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Ex9 General Solution First Order   

 

1.  1 + 𝑥 
𝑑𝑦

𝑑𝑥
= 𝑥𝑦            ;     

1

𝑦
𝑑𝑦 =

𝑥

1+𝑥
𝑑𝑥  

 

 
1

𝑦
𝑑𝑦 =  

𝑥

1 + 𝑥
𝑑𝑥 

 

 
1

𝑦
𝑑𝑦 = 𝑙𝑛𝑦        

     
𝑥

1+𝑥
𝑑𝑥             𝑙𝑒𝑡 𝑢 = 1 + 𝑥    ;     𝑑𝑢 = 𝑑𝑥    ;     𝑥 = 𝑢 − 1 

    
𝑢−1

𝑢
𝑑𝑢 =  1 −

1

𝑢
𝑑𝑢 = 𝑢 − 𝑙𝑛𝑢 =  1 + 𝑥 − ln⁡(1 + 𝑥) 

 

𝑙𝑛𝑦 =  1 + 𝑥 − 𝑙𝑛 1 + 𝑥 + 𝑐 

𝑙𝑛𝑦 + 𝑙𝑛 1 + 𝑥 =  1 + 𝑥 + 𝑐 

ln⁡(𝑦 1 + 𝑥 ) =  1 + 𝑥 + 𝑐 

𝑦 1 + 𝑥 = 𝑒 1+𝑥 +𝑐 

 

𝑦 =
𝑒 1+𝑥 +𝑐

(1 + 𝑥)
=

𝐴𝑒𝑥

(1 + 𝑥)
        𝐴 = 𝑒1+𝑐 
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2. 
𝑑𝑦

𝑑𝑥
= 𝑥(1 − 𝑦)2            ;     

1

(1−𝑦)2 𝑑𝑦 = 𝑥𝑑𝑥   

 

 
1

(1 − 𝑦)2
𝑑𝑦 =  (1 − 𝑦)−2𝑑𝑦 = 

1

(1 − 𝑦)
     

 

 𝑥𝑑𝑥 =
𝑥2

2
 

1

(1 − 𝑦)
=

𝑥2

2
+ 𝑐 

1

(1 − 𝑦)
=

𝑥2

2
+ 𝑐 

1 = (1 − 𝑦)  
𝑥2

2
+ 𝑐  

1

𝑥2

2
+ 𝑐

= 1 − 𝑦 + 𝑐 

2

𝑥2 + 𝐶
= 1 − 𝑦 

𝑦 = 1 −
2

𝑥2 + 𝐶
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3. 
𝑑𝑦

𝑑𝑥
= 𝑒𝑥𝑦2            ;     

1

𝑦2 𝑑𝑦 = 𝑒𝑥𝑑𝑥   

 

 
1

𝑦2
𝑑𝑦 =  𝑦−2𝑑𝑦 = −

1

𝑦
     

 

 𝑒𝑥𝑑𝑥 = 𝑒𝑥  

−
1

𝑦
= (𝑒𝑥 + 𝑐) 

1

𝑦
= − 𝑒𝑥 + 𝑐  

−1

 𝑒𝑥 + 𝑐 
= 𝑦 

𝑦 = −
1

 𝑒𝑥 + 𝑐 
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4. 𝑥 𝑦 − 1 
𝑑𝑦

𝑑𝑥
= 2𝑦            ;         

 𝑦−1 

𝑦
𝑑𝑦 =

2

𝑥
𝑑𝑥       ;         1 −

1

𝑦
𝑑𝑦 =

2

𝑥
𝑑𝑥 

 

 1 −
1

𝑦
𝑑𝑦 =  𝑦 − 𝑙𝑛𝑦     

 

 
2

𝑥
𝑑𝑥 = 2𝑙𝑛𝑥 

 𝑦 − 𝑙𝑛𝑦 = 2𝑙𝑛𝑥 + 𝑐 

𝑦 = 𝑙𝑛𝑥2 + 𝑙𝑛𝑦 + 𝑐 

𝑦 = 𝑙𝑛⁡(𝑦𝐶𝑥2) 

𝑒𝑦 = 𝑦𝐶𝑥2 

𝑦 =
𝑒𝑦

𝐶𝑥2
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5. 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑦 = 𝑠𝑖𝑛𝑦𝑐𝑜𝑠𝑥
𝑑𝑦

𝑑𝑥
            ;         

𝑠𝑖𝑛𝑦

𝑐𝑜𝑠𝑦
𝑑𝑦 =

𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
𝑑𝑥       ;         𝑡𝑎𝑛𝑦 𝑑𝑦 = 𝑡𝑎𝑛𝑥 𝑑𝑥 

 

 𝑡𝑎𝑛𝑦 𝑑𝑦 = − 𝑙𝑛 𝑐𝑜𝑠𝑦      

 

 𝑡𝑎𝑛𝑥 𝑑𝑥 = −𝑙𝑛 𝑐𝑜𝑠𝑥  

−𝑙𝑛 𝑐𝑜𝑠𝑦 = −𝑙𝑛 𝑐𝑜𝑠𝑥 + 𝑐 

𝑙𝑛 𝑐𝑜𝑠𝑥 − 𝑙𝑛 𝑐𝑜𝑠𝑦 = 𝑐 

𝑙𝑛  
 𝑐𝑜𝑠𝑥 

 𝑐𝑜𝑠𝑦 
 = 𝑐 

𝑐𝑜𝑠𝑥

𝑐𝑜𝑠𝑦
= 𝐶 
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6. 𝑦 − 𝑥
𝑑𝑦

𝑑𝑥
= 1 + 𝑥2 𝑑𝑦

𝑑𝑥
           ;         𝑥2 + 𝑥 

𝑑𝑦

𝑑𝑥
= (𝑦 − 1)       ;         

1

 𝑦−1 
 𝑑𝑦 =

1

 𝑥2+𝑥 
 𝑑𝑥 

 

 
1

 𝑦 − 1 
 𝑑𝑦 = 𝑙𝑛⁡(𝑦 − 1)     

 

 
1

 𝑥2 + 𝑥 
 𝑑𝑥 =  

1

𝑥 𝑥 + 1 
 𝑑𝑥 

1

𝑥 𝑥 + 1 
=

𝐴

𝑥
+

𝐵

 𝑥 + 1 
 

1 = 𝐴 𝑥 + 1 + 𝐵𝑥 

𝑥 = 0     𝐴 = 1 

𝑥 = −1     𝐵 = −1 

 
1

𝑥 𝑥 + 1 
 𝑑𝑥 =  

1

𝑥
−

1

 𝑥 + 1 
 𝑑𝑥 = 𝑙𝑛𝑥 − ln 𝑥 + 1  

 

