
 

 

 

 

 

  

www.mathsrevision.com 

Advanced Higher Maths 
Unit 1.3 Integration Solutions Part 2 

Mr. Lafferty BSC (Hons) Open MathSci & Mrs Bissett BSC (Hons) Glasgow 
 
 



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx 

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx Page 1 
 

 

Ex1 Substitution 

 

1.  
1

 49−𝑥2
𝑑𝑥 =  

1

 72−𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1  

𝑥

7
 + 𝑐 

 

2.  
1

49+𝑥2 𝑑𝑥 =  
1

72+𝑥2 𝑑𝑥 =
1

7
𝑡𝑎𝑛−1  

𝑥

7
 + 𝑐 

 

3.  
1

 9−𝑥2
𝑑𝑥 =  

1

 32−𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1  

𝑥

3
 + 𝑐 

 

4.  
1

100+𝑥2 𝑑𝑥 =  
1

102+𝑥2 𝑑𝑥 =
1

10
𝑡𝑎𝑛−1  

𝑥

10
 + 𝑐 

 

5.  
1

  36−25𝑥2 
𝑑𝑥 =  

1

 25 
36

25
−𝑥2 

𝑑𝑥 =  
1

5   
6

5
 

2
−𝑥2 

𝑑𝑥 =
1

5
𝑠𝑖𝑛−1  

5𝑥

6
 + 𝑐 

___________________________________________________________________________ 

6.  
1

 36+25𝑥2 
𝑑𝑥 =  

1

25 
36

25
+𝑥2 

𝑑𝑥 =  
1

25  
6

5
 

2
+𝑥2 

𝑑𝑥 =
1

25
×

5

6
𝑡𝑎𝑛−1  

5𝑥

6
 + 𝑐 =

1

30
𝑡𝑎𝑛−1  

5𝑥

6
 + 𝑐 

 

7.  
2

 25+4𝑥2 
𝑑𝑥 = 2  

1

4 
25

4
+𝑥2 

𝑑𝑥 =
1

2
 

1

4  
5

2
 

2
+𝑥2 

𝑑𝑥 =
1

2
×

2

5
𝑡𝑎𝑛−1  

2𝑥

5
 + 𝑐 =

1

5
𝑡𝑎𝑛−1  

2𝑥

5
 + 𝑐 

_______________________________________________________________________________________________ 

8.  
3

  36−9𝑥2 
𝑑𝑥 = 3  

1

 9 
36

9
−𝑥2 

𝑑𝑥 =  
1

   2 2−𝑥2 
𝑑𝑥 = 𝑠𝑖𝑛−1  

𝑥

2
 + 𝑐 

_______________________________________________________________________________________________ 

9.  
2

 1+𝑥2 

 3

1
𝑑𝑥 = 2 𝑡𝑎𝑛−1 𝑥  1

 3 = 2   𝑡𝑎𝑛−1  3  −  𝑡𝑎𝑛−1 1   = 2  
𝜋

3
−

𝜋

4
 =

𝜋

6
 

______________________________________________________________________________________________ 

10.  
1

  4−𝑥2 
𝑑𝑥

 2

0
=  

1

  (2)2−𝑥2 
𝑑𝑥

 2

0
=  𝑠𝑖𝑛−1  

𝑥

2
  

0

 2
=  𝑠𝑖𝑛−1  

 2

2
  −  𝑠𝑖𝑛−1 0  =  

𝜋

4
− 0 =

𝜋

4
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11.  
3

  1−𝑥2 
𝑑𝑥

1
1

2

= 3 𝑠𝑖𝑛−1 𝑥  1

2

1 = 3   𝑠𝑖𝑛−1 1  −  𝑠𝑖𝑛−1  
1

2
   = 3  

𝜋

2
−

𝜋

6
 = 𝜋 

 

_____________________________________________________________________________________________ 

12.  
1

 9+𝑥2 

3

0
𝑑𝑥 =  

1

 32+𝑥2 

3

0
𝑑𝑥 =

1

3
 𝑡𝑎𝑛−1  

𝑥

3
  

0

3
=

1

3
  𝑡𝑎𝑛−1 1  −  𝑡𝑎𝑛−1 0   =

1

3
 
𝜋

4
− 0 =

𝜋

12
 

_____________________________________________________________________________________________ 
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Ex 2 Integration by Partial Fractions 

1.   
(𝑥+8)

 𝑥+2 (𝑥+4)
𝑑𝑥 

 

𝑥 + 8

 𝑥 + 2  𝑥 + 4 
=

𝐴

 𝑥 + 2 
+

𝐵

 𝑥 + 4 
           𝑥 + 8 = 𝐴 𝑥 + 4 + 𝐵 𝑥 + 2  

 

𝑥 = −2     6 = 2𝐴        𝐴 = 3 

𝑥 = −4     4 = −2𝐵        𝐵 = −2 

 
(𝑥 + 8)

 𝑥 + 2 (𝑥 + 4)
𝑑𝑥 =  

3

 𝑥 + 2 
−

2

 𝑥 + 4 
𝑑𝑥 

 

                                       = 3𝑙𝑛 𝑥 + 2 − 2 ln 𝑥 + 2 + 𝑐 

__________________________________________________________________________ 

 

2.    
𝑥2

𝑥2−4
𝑑𝑥 =  1 +

4

𝑥2−4
𝑑𝑥 =  

𝑥2

 𝑥+2 (𝑥−2)
𝑑𝑥 

 

4

 𝑥 + 2  𝑥 − 2 
=

𝐴

 𝑥 + 2 
+

𝐵

 𝑥 − 2 
           4 = 𝐴 𝑥 − 2 + 𝐵 𝑥 + 2  

 

