =—=c0Ss3x
15 2 -2
udv = —§e *cos3x — 3 e “*cos3xdx

— 1 —2x 3 21
= 36 COSoX 3

—2x

1—1—2x'3 +2[1—2x 3 21]—1—296'3 2 3 41
= 36 Sinsx 3 36 COS>X 3 —36 Sinox 96 COS>X

13

—I1 = le‘z"sin3x - Ee‘z"COSBx
9 3 9
I = ie‘z"sin3x — ie‘z"cos3x +c
13 13

1
I = Ee_zx (3sin3x — 2cos3x) + ¢
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4. [e*(cosx)? dx
u = (cosx)®> ; du= —2sinxcosxdx = —sin2x ; dv=e*dx ; v=e

szudvzuv—fvdu

Iy = fudv = e*(cosx)? + f e*sin2x dx

I =fexsin2xdx
X

u =sin2x ; du=2cos2xdx ; dv=e*dx ; v=e

L = fudv = e*sin2x — ZfexCOSZX dx

u=cos2x ; du=-2sin2xdx ; dv=e*dx ; v

I
®

fudv =e*cos2x + 2 f e*sin2x dx
I; = e*sin2x — 2[e*cos2x + 21|
I; = e*sin2x — 2e*cos2x — 41
51 = e*sin2x — 2e*cos2x
I} = —e*sin2x — Ee’“cost

5 5

Final Solution:

1 2
Iy = e*(cosx)? + ge"sian — gexc052x +c
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