𝑙𝑛(𝑦 − 1) = 𝑙𝑛𝑥 − ln 𝑥 + 1 + 𝑐 

𝑙𝑛 𝑦 − 1 = 𝑙𝑛
𝐶𝑥

 𝑥 + 1 
 

 

𝑦 =
𝐶𝑥

 𝑥 + 1 
+ 1 =

𝐶𝑥 + (𝑥 + 1)

 𝑥 + 1 
 

 

𝑦 =
𝑥 𝐶 + 1 + 1

 𝑥 + 1 
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Ex10 Particular Solution First Order   

 

 

1.  1 − 𝑐𝑜𝑠2𝑥 
𝑑𝑦

𝑑𝑥
= 2𝑠𝑖𝑛2𝑥           ;        𝑤𝑕𝑒𝑛  𝑥 =

𝜋

4
        𝑎𝑛𝑑       𝑦 = 1 

 

  1 − 𝑐𝑜𝑠2𝑥 =  2𝑠𝑖𝑛2𝑥    𝑎𝑛𝑑 𝑠𝑖𝑛2𝑥 = 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑦 

𝑑𝑦 =
4𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥

2𝑠𝑖𝑛2𝑥
𝑑𝑥 =

2𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 

𝑢 = 𝑠𝑖𝑛𝑥 

𝑢 = 𝑐𝑜𝑠𝑥 𝑑𝑥 

 𝑑𝑦 = 2  
1

𝑢
𝑑𝑢 

𝑦 = 2𝑙𝑛𝑢 

𝑦 = 2𝑙𝑛 𝑠𝑖𝑛𝑥 + 𝑐 

𝑥 =
𝜋

4
      𝑦 = 1 

1 = 2𝑙𝑛  𝑠𝑖𝑛  
𝜋

4
  + 𝑐 

1 = 2𝑙𝑛  𝑠𝑖𝑛  
𝜋

4
  + 𝑐 

1 = 𝑙𝑛  
1

2
 + 𝑐 = 𝑙𝑛 2 −1 + 𝑐 

𝑐 = 1 + 𝑙𝑛 2  

𝑦 = 2𝑙𝑛 𝑠𝑖𝑛𝑥 + 1 + 𝑙𝑛 2  

𝑦 = 𝑙𝑛 2𝑠𝑖𝑛2𝑥 + 1 

𝑦 = 𝑙𝑛 1 − 𝑐𝑜𝑠2𝑥 + 1 
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2.  1 + 𝑥2 
𝑑𝑦

𝑑𝑥
= (1 + 𝑦2)           ;        𝑤𝑕𝑒𝑛  𝑥 = 0        𝑎𝑛𝑑       𝑦 = 1 

  

 
1

(1 + 𝑦2)
𝑑𝑦 =  

1

 1 + 𝑥2 
𝑑𝑥 

𝑡𝑎𝑛−1𝑦 = 𝑡𝑎𝑛−1𝑥 + 𝑐 

𝑥 = 0      𝑦 = 1 

𝑡𝑎𝑛−1 1 = 𝑡𝑎𝑛−1 0 + 𝑐 

𝑐 =
𝜋

4
 

𝑡𝑎𝑛−1 𝑦 = 𝑡𝑎𝑛−1 𝑥 +
𝜋

4
 

 

 

3. 
𝑑𝑦

𝑑𝑥
= 𝑥(𝑦 − 2)           ;        𝑤𝑕𝑒𝑛  𝑥 = 0        𝑎𝑛𝑑       𝑦 = 5 

  

 
1

(𝑦 − 2)
𝑑𝑦 =  𝑥𝑑𝑥 

𝑙𝑛(𝑦 − 2) =
𝑥2

2
+ 𝑐 

𝑥 = 0      𝑦 = 5 

𝑙𝑛3 = 0 + 𝑐 

𝑐 = 𝑙𝑛3 

𝑙𝑛(𝑦 − 2) =
𝑥2

2
+ 𝑙𝑛3 

𝑙𝑛
(𝑦 − 2)

3
=

𝑥2

2
 

𝑦 = 3𝑒
𝑥2

2 + 2 
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4. 
𝑑𝑦

𝑑𝑥
=  (1 − 𝑦2)           ;        𝑤𝑕𝑒𝑛  𝑥 =

𝜋

6
        𝑎𝑛𝑑       𝑦 = 0 

  

 
1

 (1 − 𝑦2)
𝑑𝑦 =  𝑑𝑥 

𝑠𝑖𝑛−1𝑦 = 𝑥 + 𝑐 

𝑥 =
𝜋

6
      𝑦 = 0 

0 =
𝜋

6
+ 𝑐 

𝑐 = −
𝜋

6
 

𝑠𝑖𝑛−1𝑦 = 𝑥 −
𝜋

6
 

 

𝑦 = 𝑠𝑖𝑛  𝑥 −
𝜋

6
 ⁡ 

 

5. 
𝑑𝑦

𝑑𝑥
= 𝑦𝑐𝑜𝑠𝑥           ;        𝑤𝑕𝑒𝑛  𝑥 = 0        𝑎𝑛𝑑       𝑦 = 1 

  

 
1

𝑦
𝑑𝑦 =  𝑐𝑜𝑠𝑥 𝑑𝑥 

𝑙𝑛𝑦 = 𝑠𝑖𝑛𝑥 + 𝑐 

𝑥 = 0      𝑦 = 1 

0 = 0 + 𝑐 

𝑐 = 0 

𝑙𝑛𝑦 = 𝑠𝑖𝑛𝑥 

𝑦 = 𝑒𝑠𝑖𝑛𝑥  
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6. 
𝑑𝑦

𝑑𝑥
= 𝑡𝑎𝑛𝑥𝑡𝑎𝑛𝑦           ;        𝑤𝑕𝑒𝑛  𝑥 =

𝜋

4
        𝑎𝑛𝑑       𝑦 =

𝜋

4
 

  

 
1

𝑡𝑎𝑛𝑦
𝑑𝑦 =  𝑡𝑎𝑛𝑥 𝑑𝑥 

 
𝑐𝑜𝑠𝑦

𝑠𝑖𝑛𝑦
𝑑𝑦 =  𝑡𝑎𝑛𝑥 𝑑𝑥 

 