𝑥 = −2     4 = −4𝐴        𝐴 = −1 

𝑥 = 2     4 = 4𝐵        𝐵 = 1 

 
𝑥2

𝑥2 − 4
𝑑𝑥 =  1 +

−1

 𝑥 + 2 
+

1

 𝑥 − 2 
𝑑𝑥 

 

                                       = 𝑥 + 𝑙𝑛 𝑥 − 2 − ln 𝑥 + 2 + 𝑐 

____________________________________________________________________________________ 
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3.    
𝑥2−6𝑥−7

 𝑥−1  𝑥−2 (𝑥+3)
𝑑𝑥 

 

𝑥2 − 6𝑥 − 7

 𝑥 − 1  𝑥 − 2  𝑥 + 3 
=

𝐴

 𝑥 − 1 
+

𝐵

 𝑥 − 2 
+

𝐶

 𝑥 + 3 
      

 

 

           𝑥2 − 6𝑥 − 7 = 𝐴 𝑥 − 2  𝑥 + 3 + 𝐵 𝑥 − 1  𝑥 + 3 + 𝐶((𝑥 − 1)(𝑥 − 2) 

 

𝑥 = 1    − 12 = −4𝐴        𝐴 = 3 

𝑥 = 2    − 15 = 5𝐵        𝐵 = −3 

𝑥 = 0    − 7 = −6𝐴 − 3𝐵 + 2𝐶                ;         −7 = −18 + 9 + 2𝐶    ;          𝐶 = 1 

 

 
𝑥2 − 6𝑥 − 7

 𝑥 − 1  𝑥 − 2  𝑥 + 3 
𝑑𝑥 =  

3

 𝑥 − 1 
−

3

 𝑥 − 2 
+

1

 𝑥 + 3 
𝑑𝑥 

 

                                       = 3𝑙𝑛 𝑥 − 1 − 3 𝑙𝑛 𝑥 − 2 + 𝑙𝑛 𝑥 + 3 + 𝑐 

________________________________________________________________________ 

4.  
𝑥3−2𝑥−13

𝑥2−2𝑥−3
𝑑𝑥 =  𝑥 + 2 +

5𝑥−7

𝑥2−2𝑥−3
𝑑𝑥 =  𝑥 + 2 +

5𝑥−7

 𝑥+1 (𝑥−3)
𝑑𝑥 

 

5𝑥 − 7

 𝑥 + 1  𝑥 − 3 
=

𝐴

 𝑥 + 1 
+

𝐵

 𝑥 − 3 
           5𝑥 − 7 = 𝐴 𝑥 − 3 + 𝐵 𝑥 + 1  

 

𝑥 = −1    − 12 = −4𝐴        𝐴 = 3 

𝑥 = 3               8 = 4𝐵           𝐵 = 2 

 
𝑥3 − 2𝑥 − 13

𝑥2 − 2𝑥 − 3
𝑑𝑥 =  𝑥 + 2 +

3

 𝑥 + 1 
+

2

 𝑥 − 3 
𝑑𝑥 

 

                                       =
1

2
𝑥2 + 2𝑥 + 3𝑙𝑛 𝑥 + 1 − 2 ln 𝑥 − 3 + 𝑐 

________________________________________________________________________________________ 
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Ex 3 Denominator has linear and repeated factor 

1.  
3𝑥2+𝑥+1

𝑥(𝑥+1)2 𝑑𝑥 

 

3𝑥2 + 𝑥 + 1

𝑥(𝑥 + 1)2
=

𝐴

𝑥
+

𝐵

(𝑥 + 1)
+

𝐶

(𝑥 + 1)2
          3𝑥2 + 𝑥 + 1 = 𝐴 𝑥 + 1 2 + 𝐵𝑥 𝑥 + 1 + 𝐶𝑥 

 

𝑥 = −1       3 = −𝐶        𝐶 = −3 

𝑥 = 0          1 = 𝐴           𝐴 = 1 

𝑥 = 1          5 = 4𝐴 + 2𝐵 + 𝐶          ;       5 = 4 + 2𝐵 − 3           𝐵 = 2 

 

 
3𝑥2 + 𝑥 + 1

𝑥(𝑥 + 1)2
𝑑𝑥 =  

1

𝑥
+

2

(𝑥 + 1)
−

3

(𝑥 + 1)2
𝑑𝑥 

 

                                       = 𝑙𝑛 𝑥 + 2𝑙𝑛 𝑥 + 1 +
3

(𝑥 + 1)
+ 𝑐 

 

2.  
𝑥2−2𝑥+10

(𝑥+2)(𝑥−1)2 𝑑𝑥 

 

𝑥2 − 2𝑥 + 10

(𝑥 + 2)(𝑥 − 1)2
=

𝐴

(𝑥 + 2)
+

𝐵

(𝑥 − 1)
+

𝐶

(𝑥 − 1)2
  

 

𝑥2 − 2𝑥 + 10 = 𝐴 𝑥 − 1 2 + 𝐵(𝑥 − 1) 𝑥 + 2 + 𝐶(𝑥 + 2) 

𝑥 = 1       9 = 3𝐶        𝐶 = 3 

𝑥 = −2          18 = 9𝐴           𝐴 = 2 

𝑥 = 0          10 = 𝐴 − 2𝐵 + 2𝐶          ;       10 = 2 − 2𝐵 + 6           𝐵 = −1 

 
𝑥2 − 2𝑥 + 10

(𝑥 + 2)(𝑥 − 1)2
𝑑𝑥 =  

2

(𝑥 + 2)
−

1

(𝑥 − 1)
+

3

(𝑥 − 1)2
𝑑𝑥 

                                       = 2𝑙𝑛 𝑥 + 2 − 𝑙𝑛 𝑥 − 1 −
3

(𝑥 − 1)
+ 𝑐 

________________________________________________________________________________________ 
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3.  
25