𝑢 = 𝑠𝑖𝑛𝑦     𝑑𝑢 = 𝑐𝑜𝑠𝑦𝑑𝑦 

 
𝑐𝑜𝑠𝑦

𝑠𝑖𝑛𝑦
𝑑𝑦 =  

1

𝑢
 𝑑𝑢 = 𝑙𝑛𝑢 = 𝑙𝑛  𝑠𝑖𝑛𝑦   

 

 𝑡𝑎𝑛𝑥 𝑑𝑥 = −ln⁡( 𝑐𝑜𝑠𝑥 ) 

 
𝑐𝑜𝑠𝑦

𝑠𝑖𝑛𝑦
𝑑𝑦 =  𝑡𝑎𝑛𝑥 𝑑𝑥 

 

𝑙𝑛  𝑠𝑖𝑛𝑦  = − ln  𝑐𝑜𝑠𝑥  + 𝑐 

𝑥 =
𝜋

4
     𝑦 =

𝜋

4
 

𝑙𝑛  
1

 2
 = − ln  

1

 2
 + 𝑐 

 

𝑐 = 𝑙𝑛  
1

2
  

𝑙𝑛  𝑠𝑖𝑛𝑦  = − ln  𝑐𝑜𝑠𝑥  + 𝑙𝑛  
1

2
  

𝑙𝑛  𝑠𝑖𝑛𝑦  = 𝑙𝑛  
1

2 𝑐𝑜𝑠𝑥 
  

𝑠𝑖𝑛𝑦 =
1

2𝑐𝑜𝑠𝑥
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Ex9A Context First Order   

 

1.  𝑎   
𝑑𝑠

𝑑𝑡
= 𝑘𝑠       𝑏   

𝑑𝑠

𝑑𝑡
=

𝑘

𝑠
       𝑐    

𝑑𝑛

𝑑𝑡
= 𝑘𝑛      

       𝑑    
𝑑𝑉

𝑑𝑡
= 𝑘𝑟       𝑒      

𝑑𝑁

𝑑𝑡
= 𝑘 500 − 𝑁      𝑓   

𝑑𝐵

𝑑𝐶
=

𝑘

𝐶
       

 

2.  𝑎                                              
𝑑𝐷

𝑑𝑕
=

𝑘

 𝑕
         

                                                             1 𝑑𝐷 =  𝑘𝑕−
1
2  𝑑𝑕        

                                                                         𝑫 = 𝒌 𝒉 + 𝒄        

 (𝑏)   

𝐷 = 8𝑘𝑚  𝑕 = 0𝑚                                     8 = 𝑘 0 + 𝑐                ;    𝑐 = 8  

𝐷 = 55𝑘𝑚  𝑕 = 100𝑚                           55 = 𝑘 100 + 8       

 

                                                                   55 = 10𝑘 + 8       

                                                                   47 = 10𝑘            ;     𝑘 =  4.7     

  

                                                                   𝑫 = 𝟒. 𝟕 𝒉 + 𝟖        

 

 𝑐        𝑕 = 850𝑚                                𝐷 = 4.7 850 + 8 = 𝟏𝟒𝟓𝒌𝒎       

 

___________________________________________________________________________ 
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3.  𝑎                                              
𝑑𝑇

𝑑𝑡
= −

2

5
𝑡 +

3

2
         

                                                             1 𝑑𝑇 =  −
2

5
𝑡 +

3

2
  𝑑𝑡        

                                                                         𝑻 = −
1

5
𝑡2 +

3

2
𝑡 + 𝒄        

𝑡 = 0        𝑇 = 98.4                                     𝑻 = −
𝟏

𝟓
𝒕𝟐 +

𝟑

𝟐
𝒕 + 𝟗𝟖. 𝟒             

 

 (𝑏)   

𝑇 = 98.4                                                       98.4 = −
1

5
𝑡2 +

3

2
𝑡 + 98.4   

                                                              
1

5
𝑡2 −

3

2
𝑡 = 0       

                                                              2𝑡2 − 15𝑡 = 0       

                                                              𝑡 2𝑡 − 15 = 0       

                                                              𝑡 = 0   𝑎𝑛𝑑    𝑡 = 7.5 𝑑𝑎𝑦𝑠 

___________________________________________________________________________ 
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4.  𝑎                                              
𝑑𝑉

𝑑𝑡
= 𝑘𝑒−0.3𝑡          

                                                             1 𝑑𝑉 = 𝑘  𝑒−0.3𝑡   𝑑𝑡        

                                                                         𝑽 = −
10

3
𝑘𝑒−0.3𝑡 + 𝒄        

 (𝑏)   

𝑡 = 0    𝑉 = 0                                        0 = −
10

3
𝑘𝑒−0.3(0) + 𝒄           ;      𝑐 =

10

3
𝑘     

 

 (𝑐)                                                        𝑉 = −
10

3
𝑘𝑒−0.3𝑡 +

10

3
𝑘 =   

𝟏𝟎

𝟑
𝒌 𝟏 − 𝒆−𝟎.𝟑𝒕     

 𝑡 = 5    𝑉 = 77.7%                     77.7 =
10

3
𝑘 1 − 𝑒−0.3(5)     

                                                              𝑘 =
77.7 × 3

10 1 − 𝑒−0.3(5) 
= 30       

                                                              𝑽 = 𝟏𝟎𝟎 𝟏 − 𝒆−𝟎.𝟑𝒕  

 

 

 𝑑      𝑡 = 10     𝑉 = 90%             𝑉 = 100 1 − 𝑒−3 = 95% 

 

𝑇𝑕𝑒 𝑚𝑜𝑑𝑒𝑙 𝑖𝑠 𝑜𝑣𝑒𝑟 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑛𝑔 𝑡𝑕𝑒 𝑡𝑟𝑢𝑒 𝑎𝑢𝑑𝑖𝑒𝑛𝑐𝑒 𝑓𝑖𝑔𝑢𝑟𝑒𝑠. 

__________________________________________________________________________ 
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Ex11 - More Modelling 

1.  𝑎                                              
𝑑𝑥

𝑑𝑡
= −𝑘𝑥         

                                                             
1

𝑥
 𝑑𝑥 = −𝑘  1  𝑑𝑡        

                                                                        ln 𝑥 = −𝑘𝑡 + 𝑐        

  

𝑡 = 0    𝑥 = 𝑥0                                         ln 𝑥 = −𝑘𝑡 + 𝑥0              

                                                                                  𝒙 = 𝒙𝟎𝒆−𝒌𝒕              

𝑥 = 50%     𝑡 = 25                                            50 = 100𝑒−𝑘(25)              

                                                                              0.5 = 𝑒−𝑘(25)              

                                                                     𝑙 𝑛 0.5 = −25𝑘              

                                                                                 𝑘 =
𝑙 𝑛 0.5 

−25
              

                                                                                𝑘 =
𝑙 𝑛 0.5 

−25
 = 0.0277            

                                                                                𝒙 = 𝒙𝟎𝒆−𝟎.𝟎𝟐𝟕𝟕𝒕 

 

 𝑥 = 20𝑔     𝑥0 = 100𝑔                                    𝟐𝟎 = 𝟏𝟎𝟎𝒆−𝟎.𝟎𝟐𝟕𝟕𝒕              

                                                                              𝟎. 𝟐 = 𝒆−𝟎.𝟎𝟐𝟕𝟕𝒕                     

                                                                                   t =
𝑙𝑛(0.2)

−0.0277
                     

                                                                                   t =
𝑙𝑛(0.2)

−0.0277
 = 58.1 𝑑𝑎𝑦𝑠  

 

  



Advanced Higher – First Order Differential Equations Solutions 

Adv. Higher Unit 1.4 Differential (First Order) Equations Worked Solutions.docx Page 15 
 

 

2.  𝑎                                              
𝑑∅

𝑑𝑡
= −𝑘(∅ − 15)         

                                                             
1

(∅ − 15)
 𝑑∅ = −𝑘  1  𝑑𝑡        

                                                                        𝑙𝑛 ∅ − 15 = −𝑘𝑡 + 𝑐        

                                                                                          ∅ = 𝐴𝑒−𝑘𝑡 + 15              ;     𝐴 = 𝑒𝑐        

 

 𝑏  𝑖      𝑡 = 10    ∅ = 50                                       ∅ = 𝐴𝑒−𝑘𝑡 + 15              

                                                                                    50 = 100𝑒−𝑘(10) + 15             

                                                                                 0.35 = 𝑒−10𝑘             

                                                                                       𝑘 =
𝑙 𝑛 0.35 

−10
 =  0.105         

                                                                                       ∅ = 𝟏𝟎𝟎𝒆−𝟎.𝟏𝟎𝟓𝒕 + 𝟏𝟓 

 

 𝑡 = 5                                                                  ∅ = 100𝑒−0.105𝑡 + 15              

                                                                              ∅ = 74.2 °𝐶                    

 

 

  𝑏  𝑖𝑖         ∅ = 45                                         45 = 100𝑒−0.105𝑡 + 15                      

                                                                            0.3 = 𝑒−0.105𝑡                       

                                                                                t =
𝑙𝑛⁡(0.3)

−0.105
                      

                                                                                t =
𝑙𝑛⁡(0.3)

−0.105
= 𝟏𝟏. 𝟓 𝒎𝒊𝒏𝒖𝒕𝒆𝒔                     
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3.  𝑎                                              
𝑑𝑃

𝑑𝑡
= 𝑘𝑝         

                                                             
1

𝑝
 𝑑𝑝 = 𝑘  1  𝑑𝑡        

                                                                        𝑙𝑛 𝑝 = 𝑘𝑡 + 𝑐        

                                                                                          𝑃 = 𝑃0𝑒𝑘𝑡               ;     𝑃0 = 𝑒𝑐        

 

 𝑏  𝑖      𝑡 = 10    𝑃0 = 468   𝑃 = 534                  𝑃 = 𝑃0𝑒𝑘𝑡               

                                                                                    534 = 468𝑒𝑘(10)             

                                                                                         𝑘 =
𝑙𝑛⁡ 

534
468

 

10
  = 0.0132         

                                                                                        𝑃 = 468𝑒0.0132𝑡 

 

  𝑏         𝑡 = 20                                                            𝑃 = 468𝑒0.0132(20)             

                                                                                        𝑃 = 609 𝑝𝑒𝑜𝑝𝑙𝑒                    
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4.  𝑎                                              
𝑑𝑥

𝑑𝑡
= 𝑘𝑥         

                                                             
1

𝑥
 𝑑𝑥 = 𝑘  1  𝑑𝑡        

                                                                        𝑙𝑛 𝑥 = 𝑘𝑡 + 𝑐        

                                                                                          𝑥 = 𝑥0𝑒𝑘𝑡               ;     𝑥0 = 𝑒𝑐        

 

 𝑏  𝑖      𝑡 = 0    𝑥0 = 100                                      𝑥 = 100𝑒𝑘𝑡               

                t = 7      𝑥 = 1000                             1000 = 100𝑒𝑘(7)             

                                                                                         𝑘 =
𝑙𝑛⁡ 10 

7
         

                                                                                         𝒙 = 𝟏𝟎𝟎𝒆
 
𝒍𝒏⁡ 𝟏𝟎 

𝟕
 𝒕

              

 

                                                                                        𝑥 = 100𝑒
 
𝑙𝑛⁡ 10 

7
 𝑡

 

                                                                          𝑙𝑛  
𝑥

100
 =  

𝑙𝑛⁡ 10 

7
 𝑡 

                                                                         𝒍𝒏  
𝒙

𝟏𝟎𝟎
 =

𝟏

𝟕
𝒕𝒍𝒏⁡ 𝟏𝟎  

 

 𝑐                                                                                   𝑥 = 100𝑒
 

ln 10 
7

  10.5 
= 3162𝑚2 

                                                                                  𝑇𝑜𝑡𝑎𝑙 𝑛𝑜𝑡 𝑐𝑜𝑣𝑒𝑟𝑒𝑑 = 10000 − 3162 = 𝟔𝟖𝟑𝟖𝒎𝟐 

 

  𝑑         𝑡 = 𝑕𝑎𝑙𝑓 − 𝑙𝑖𝑓𝑒                                           
5000

100
= 𝑒

 
ln 10 

7
 𝑡

             

                                                                                        𝑡 =
7𝑙𝑛(50)

𝑙𝑛(10)
=   11.9 𝑑𝑎𝑦𝑠                 
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5.  𝑎                                              
𝑑𝑥

𝑑𝑡
= 𝑘𝑥         

                                                             
1

𝑥
 𝑑𝑥 = 𝑘  1  𝑑𝑡        

                                                                        𝑙𝑛 𝑥 = 𝑘𝑡 + 𝑐        

       𝑡 = 0    𝑥 = 𝑥0       ;     𝑐 = 𝑙𝑛 𝑥0             𝑥 = 𝑥0𝑒𝑘𝑡       

 