(𝑥+2)(2𝑥−1)2 𝑑𝑥 

 

25

(𝑥 + 2)(2𝑥 − 1)2
=

𝐴

(𝑥 + 2)
+

𝐵

(2𝑥 − 1)
+

𝐶

(2𝑥 − 1)2
  

 

25 = 𝐴 2𝑥 − 1 2 + 𝐵(2𝑥 − 1) 𝑥 + 2 + 𝐶(𝑥 + 2) 

𝑥 = −2       25 = 25𝐴        𝐴 = 1 

𝑥 =
1

2
          25 =

5

2
𝐶           𝐶 = 10 

𝑥 = 0          25 = 𝐴 − 2𝐵 + 2𝐶          ;       25 = 1 − 2𝐵 + 20           𝐵 = −2 

 
25

(𝑥 + 2)(2𝑥 − 1)2
𝑑𝑥 =  

1

(𝑥 + 2)
−

2

(2𝑥 − 1)
+

10

(2𝑥 − 1)2
𝑑𝑥 

                                       = 𝑙𝑛 𝑥 + 2 − 𝑙𝑛 2𝑥 − 1 −
5

(2𝑥 − 1)
+ 𝑐 

________________________________________________________________________________________ 

4.  
5𝑥+2

 𝑥−2 2(𝑥+1)
𝑑𝑥 

 

5𝑥 + 2

 𝑥 − 2 2(𝑥 + 1)
=

𝐴

(𝑥 + 1)
+

𝐵

(𝑥 − 2)
+

𝐶

(𝑥 − 2)2
  

 

5𝑥 + 2 = 𝐴 𝑥 − 2 2 + 𝐵(𝑥 + 1) 𝑥 − 2 + 𝐶(𝑥 + 1) 

𝑥 = −1      − 3 = 9𝐴        𝐴 = −
1

3
 

𝑥 = 2          12 = 3𝐶           𝐶 = 4 

𝑥 = 0          2 = 4𝐴 − 2𝐵 + 𝐶          ;       2 = −
4

3
− 2𝐵 + 4           𝐵 =

1

3
 

 
5𝑥 + 2

 𝑥 − 2 2(𝑥 + 1)
𝑑𝑥 =  

−1

3(𝑥 + 1)
+

1

3(𝑥 − 2)
+

4

(𝑥 − 2)2
𝑑𝑥 

                                       =
1

3
𝑙𝑛 𝑥 − 2 −

1

3
𝑙𝑛 𝑥 + 1 −

4

(𝑥 − 2)2 + 𝑐 

________________________________________________________________________________________ 
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Ex 4 Denominator has irreducible quadratic factor 

1.  
3𝑥+1

(𝑥−1)(𝑥2+1)
𝑑𝑥                           𝒄𝒉𝒆𝒄𝒌 ‼‼‼! 

 

3𝑥 + 1

(𝑥 − 1)(𝑥2 + 1)
=

𝐴

(𝑥 − 1)
+

(𝐵𝑥 + 𝐶)

(𝑥2 + 1)
  

 

3𝑥 + 1 = 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶)(𝑥 − 1) 

𝑥 = 1           4 = 2𝐴        𝐴 = 2 

𝑥 = 0          1 = 𝐴 − 𝐶           𝐶 = 2 − 1 = 1 

𝑥 = 2          7 = 10 + 4𝐵 + 2 − 1          ;      −4 = 4𝐵           𝐵 = −1 

 

 
3𝑥 + 1

(𝑥 − 1)(𝑥2 + 1)
𝑑𝑥 =  

2

(𝑥 − 1)
−

(𝑥 − 1)

(𝑥2 + 1)
𝑑𝑥 =  

2

(𝑥 − 1)
−

𝑥

(𝑥2 + 1)
+

1

(𝑥2 + 1)
𝑑𝑥 

 

                                                                                                                                                     
𝑓 ′ (𝑥)

𝑓(𝑥)
𝑑𝑥 = 𝑙𝑛 𝑓(𝑥)   

 

 

 

                                       = 2𝑙𝑛 𝑥 − 1 −
1

2
𝑙𝑛 𝑥2 + 1 + 𝑡𝑎𝑛−1𝑥 + 𝑐 

________________________________________________________________________________________ 
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2.  
3𝑥2+92𝑥

(𝑥+6)(𝑥2+1)
𝑑𝑥 

 

3𝑥2 + 92𝑥

(𝑥 + 6)(𝑥2 + 1)
=

𝐴

(𝑥 + 6)
+

(𝐵𝑥 + 𝐶)

(𝑥2 + 1)
  

 

3𝑥2 + 92𝑥 = 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶)(𝑥 + 6) 

𝑥 = −6         − 44 4 = 37𝐴        𝐴 = −12 

𝑥 = 0          0 = 𝐴 + 6𝐶           𝐶 = 12 ÷ 6 = 2 

𝑥 = 1          95 = 2𝐴 + 𝐵 + 6𝐵 + 𝐶 + 6𝐶          ;      95 = −24 + 7𝐵 + 14           𝐵 = 15 

 

 
3𝑥2 + 92𝑥

(𝑥 + 6)(𝑥2 + 1)
𝑑𝑥 =  

−12

(𝑥 + 6)
+

(15𝑥 + 2)

(𝑥2 + 1)
𝑑𝑥 =  

−12

(𝑥 + 6)
+

15𝑥

(𝑥2 + 1)
+

2

(𝑥2 + 1)
𝑑𝑥 

 

                                                                                                                                                      
𝑓 ′ (𝑥)

𝑓(𝑥)
𝑑𝑥 = 𝑙𝑛 𝑓(𝑥)   

 

 

 