                 𝑡 = 1    𝑥0 = 2    𝑥 = 1.6                     1.6 = 2𝑒𝑘(1)              

                                                                          𝑙𝑛  
1.6

2
 = 𝑘             

                                                                                         𝑘 = −0.223         

                                                                                         𝒙 = 𝟐𝒆−0.223𝒕              

 

 𝑏  𝑖          𝑡 = 3                                                          𝑥 = 2𝑒−0.223×(3) = 1.024𝑚𝑔 

 

  𝑏  𝑖𝑖        𝑥 = 0.5                                                   
0.5

2
= 𝑒−0.223𝑡              

                                                                                        𝑡 =
𝑙𝑛  

0.5
2

 

−0.223
=   6.2 𝑕𝑜𝑢𝑟𝑠                 
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6.  𝑎                                              
𝑑𝑥

𝑑𝑡
=

𝑑𝑥

𝑑𝑉
×

𝑑𝑉

𝑑𝑡
           ;       𝑉 =  𝑥2 + 3𝑥      

𝑑𝑉

𝑑𝑥
= 2𝑥 + 3      

𝑑𝑉

𝑑𝑡
= 𝑥2 + 4     

                                                           
𝑑𝑥

𝑑𝑡
=

1

2𝑥 + 3
×  𝑥2 + 4 =

 𝑥2 + 4 

 2𝑥 + 3 
   

                                                                          
𝑑𝑥

𝑑𝑡
=

 𝑥2 + 4 

 2𝑥 + 3 
    

                                                                       
 2𝑥 + 3 

 𝑥2 + 4 
 𝑑𝑥 =  1  𝑑𝑡        

                                                                       
2𝑥

 𝑥2 + 4 
+

3

 𝑥2 + 4 
 𝑑𝑥 =  1  𝑑𝑡        

                                                                     𝑙𝑛 𝑥2 + 4 +
3

2
𝑡𝑎𝑛−1  

𝑥

2
 = 𝑡 + 𝑐        

𝑡 = 0    𝑥 = 0                                           𝑙𝑛 02 + 4 +
3

2
𝑡𝑎𝑛−1  

0

2
 = 0 + 𝑐        

                                                                                         𝑐 = 𝑙𝑛 4          

                                                                     𝑙𝑛 𝑥2 + 4 +
3

2
𝑡𝑎𝑛−1  

𝑥

2
 = 𝑡 + 𝑙𝑛 4         

 

                                                                     𝑙𝑛  
𝑥2 + 4

4
 +

3

2
𝑡𝑎𝑛−1  

𝑥

2
 = 𝑡        

                                                                                                                      𝑡 = 𝑙𝑛  
𝑥2 + 4

4
 +

3

2
𝑡𝑎𝑛−1  

𝑥

2
  

________________________________________________________________________ 
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7.  𝑎                                              
𝑑𝑣

𝑑𝑡
=

1

2
 𝑣 − 𝑣2      

 

                                                                       
1

𝑣(1 − 𝑣)
 𝑑𝑣 =

1

2
 1  𝑑𝑡        

 

1

𝑣(1 − 𝑣)
=

𝐴

𝑣
+

𝐵

(1 − 𝑣)
                  ;               1 = 𝐴 1 − 𝑣 +  𝐵𝑣 

 

𝑣 = 0           𝐴 = 1 

𝑣 = 1           𝐵 = 1                   

                                       
1

𝑣(1 − 𝑣)
 𝑑𝑣 =    

1

𝑣
+

1

(1 − 𝑣)
 𝑑𝑣   = 𝑙𝑛 𝑣  − 𝑙𝑛 (1 − 𝑣) = 𝑙𝑛  

𝑣

(1 − 𝑣)
   

 

1

2
 1  𝑑𝑡 =

1

2
𝑡 

                                                                     𝑙𝑛  
𝑣

(1 − 𝑣)
   =

1

2
𝑡 + 𝑐      

𝑡 = 0           𝑣 = 0.2                                                     𝑐 = 𝑙𝑛  
0.2

0.8
 = 𝑙𝑛  

1

4
                                       

                                                                     𝑙𝑛  
𝑣

(1 − 𝑣)
   =

1

2
𝑡 + 𝑙𝑛  

1

4
       

                                                                    
𝑣

(1 − 𝑣)
  = 𝑒

 
1
2
𝑡+𝑙𝑛 

1
4
  

    

                                                                    
𝑣

(1 − 𝑣)
  =

1

4
𝑒

 
1
2
𝑡 

         ;     4𝑒
 −

1
2
𝑡 

=
1 − 𝑣

𝑣
       ;     𝑣4𝑒

 −
1
2
𝑡 

+ 𝑣 = 1    

                                                                     𝑣  1 + 4𝑒
 −

1
2
𝑡 

 = 1    

                                                                     𝑣 =
1

 1 + 4𝑒
 −

1
2
𝑡 

 

    

________________________________________________________________________ 
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8.                                              
𝑑𝜃

𝑑𝑡
= 40 −

2

5
 𝜃 − 15 = 46 −

2

5
𝜃   

 

                                                                      
1

46 −
2
5

𝜃
 𝑑𝜃 =  1  𝑑𝑡        

                   

   
1

46 −
2
5

𝜃
 𝑑𝜃 =  −

5

2
𝑙𝑛  46 −

2

5
𝜃                       ;                           1  𝑑𝑡 = 40𝑡   

   −
5

2
𝑙𝑛  46 −

2

5
𝜃 = 𝑡 + 𝑐  

 

𝑡 = 0         𝜃 = 15                                                   −
5

2
𝑙𝑛  46 −

2

5
(15) = (0) + 𝑐 

                                                                                                                           𝑐 = −
5

2
ln⁡(40) 

                                                                                                                           𝑡 =  −
5

2
𝑙𝑛  46 −

2

5
𝜃 +

5

2
ln⁡(40)                                       

                                                                                                                           𝑡 =  
5

2
𝑙𝑛  

40

46 −
2
5

𝜃
  

 

𝜃 = 100                                                                                                           𝑡 =  
5

2
𝑙𝑛  

40

46 −
2
5

(100)
  

                                                                                                                           𝑡 =  
5

2
𝑙𝑛  

40

6
  

 

                                                                                                                           𝑡 =  4.74 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 

________________________________________________________________________ 

  



Advanced Higher – First Order Differential Equations Solutions 

Adv. Higher Unit 1.4 Differential (First Order) Equations Worked Solutions.docx Page 22 
 

 

Ex1 Integrating Factor 

 

1.                                              𝑥
𝑑𝑦

𝑑𝑥
+ 𝑥2𝑦 = 3𝑥      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 = 3 

 

 

(b)                                             
𝑑𝑦

𝑑𝑥
+ 4𝑥 = 𝑥𝑦      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
− 𝑥𝑦 = −4𝑥 

 

 

(c)                                            −5𝑥2  
𝑑𝑦

𝑑𝑥
+ 4𝑥𝑦 = 𝑥3      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
−

4

5𝑥
𝑦 = −

𝑥

5
 

 

 

(d)              𝑠𝑖𝑛𝑥 
𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑠𝑥 = 0      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑡𝑥 = 0 

 

 

(e)              
𝑑𝑦

𝑑𝑥
− 5 = 0      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
= 5 

 

 

(f)             𝑡2  
𝑑𝑦

𝑑𝑡
+ 4𝑦𝑡 = 𝑡3 − 1      ;     𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚     

𝑑𝑦

𝑑𝑥
+

4

𝑡
𝑦 = 𝑡 −

1

𝑡2 
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2.                                              
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 = 1      ;     𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 𝑥𝑑𝑥   =   𝑒

1

2
𝑥2

 

 

 

(b)                                               
𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 3𝑥      ;     𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 

2

𝑥
𝑑𝑥   =   𝑒2𝑙𝑛𝑥 = 𝑥2 

 

 

(c)     4
𝑑𝑦

𝑑𝑥
−

2

𝑥2 𝑦 = 5 − 𝑥2      ;    
𝑑𝑦

𝑑𝑥
−

1

2𝑥2 𝑦 =
5

4
−

𝑥2

4
    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒

−
1

2
 

1

𝑥2𝑑𝑥
  =   𝑒

1

2𝑥  

 

 

(d)    3𝑥 
𝑑𝑦

𝑑𝑥
− 6𝑥2𝑦 = 12𝑥3     ;      

𝑑𝑦

𝑑𝑥
− 2𝑥𝑦 = 4𝑥2    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  𝑥𝑑𝑥   =   𝑒−𝑥2

 

 

(e)    3𝑥2  
𝑑𝑦

𝑑𝑥
− 6𝑥𝑦 = 12𝑥      ;     

𝑑𝑦

𝑑𝑥
−

2

𝑥
𝑦 =

4

𝑥
    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  

1

𝑥
𝑑𝑥   = 𝑒−2𝑙𝑛𝑥 =  

1

𝑥2    

 

 

(f)    9𝑦 − 𝑥2  
𝑑𝑦

𝑑𝑥
= 0      ;     

𝑑𝑦

𝑑𝑥
−

9

𝑥2 𝑦 = 0    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒
−9  

1

𝑥2𝑑𝑥
  = 𝑒

9

𝑥  
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3.                                              
𝑑𝑦

𝑑𝑥
−

2

𝑥
𝑦 = 2      ;     𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  

1

𝑥
𝑑𝑥   =   

1

𝑥2 

 

                                             
1

𝑥2

𝑑𝑦

𝑑𝑥
−

2

𝑥3
𝑦 =

2

𝑥2
             ;      𝑦

1

𝑥2
=  

2

𝑥2
 𝑑𝑥  

 

                                             𝑦
1

𝑥2
= −

2

𝑥
+ 𝑐 

 

                                             𝑦 = −2𝑥 + 𝑐𝑥2 

 

                                             𝑦 = 𝑐𝑥2 − 2𝑥 

 

 

(b)      𝑥
𝑑𝑦

𝑑𝑥
− 2𝑦 = −3𝑥      ;   

𝑑𝑦

𝑑𝑥
−

2

𝑥
𝑦 = −3   𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  

1

𝑥
𝑑𝑥   =   

1

𝑥2 

 

                                             
1

𝑥2

𝑑𝑦

𝑑𝑥
−

2

𝑥3
𝑦 =

−3

𝑥2
             ;      𝑦

1

𝑥2
= −3  

1

𝑥2
 𝑑𝑥 

 

                                             𝑦
1

𝑥2
=

3

𝑥
+ 𝑐 

 

                                             𝑦 = 3𝑥 + 𝑐𝑥2 

 

                                             𝑦 = 𝑐𝑥2 − 2𝑥 
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(c)      3𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 2𝑥      ;   

𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 =

2

3
   𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 

1

𝑥
𝑑𝑥   =   𝑥 

 

                                             𝑥
𝑑𝑦

𝑑𝑥
− 𝑦 =

2

3
𝑥             ;      𝑥𝑦 =

2

3
 𝑥 𝑑𝑥 

 

                                             𝑥𝑦 =
1

3
𝑥2 + 𝑐 

 

                                             𝑦 =
1

3
𝑥 +

𝑐

𝑥
 

 

 

 

(d)      𝑥
𝑑𝑦

𝑑𝑥
+ 2𝑦 =

4

𝑥
      ;   

𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 =

4

𝑥2    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒2  
1

𝑥
𝑑𝑥   = 𝑥2 

 

                                             𝑥2
𝑑𝑦

𝑑𝑥
− 2𝑥𝑦 = 4             ;      𝑥2𝑦 =  4 𝑑𝑥 

 

                                             𝑥2𝑦 = 4𝑥 + 𝑐 

 

                                             𝑦 =
4

𝑥
+

𝑐

𝑥2
 

 

 

(e)      𝑥
𝑑𝑦

𝑑𝑥
− 2𝑦 = 6𝑥4      ;   

𝑑𝑦

𝑑𝑥
−

2

𝑥
𝑦 = 6𝑥3   𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  

1

𝑥
𝑑𝑥   =

1

𝑥2 

 

                                             
1

𝑥2

𝑑𝑦

𝑑𝑥
−

2

𝑥3
𝑦 = 6𝑥             ;      𝑦

1

𝑥2
=  6𝑥 𝑑𝑥 

 

                                             
𝑦

𝑥2
= 3𝑥2 + 𝑐 

 

                                             𝑦 = 3𝑥4 + 𝑐𝑥2 
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(f)      
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 1      ;    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒2  1𝑑𝑥   = 𝑒2𝑥  

 

                                             𝑒2𝑥
𝑑𝑦

𝑑𝑥
+ 2𝑒2𝑥𝑦 = 𝑒2𝑥              ;      𝑦 𝑒2𝑥 =   𝑒2𝑥  𝑑𝑥 

 

                                             𝑦 𝑒2𝑥 =
1

2
 𝑒2𝑥 + 𝑐 

 