                                       =
15

2
𝑙𝑛 𝑥2 + 1 − 12𝑙𝑛 𝑥 + 6 + 2𝑡𝑎𝑛−1𝑥 + 𝑐 

________________________________________________________________________________________ 
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3.  
𝑥

(𝑥4−1)
𝑑𝑥 =  

𝑥

 𝑥+1 (𝑥−1)(𝑥2+1)
𝑑𝑥 

 

 

𝑥

 𝑥 + 1 (𝑥 − 1)(𝑥2 + 1)
=

𝐴

(𝑥 + 1)
+

𝐵

(𝑥 − 1)
+

(𝐶𝑥 + 𝐷)

(𝑥2 + 1)
  

 

𝑥 = 𝐴 𝑥 − 1  𝑥2 + 1 + 𝐵 𝑥 + 1  𝑥2 + 1 + (𝐶𝑥 + 𝐷)(𝑥2 − 1) 

𝑥 = −1         − 1 = −4𝐴        𝐴 =
1

4
 

𝑥 = 1          1 = 4𝐵           𝐵 =
1

4
 

𝑥 = 0          0 = −𝐴 + 𝐵 − 𝐷          ;      0 = −
1

4
+

1

4
− 𝐷           𝐷 = 0 

𝑥 = 2          2 = 5𝐴 + 15𝐵 + 6𝐶          ;      2 =
5

4
+

15

4
+ 6𝐶           𝐶 = −

1

2
 

 

 
𝑥

(𝑥4 − 1)
𝑑𝑥 =  

1

4(𝑥 + 1)
+

1

4(𝑥 − 1)
−

𝑥

2(𝑥2 + 1)
𝑑𝑥 

 

                                                                                                
𝑓 ′ (𝑥)

𝑓(𝑥)
𝑑𝑥 = 𝑙𝑛 𝑓(𝑥)   

 

                                       =
1

4
𝑙𝑛 𝑥 + 1 +

1

4
𝑙𝑛 𝑥 − 1 −

1

4
𝑙𝑛 𝑥2 + 1 + 𝑐 

________________________________________________________________________________________ 
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4.  
𝑥

(𝑥+1)(𝑥2+4)
𝑑𝑥 

 

 

𝑥

(𝑥 + 1)(𝑥2 + 4)
=

𝐴

(𝑥 + 1)
+

(𝐵𝑥 + 𝐶)

(𝑥2 + 4)
  

 

𝑥 = 𝐴 𝑥2 + 4 + (𝐵𝑥 + 𝐶)(𝑥 + 1) 

𝑥 = −1         − 1 = 5𝐴        𝐴 = −
1

5
 

𝑥 = 0          0 = 4𝐴 + 𝐶           𝐶 =
4

5
 

𝑥 = 1          1 = 5𝐴 + 2𝐵 + 2𝐶          ;      1 = −1 + 2𝐵 +
8

5
           𝐵 =

1

5
 

 

 
𝑥

(𝑥 + 1)(𝑥2 + 4)
𝑑𝑥 =  

−1

5(𝑥 + 1)
+

𝑥

5(𝑥2 + 4)
+

4

5(𝑥2 + 4)
𝑑𝑥 

 

                                                                                                
𝑓 ′ (𝑥)

𝑓(𝑥)
𝑑𝑥 = 𝑙𝑛 𝑓(𝑥)   

 

                                       =
2

5
𝑡𝑎𝑛−1  

𝑥

2
 −

1

5
𝑙𝑛 𝑥 + 1 +

1

10
𝑙𝑛 𝑥2 + 4 + 𝑐 

________________________________________________________________________________________ 
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Ex 5 Integration by Parts 

 

1.  𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛𝑥 𝑑𝑥      ;        𝑣 = −𝑐𝑜𝑠𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = −𝑥𝑐𝑜𝑠𝑥 −  −𝑐𝑜𝑠𝑥  𝑑𝑥 = − 𝑥𝑐𝑜𝑠𝑥 +  𝑐𝑜𝑠𝑥  𝑑𝑥 

= −𝑥𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 + 𝑐 

___________________________________________________________________________________ 

2.  𝑥𝑠𝑖𝑛3𝑥 𝑑𝑥 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛3𝑥 𝑑𝑥      ;        𝑣 = −
1

3
𝑐𝑜𝑠3𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = −
1

3
𝑥𝑐𝑜𝑠3𝑥 −  −

1

3
𝑐𝑜𝑠3𝑥  𝑑𝑥 = −

1

3
𝑥𝑐𝑜𝑠3𝑥 +

1

3
 𝑐𝑜𝑠3𝑥  𝑑𝑥 

= −
1

3
𝑥𝑐𝑜𝑠3𝑥 +

1

9
𝑠𝑖𝑛3𝑥 + 𝑐 

___________________________________________________________________________________ 

3.   𝑥𝑙𝑛𝑥 𝑑𝑥 

𝑢 = 𝑙𝑛𝑥       ;      𝑑𝑢 =
1

𝑥
𝑑𝑥       ;        𝑑𝑣 = 𝑥

1

2  𝑑𝑥      ;        𝑣 =
2

3
𝑥

3

2   

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 =
2

3
𝑥

3

2𝑙𝑛𝑥 −  
2

3
𝑥

3

2  
1

𝑥
𝑑𝑥 =

2

3
𝑥

3

2𝑙𝑛𝑥 −
2

3
 𝑥

1

2  𝑑𝑥 

=
2

3
𝑥

3

2𝑙𝑛𝑥 −
4

9
𝑥

3

2 + 𝑐 

___________________________________________________________________________________ 
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4.  
1