                                             𝑦 =
1

2
+

𝑐

 𝑒2𝑥
 

 

                                             𝑦 =
1

2
+ 𝑐𝑒−2𝑥  

 

 

(g)      
𝑑𝑦

𝑑𝑥
− 𝑦 = −2𝑒−𝑥       ;    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒− 1𝑑𝑥   = 𝑒−𝑥  

 

                                             𝑒−𝑥
𝑑𝑦

𝑑𝑥
− 𝑒−𝑥𝑦 = −2𝑒−2𝑥              ;      𝑦 𝑒−𝑥 = −2   𝑒−2𝑥  𝑑𝑥 

 

                                             𝑦 𝑒−𝑥 = 𝑒−2𝑥 + 𝑐 

 

                                             𝑦 = 𝑒−𝑥 + 𝑐𝑒𝑥  

 

 

(h)      
𝑑𝑦

𝑑𝑥
+ 𝑦 = 2𝑒𝑥       ;    𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 1𝑑𝑥   = 𝑒𝑥  

 

                                             𝑒𝑥
𝑑𝑦

𝑑𝑥
+ 𝑒𝑥𝑦 = 2𝑒2𝑥              ;      𝑦 𝑒𝑥 = 2   𝑒2𝑥  𝑑𝑥 

 

                                             𝑦 𝑒𝑥 = 𝑒2𝑥 + 𝑐 

 

                                             𝑦 = 𝑒𝑥 + 𝑐𝑒−𝑥  
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(i)      
𝑑𝑦

𝑑𝑥
+ 2𝑥 = 1 + 2𝑦      ;     

𝑑𝑦

𝑑𝑥
− 2𝑦 = 1 − 2𝑥           𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  1𝑑𝑥   = 𝑒−2𝑥  

 

   𝑒−2𝑥
𝑑𝑦

𝑑𝑥
− 2𝑒−2𝑥𝑦 = 𝑒−2𝑥 − 2𝑥𝑒−2𝑥              ;      𝑦 𝑒−2𝑥 =   𝑒−2𝑥 − 2𝑥𝑒−2𝑥  𝑑𝑥 

 

  𝑒−2𝑥 − 2𝑥𝑒−2𝑥  𝑑𝑥 = −
𝟏

𝟐
𝒆−𝟐𝒙 − 𝟐  𝑥𝑒−2𝑥𝑑𝑥 

 

 𝑥𝑒−2𝑥𝑑𝑥        ;    𝑢 = 𝑥    𝑑𝑢 = 𝑑𝑥      𝑑𝑣 = 𝑒−2𝑥𝑑𝑥     𝑣 = −
1

2
𝑒−2𝑥  

 

 𝑢𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢         ;    −
1

2
𝑥𝑒−2𝑥 −  −

1

2
𝑒−2𝑥𝑑𝑥 = −

1

2
𝑥𝑒−2𝑥 −

1

4
𝑒−2𝑥  

 

𝑦 𝑒−2𝑥 = −
1

2
𝑒−2𝑥 − 2  −

1

2
𝑥𝑒−2𝑥 −

1

4
𝑒−2𝑥 + 𝑐 

 

𝑦 𝑒−2𝑥 = −
1

2
𝑒−2𝑥 + 𝑥𝑒−2𝑥 +

1

2
𝑒−2𝑥 + 𝑐 

 

𝑦 𝑒−2𝑥 = 𝑥𝑒−2𝑥 + 𝑐 

 

𝑦 = 𝑥 + 𝑐𝑒2𝑥 
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(j)      
𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑡𝑥 = 𝑐𝑜𝑡𝑥      ;     

𝑑𝑦

𝑑𝑥
+ 𝑦

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
= 𝑐𝑜𝑡𝑥 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥   

 

 
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥         ;    𝑢 = 𝑠𝑖𝑛𝑥    𝑑𝑢 = 𝑐𝑜𝑠𝑥𝑑𝑥       

1

𝑢
𝑑𝑢 = 𝑙𝑛𝑢 = 𝑙𝑛 𝑠𝑖𝑛𝑥   

𝑒 
𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥

 𝑑𝑥 = 𝑠𝑖𝑛𝑥 

 

   𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
− 𝑠𝑖𝑛𝑥𝑦 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑡𝑥             ;      𝑦 𝑠𝑖𝑛𝑥 =   𝑠𝑖𝑛𝑥𝑐𝑜𝑡𝑥 𝑑𝑥 =  𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑠𝑖𝑛𝑥 

 

𝑦 𝑠𝑖𝑛𝑥 = 𝑠𝑖𝑛𝑥 + 𝑐 

 

𝑦 = 1 +
𝑐

𝑠𝑖𝑛𝑥
 

 

𝑦 = 1 + 𝑐(𝑐𝑜𝑠𝑒𝑐𝑥) 
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(k)    𝑐𝑜𝑠𝑥 
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑖𝑛𝑥 = 2𝑥𝑐𝑜𝑠𝑥 + 𝑥2𝑠𝑖𝑛𝑥      ;      

𝑑𝑦

𝑑𝑥
+ 𝑦𝑡𝑎𝑛𝑥 = 2𝑥 + 𝑥2𝑡𝑎𝑛𝑥  ? ? ? ? ? ?/ 

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒 𝑡𝑎𝑛𝑥𝑑𝑥 = 𝑒−𝑙𝑛 𝑐𝑜𝑠𝑥  =
1

𝑐𝑜𝑠𝑥
= 𝑠𝑒𝑐𝑥 

 

𝑠𝑒𝑐𝑥  
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 = 2𝑥𝑠𝑒𝑐𝑥 + 𝑥2𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥             ;      𝒚 𝒔𝒆𝒄𝒙 =   𝟐𝒙𝒔𝒆𝒄𝒙 + 𝒙𝟐𝒔𝒆𝒄𝒙𝒕𝒂𝒏𝒙 𝒅𝒙 

 

2  𝑥𝑠𝑒𝑐𝑥 𝑑𝑥         ;    𝑢 = 𝑥    𝑑𝑢 = 𝑑𝑥      𝑑𝑣 = 𝑠𝑒𝑐𝑥 𝑑𝑥     𝑣 = 𝑙𝑛 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥            

 

2  𝑥𝑠𝑒𝑐𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 =  𝑥    𝑑𝑢 = 𝑑𝑥      𝑑𝑣 = 𝑠𝑒𝑐𝑥 𝑑𝑥     𝑣 = −
1