𝑥3 𝑙𝑛𝑥 𝑑𝑥 

𝑢 = 𝑙𝑛𝑥       ;      𝑑𝑢 =
1

𝑥
𝑑𝑥       ;        𝑑𝑣 = 𝑥−3 𝑑𝑥      ;        𝑣 = −

1

2
𝑥−2  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = −
1

2
𝑥−2𝑙𝑛𝑥 −  −

1

2
𝑥−2  

1

𝑥
𝑑𝑥 = −

1

2
𝑥−2𝑙𝑛𝑥 +

1

2
 𝑥−3  𝑑𝑥 

= −
1

2𝑥2
𝑙𝑛𝑥 −

1

4𝑥2
+ 𝑐 

___________________________________________________________________________________ 

5.  𝑥𝑒𝑥  𝑑𝑥 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥      ;        𝑣 = 𝑒𝑥   

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑒𝑥 −  𝑒𝑥  𝑑𝑥 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝑐 

= 𝑒𝑥 𝑥 − 1 + 𝑐 

___________________________________________________________________________________ 

6.  𝑥𝑐𝑜𝑠4𝑥 𝑑𝑥 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠4𝑥 𝑑𝑥       ;        𝑣 =
1

4
𝑠𝑖𝑛4𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 =
1

4
𝑥𝑠𝑖𝑛4𝑥 −

1

4
 𝑠𝑖𝑛4𝑥  𝑑𝑥 

=
1

4
𝑥𝑠𝑖𝑛4𝑥 +

1

16
𝑐𝑜𝑠4𝑥 + 𝑐 

___________________________________________________________________________________ 
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Ex 6 Repeated Integration by Parts 

 

1.  𝑥2𝑐𝑜𝑠𝑥 𝑑𝑥 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠𝑥 𝑑𝑥       ;        𝑣 = 𝑠𝑖𝑛𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥2𝑠𝑖𝑛𝑥 −  2𝑥𝑠𝑖𝑛𝑥  𝑑𝑥 = 𝑥2𝑠𝑖𝑛𝑥 − 2  𝑥𝑠𝑖𝑛𝑥  𝑑𝑥 

 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛𝑥 𝑑𝑥       ;        𝑣 = −𝑐𝑜𝑠𝑥 

  

=  𝑥2𝑠𝑖𝑛𝑥 − 2  −𝑥𝑐𝑜𝑠𝑥 −  −𝑐𝑜𝑠𝑥  𝑑𝑥  

=  𝑥2𝑠𝑖𝑛𝑥 + 2𝑥𝑐𝑜𝑠𝑥 − 2𝑠𝑖𝑛𝑥 + 𝑐 

___________________________________________________________________________________ 

2.  𝑥2𝑠𝑖𝑛3𝑥 𝑑𝑥 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛3𝑥 𝑑𝑥       ;        𝑣 = −
1

3
𝑐𝑜𝑠3𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = −
1

3
𝑥2𝑐𝑜𝑠3𝑥 +

2

3
 𝑥𝑐𝑜𝑠3𝑥  𝑑𝑥 

 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠3𝑥 𝑑𝑥       ;        𝑣 =
1

3
𝑠𝑖𝑛3𝑥 

  

=  −
1

3
𝑥2𝑐𝑜𝑠3𝑥 +

2

3
 
1

3
𝑥𝑠𝑖𝑛3𝑥 −

1

3
 𝑠𝑖𝑛3𝑥  𝑑𝑥  

=  −
1

3
𝑥2𝑐𝑜𝑠3𝑥 +

2

9
𝑥𝑠𝑖𝑛3𝑥 +

2

27
𝑐𝑜𝑠3𝑥 + 𝑐 

___________________________________________________________________________________ 
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3.  𝑥2𝑒2𝑥  𝑑𝑥 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑒2𝑥  𝑑𝑥       ;        𝑣 =
1

2
𝑒2𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 =
1

2
𝑥2𝑒2𝑥 −

1

2
 2𝑥𝑒2𝑥  𝑑𝑥 =

1

2
𝑥2𝑒2𝑥 −  𝑥𝑒2𝑥  𝑑𝑥 

 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑒2𝑥  𝑑𝑥       ;        𝑣 =
1

2
𝑒2𝑥  

  

=  
1

2
𝑥2𝑒2𝑥 −  

1

2
𝑥𝑒2𝑥 −

1

2
 𝑒2𝑥  𝑑𝑥  

=  
1

2
𝑥2𝑒2𝑥 −

1

2
𝑥𝑒2𝑥 +

1

4
𝑒2𝑥 + 𝑐 =

1

2
𝑒2𝑥  𝑥2 − 𝑥 +

1

4
 + 𝑐 

___________________________________________________________________________________ 

4.  𝑥2𝑐𝑜𝑠2𝑥 𝑑𝑥 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠2𝑥 𝑑𝑥       ;        𝑣 =
1

2
𝑠𝑖𝑛2𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 =
1

2
𝑥2𝑠𝑖𝑛2𝑥 −  𝑥𝑠𝑖𝑛2𝑥  𝑑𝑥 

 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛2𝑥 𝑑𝑥       ;        𝑣 = −
1

2
𝑐𝑜𝑠2𝑥 

  

=  
1

2
𝑥2𝑠𝑖𝑛2𝑥 −  −

1

2
𝑥𝑐𝑜𝑠2𝑥 +

1

2
 𝑐𝑜𝑠2𝑥  𝑑𝑥  

=   
1

2
𝑥2𝑠𝑖𝑛2𝑥 +

1

2
𝑥𝑐𝑜𝑠2𝑥 −

1

4
𝑠𝑖𝑛2𝑥 + 𝑐 

___________________________________________________________________________________ 
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5.  𝑥2𝑒−𝑥  𝑑𝑥 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑒−𝑥  𝑑𝑥       ;        𝑣 = −𝑒−𝑥 

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = −𝑥2𝑒−𝑥 + 2  𝑥𝑒−𝑥  𝑑𝑥 

 

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑒−𝑥  𝑑𝑥       ;        𝑣 = −𝑒−𝑥  

  

=  −𝑥2𝑒−𝑥 + 2  −𝑥𝑒−𝑥 +  𝑒−𝑥  𝑑𝑥  

=  −𝑥2𝑒−𝑥 − 2𝑥𝑒−𝑥 − 2𝑒−𝑥 + 𝑐 = −𝑒−𝑥 𝑥2 + 2𝑥 + 2 + 𝑐 

___________________________________________________________________________________ 

6.  𝑥3𝑒𝑥  𝑑𝑥 

𝑢 = 𝑥3       ;      𝑑𝑢 = 3𝑥2𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥       ;        𝑣 = 𝑒𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥3𝑒𝑥 − 3  𝑥2𝑒𝑥  𝑑𝑥 

 

𝑢 = 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥       ;        𝑣 = 𝑒𝑥  

  

=  𝑥3𝑒𝑥 − 3  𝑥2𝑒𝑥 − 2  𝑥𝑒𝑥  𝑑𝑥  

𝑢 = 𝑥       ;      𝑑𝑢 = 𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥       ;        𝑣 = 𝑒𝑥  

 

=  𝑥3𝑒𝑥 − 3𝑥2𝑒𝑥 + 6  𝑥𝑒𝑥  𝑑𝑥 = 𝑥3𝑒𝑥 − 3𝑥2𝑒𝑥 + 6  𝑥𝑒𝑥 −  𝑒𝑥  𝑑𝑥  

= 𝑥3𝑒𝑥 − 3𝑥2𝑒𝑥 + 6𝑥𝑒𝑥 − 6𝑒𝑥 + 𝑐 = 𝑒𝑥 𝑥3 − 3𝑥2 + 6𝑥 − 6 + 𝑐 

___________________________________________________________________________________ 
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Ex 7 Integration by Parts with Dummy Function 

1.  𝑡𝑎𝑛−1𝑥 𝑑𝑥 

𝑢 = 𝑡𝑎𝑛−1𝑥       ;      𝑑𝑢 =
1

1 + 𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑡𝑎𝑛−1𝑥 −  
𝑥

1 + 𝑥2
𝑑𝑥 

=  𝑥𝑡𝑎𝑛−1𝑥 −
1

2
𝑙𝑛 1 + 𝑥2 + 𝑐 

___________________________________________________________________________________ 

2.  𝑠𝑖𝑛−13𝑥 𝑑𝑥   check !!!!! 

𝑢 = 𝑠𝑖𝑛−13𝑥       ;      𝑑𝑢 =
3

 1 − 9𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑠𝑖𝑛−13𝑥 − 3  
𝑥

 1 − 9𝑥2
𝑑𝑥 

 

𝑢 = 1 − 9𝑥2       ;      𝑑𝑢 = −18𝑥𝑑𝑥       ;       −
𝑑𝑢

18
= 𝑥𝑑𝑥 

 
𝑥

 1 − 9𝑥2
𝑑𝑥 =  −

𝑑𝑢

18 𝑢
= −

1

18
 𝑢−

1

2𝑑𝑢 = −
1

18
 2𝑢

1

2 = −
1

9
 1 − 9𝑥2 

1

2 

 

=  𝑥𝑠𝑖𝑛−13𝑥 +
1

3
  1 − 9𝑥2 + 𝑐 

_____________________________________________________________________________________ 
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3.  𝑡𝑎𝑛−12𝑥 𝑑𝑥    

𝑢 = 𝑡𝑎𝑛−12𝑥       ;      𝑑𝑢 =
2

1 + 4𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑡𝑎𝑛−12𝑥 − 2  
𝑥

1 + 4𝑥2
𝑑𝑥 

 

𝑢 = 1 + 4𝑥2       ;      𝑑𝑢 = 8𝑥𝑑𝑥       ;       
𝑑𝑢

8
= 𝑥𝑑𝑥 

 
𝑥

1 + 4𝑥2
𝑑𝑥 =  

𝑑𝑢

8𝑢
=

1

8
 

1

𝑢
𝑑𝑢 =

1

8
 𝑙𝑛 1 + 4𝑥2  =

1

8
𝑙𝑛 1 + 4𝑥2  

 

=  𝑥𝑡𝑎𝑛−12𝑥 −
1

4
𝑙𝑛 1 + 4𝑥2 + 𝑐 

_____________________________________________________________________________________ 

4.  𝑠𝑖𝑛−1  
𝑥

2
  𝑑𝑥 

𝑢 = 𝑠𝑖𝑛−1  
𝑥

2
        ;      𝑑𝑢 =

1

 4 − 𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑠𝑖𝑛−1  
𝑥

2
 −  

𝑥

 4 − 𝑥2
𝑑𝑥 

 

𝑢 = 4 − 𝑥2       ;      𝑑𝑢 = −2𝑥𝑑𝑥       ;       −
𝑑𝑢

2
= 𝑥𝑑𝑥 

 
𝑥

 4 − 𝑥2
𝑑𝑥 =  −

𝑑𝑢

2𝑢
1

2

= −
1

2
 𝑢−

1

2𝑑𝑢 = −
1

2
 2𝑢

1

2 = − 4 − 𝑥2 
1

2 

 

=  𝑥𝑠𝑖𝑛−1  
𝑥

2
 +   4 − 𝑥2 + 𝑐 

_____________________________________________________________________________________ 
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5.  𝑐𝑜𝑠−1𝑥 𝑑𝑥 

𝑢 = 𝑐𝑜𝑠−1𝑥       ;      𝑑𝑢 = −
1

 1 − 𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑐𝑜𝑠−1𝑥 +  
𝑥

 1 − 𝑥2
𝑑𝑥 

𝑢 = 1 − 𝑥2       ;      𝑑𝑢 = −2𝑥𝑑𝑥       ;       −
𝑑𝑢

2
= 𝑥𝑑𝑥 

 
𝑥

 1 − 𝑥2
𝑑𝑥 =  −

𝑑𝑢

2𝑢
1

2

= −
1

2
 𝑢−

1

2𝑑𝑢 = −
1

2
 2𝑢

1

2 = − 1 − 𝑥2 
1

2 

 

=  𝑥𝑐𝑜𝑠−1𝑥 −   1 − 𝑥2 + 𝑐 

 

___________________________________________________________________________________ 

6.  𝑡𝑎𝑛−1  
𝑥

2
  𝑑𝑥    

𝑢 = 𝑡𝑎𝑛−1  
𝑥

2
        ;      𝑑𝑢 =

2

4 + 𝑥2
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑡𝑎𝑛−1  
𝑥

2
 − 2  

𝑥

4 + 𝑥2
𝑑𝑥 

 

𝑢 = 4 + 𝑥2       ;      𝑑𝑢 = 2𝑥𝑑𝑥       ;       
𝑑𝑢

2
= 𝑥𝑑𝑥 

 
𝑥

4 + 𝑥2
𝑑𝑥 =  

𝑑𝑢

2𝑢
=

1

2
 

1

𝑢
𝑑𝑢 =

1

2
 𝑙𝑛 4 + 𝑥2  =

1

2
𝑙𝑛 4 + 𝑥2  

 

=  𝑥𝑡𝑎𝑛−1  
𝑥

2
 − 𝑙𝑛 4 + 𝑥2 + 𝑐 
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7.  𝑙𝑛2𝑥 𝑑𝑥    

𝑢 = 𝑙𝑛2𝑥       ;      𝑑𝑢 =
1

𝑥
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥𝑙𝑛2𝑥 −  1 𝑑𝑥 

 

=  𝑥𝑙𝑛2𝑥 − 𝑥 + 𝑐 

_____________________________________________________________________________________ 

8.   𝑙𝑛𝑥 2 𝑑𝑥    

𝑢 =  𝑙𝑛𝑥 2       ;      𝑑𝑢 =
2𝑙𝑛𝑥

𝑥
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 𝑢𝑑𝑣 = 𝑥 𝑙𝑛𝑥 2 − 2  𝑙𝑛𝑥 𝑑𝑥 

𝑢 = 𝑙𝑛𝑥       ;      𝑑𝑢 =
1

𝑥
𝑑𝑥       ;        𝑑𝑣 = 1𝑑𝑥      ;        𝑣 = 𝑥 

 𝑢𝑑𝑣 = 𝑥𝑙𝑛𝑥 −  1 𝑑𝑥 

= 𝑥𝑙𝑛𝑥 − 𝑥 

 

𝑥 𝑙𝑛𝑥 2 − 2 𝑥𝑙𝑛𝑥 − 𝑥 + 𝑐 = 𝑥 𝑙𝑛𝑥 2 − 2𝑥𝑙𝑛𝑥 + 2𝑥 + 𝑐 

 

_____________________________________________________________________________________ 

  



Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx 

Adv. Higher Unit 1.3 Integration Worked Solutions ( Part 2 ).docx Page 20 
 

 

Ex 8 Integration by Parts bck to Original Form 

 

1.  𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥    

𝑢 = 𝑒𝑥        ;      𝑑𝑢 = 𝑒𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛2𝑥 𝑑𝑥      ;        𝑣 = −
1

2
𝑐𝑜𝑠2𝑥  

 

𝐼 =  𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

𝐼 =  𝑢𝑑𝑣 = −
1

2
𝑒𝑥𝑐𝑜𝑠2𝑥 +

1

2
 𝑒𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

 

𝑢 = 𝑒𝑥        ;      𝑑𝑢 = 𝑒𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠2𝑥 𝑑𝑥      ;        𝑣 =
1

2
𝑠𝑖𝑛2𝑥 

 𝑢𝑑𝑣 =
1

2
𝑒𝑥𝑠𝑖𝑛2𝑥 −

1

2
 𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 

=
1

2
𝑒𝑥𝑠𝑖𝑛2𝑥 −

1

2
𝐼 

 

𝐼 = −
1

2
𝑒𝑥𝑐𝑜𝑠2𝑥 +

1

2
 
1

2
𝑒𝑥𝑠𝑖𝑛2𝑥 −

1

2
𝐼 = −

1

2
𝑒𝑥𝑐𝑜𝑠2𝑥 +

1

4
𝑒𝑥𝑠𝑖𝑛2𝑥 −

1

4
𝐼 

𝐼 +
1

4
𝐼 = −

1

2
𝑒𝑥𝑐𝑜𝑠2𝑥 +

1

4
𝑒𝑥𝑠𝑖𝑛2𝑥 

5

4
𝐼 = −

1

2
𝑒𝑥𝑐𝑜𝑠2𝑥 +

1

4
𝑒𝑥𝑠𝑖𝑛2𝑥 

 

𝐼 =
1

5
𝑒𝑥𝑠𝑖𝑛2𝑥 −

2

5
𝑒𝑥𝑐𝑜𝑠2𝑥 + 𝑐 
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2.  𝑒−𝑥𝑠𝑖𝑛𝑥 𝑑𝑥    

𝑢 = 𝑒−𝑥        ;      𝑑𝑢 = −𝑒𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛𝑥 𝑑𝑥      ;        𝑣 = −𝑐𝑜𝑠𝑥  

 

𝐼 =  𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

𝐼 =  𝑢𝑑𝑣 = −𝑒−𝑥𝑐𝑜𝑠𝑥 −  𝑒−𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 

 

𝑢 = 𝑒−𝑥        ;      𝑑𝑢 = −𝑒−𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠𝑥 𝑑𝑥      ;        𝑣 = 𝑠𝑖𝑛𝑥 

 𝑢𝑑𝑣 = 𝑒−𝑥𝑠𝑖𝑛𝑥 +  𝑒−𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 

= 𝑒−𝑥𝑠𝑖𝑛𝑥 + 𝐼 

 

𝐼 = −𝑒−𝑥𝑐𝑜𝑠𝑥 −  𝑒−𝑥𝑠𝑖𝑛𝑥 + 𝐼 = −𝑒−𝑥𝑐𝑜𝑠𝑥 − 𝑒−𝑥𝑠𝑖𝑛𝑥 − 𝐼 

2𝐼 = −𝑒−𝑥𝑐𝑜𝑠𝑥 − 𝑒−𝑥𝑠𝑖𝑛𝑥 

𝐼 = −
1

2
𝑒−𝑥𝑐𝑜𝑠𝑥 −

1

2
𝑒−𝑥𝑠𝑖𝑛𝑥 + 𝑐 

 

𝐼 = −
1

2
𝑒−𝑥 𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥 + 𝑐 
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3.  𝑒−2𝑥𝑐𝑜𝑠3𝑥 𝑑𝑥    

𝑢 = 𝑒−2𝑥        ;      𝑑𝑢 = −2𝑒−2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑐𝑜𝑠3𝑥 𝑑𝑥      ;        𝑣 =
1

3
𝑠𝑖𝑛3𝑥  

 

𝐼 =  𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

𝐼 =  𝑢𝑑𝑣 =
1

3
𝑒−2𝑥𝑠𝑖𝑛3𝑥 +

2

3
 𝑒−2𝑥𝑠𝑖𝑛3𝑥 𝑑𝑥 

 

𝑢 = 𝑒−2𝑥        ;      𝑑𝑢 = −2𝑒−2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑠𝑖𝑛3𝑥 𝑑𝑥      ;        𝑣 = −
1

3
𝑐𝑜𝑠3𝑥 

 𝑢𝑑𝑣 = −
1

3
𝑒−2𝑥𝑐𝑜𝑠3𝑥 −

2

3
 𝑒−2𝑥𝑐𝑜𝑠3𝑥 𝑑𝑥 

= −
1

3
𝑒−2𝑥𝑐𝑜𝑠3𝑥 −

2

3
𝐼 

 

𝐼 =
1

3
𝑒−2𝑥𝑠𝑖𝑛3𝑥 +

2

3
 −

1

3
𝑒−2𝑥𝑐𝑜𝑠3𝑥 −

2

3
𝐼 =

1

3
𝑒−2𝑥𝑠𝑖𝑛3𝑥 −

2

9
𝑒−2𝑥𝑐𝑜𝑠3𝑥 −

4

9
𝐼 

13

9
𝐼 =

1

3
𝑒−2𝑥𝑠𝑖𝑛3𝑥 −

2

9
𝑒−2𝑥𝑐𝑜𝑠3𝑥 

𝐼 =
3

13
𝑒−2𝑥𝑠𝑖𝑛3𝑥 −

2

13
𝑒−2𝑥𝑐𝑜𝑠3𝑥 + 𝑐 

 

𝐼 =
1

13
𝑒−2𝑥 3𝑠𝑖𝑛3𝑥 − 2𝑐𝑜𝑠3𝑥 + 𝑐 
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4.  𝑒𝑥 𝑐𝑜𝑠𝑥 2 𝑑𝑥   

𝑢 =  𝑐𝑜𝑠𝑥 2        ;      𝑑𝑢 = −2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥𝑑𝑥 = −𝑠𝑖𝑛2𝑥      ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥      ;        𝑣 = 𝑒𝑥   

 

𝐼 =  𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

𝐼𝑇 =  𝑢𝑑𝑣 = 𝑒𝑥 𝑐𝑜𝑠𝑥 2 +  𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 

 

𝐼1 =  𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 

𝑢 = 𝑠𝑖𝑛2𝑥       ;      𝑑𝑢 = 2𝑐𝑜𝑠2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥      ;        𝑣 = 𝑒𝑥 

𝐼1 =  𝑢𝑑𝑣 = 𝑒𝑥𝑠𝑖𝑛2𝑥 − 2  𝑒𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 

 

𝑢 = 𝑐𝑜𝑠2𝑥       ;      𝑑𝑢 = −2𝑠𝑖𝑛2𝑥𝑑𝑥       ;        𝑑𝑣 = 𝑒𝑥  𝑑𝑥      ;        𝑣 = 𝑒𝑥 

 𝑢𝑑𝑣 = 𝑒𝑥𝑐𝑜𝑠2𝑥 + 2  𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 

𝐼1 = 𝑒𝑥𝑠𝑖𝑛2𝑥 − 2 𝑒𝑥𝑐𝑜𝑠2𝑥 + 2𝐼  

𝐼1 = 𝑒𝑥𝑠𝑖𝑛2𝑥 − 2𝑒𝑥𝑐𝑜𝑠2𝑥 − 4𝐼 

5𝐼1 = 𝑒𝑥𝑠𝑖𝑛2𝑥 − 2𝑒𝑥𝑐𝑜𝑠2𝑥 

𝐼1 =
1

5
𝑒𝑥𝑠𝑖𝑛2𝑥 −

2

5
𝑒𝑥𝑐𝑜𝑠2𝑥 

Final Solution: 

𝐼𝑇 = 𝑒𝑥 𝑐𝑜𝑠𝑥 2 +
1

5
𝑒𝑥𝑠𝑖𝑛2𝑥 −

2

5
𝑒𝑥𝑐𝑜𝑠2𝑥 + 𝑐 
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