2
𝑒−2𝑥  

 

 error !!!!!!!!!!!!!!!!!!!!!!!!!!!!!   I think 
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(l)   𝑥
𝑑𝑦

𝑑𝑥
− 2𝑦 = 𝑥      ;      

𝑑𝑦

𝑑𝑥
−

2

𝑥
𝑦 = 1      𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟 𝑒−2  

1

𝑥
 𝑑𝑥 =

1

𝑥2 

  

1

𝑥2

𝑑𝑦

𝑑𝑥
−

2

𝑥3
𝑦 =

1

𝑥2
                   ;      

𝑦 

𝑥2
=   

1

𝑥2
 𝑑𝑥 = −

1

𝑥
 

 

 
𝑦 

𝑥2
= −

1

𝑥
+ 𝑐 

 

𝑦 

𝑥
= −𝑥 + 𝑐𝑥2 

___________________________________________________________________________________________ 

 

(m)       
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑒𝑐𝑥 = 𝑠𝑒𝑐𝑥      ;          𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟     𝑒 𝑠𝑒𝑐𝑥  𝑑𝑥 =  𝑒𝑙𝑛  𝑠𝑒𝑐𝑥  + 𝑡𝑎𝑛𝑥  = (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 

 

             (𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑒𝑐𝑥(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) = 𝑠𝑒𝑐𝑥(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) 

 

             𝑦 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥 =  𝑠𝑒𝑐2𝑥 + 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 𝑑𝑥 

 

             𝑦 =
(𝑡𝑎𝑛𝑥 + 𝑠𝑒𝑐𝑥) + 𝑐

 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥 
 

 

             𝑦 = 1 +
𝑐

 𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥 
 

 

___________________________________________________________________________________________ 
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Ex1 Integrating Factor TJ Sheets 

 

1.    𝑥 + 1 
𝑑𝑦

𝑑𝑥
− 𝑦 =  𝑥 + 1 2      ;       

𝑑𝑦

𝑑𝑥
−

𝑦

 𝑥+1 
=  𝑥 + 1     ;     𝐼. 𝐹. =  𝑒

 
−1

 𝑥+1 
 𝑑𝑥

=  𝑒−𝑙𝑛 𝑥+1 =
𝟏

(𝒙+𝟏)
  

 

1

(𝑥 + 1)
 
𝑑𝑦

𝑑𝑥
−

𝑦

 𝑥 + 1 2
= 1    ;                    

𝒚

(𝒙 + 𝟏)
=  𝟏 𝒅𝒙 

𝑦

(𝑥 + 1)
=  1 𝑑𝑥 

𝑦

(𝑥 + 1)
= 𝑥 + 𝑐 

 

𝑦 = 𝑥 𝑥 + 1 + 𝑐 𝑥 + 1 =  𝒙 + 𝟏 (𝒙 + 𝒄) 

___________________________________________________________________________________________ 

(b)   
𝑑𝑦

𝑑𝑥
− 𝑦𝑡𝑎𝑛𝑥 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥      ;         𝐼. 𝐹. =  𝑒− 𝑡𝑎𝑛𝑥  𝑑𝑥 =  𝑒−𝑙𝑛 𝑐𝑜𝑠𝑥  = 𝑐𝑜𝑠𝑥  

 

𝑐𝑜𝑠𝑥
𝑑𝑦

𝑑𝑥
− 𝑦𝑐𝑜𝑠𝑥𝑡𝑎𝑛𝑥 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠2𝑥    ;              𝒚𝒄𝒐𝒔𝒙 =  𝒔𝒊𝒏𝒙𝒄𝒐𝒔𝟐𝒙 𝒅𝒙 

 

 

 𝑠𝑖𝑛𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥         ;    𝑢 = 𝑐𝑜𝑠𝑥    𝑑𝑢 = −𝑠𝑖𝑛𝑥𝑑𝑥    ;  −  𝑢2 𝑑𝑢 = −
𝑢3

3
= −

𝟏

𝟑
𝒄𝒐𝒔𝟑𝒙 

 

 

𝑦𝑐𝑜𝑠𝑥 = −
1

3
𝑐𝑜𝑠3𝑥 + 𝑐 

 

                      𝒚 = −
𝟏

𝟑
𝒄𝒐𝒔𝟐𝒙 + 𝒄(𝒔𝒆𝒄𝒙) 

___________________________________________________________________________________________ 
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(c)  𝑡𝑎𝑛𝑥 
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥𝑐𝑜𝑠𝑒𝑐𝑥      ;         

𝑑𝑦

𝑑𝑥
+

2𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑦 =

𝑥𝑐𝑜𝑠𝑥

𝑠𝑖𝑛 2𝑥
           𝐼. 𝐹. =  𝑒2  

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥   

 

 
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥      ;      𝑢 = 𝑠𝑖𝑛𝑥    ;     𝑑𝑢 = 𝑐𝑜𝑠𝑥 𝑑𝑥   ;       

1

𝑢
 𝑑𝑢 = 𝑙𝑛 𝑢 = 𝑙𝑛 𝑠𝑖𝑛𝑥  

 

 

 𝐼. 𝐹. =  𝑒2  
𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥

 𝑑𝑥 = 𝑒2𝑙𝑛(𝑠𝑖𝑛𝑥 ) = 𝒔𝒊𝒏𝟐𝒙 

 

 

𝑠𝑖𝑛2𝑥
𝑑𝑦

𝑑𝑥
+ 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 𝑦 = 𝑥𝑐𝑜𝑠𝑥 

 

 

𝑦𝑠𝑖𝑛2𝑥 =  𝑥𝑐𝑜𝑠𝑥  𝑑𝑥 

 

 𝑥𝑐𝑜𝑠𝑥 𝑑𝑥                           ;       𝑢 = 𝑥       𝑑𝑢 = 𝑑𝑥          𝑑𝑣 = 𝑐𝑜𝑠𝑥𝑑𝑥        𝑣 = 𝑠𝑖𝑛𝑥 

 

 𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = 𝑥𝑠𝑖𝑛𝑥 −  𝑠𝑖𝑛𝑥  𝑑𝑥 =  𝒙𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙 + 𝒄 

 

 

𝑦𝑠𝑖𝑛2𝑥 = 𝑥𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 𝑐 

 

𝑦 = 𝑥𝑐𝑜𝑠𝑒𝑐𝑥 + 𝑐𝑜𝑠𝑒𝑐𝑥 𝑐𝑜𝑡𝑥 + 𝑐 𝑐𝑜𝑠𝑒𝑐2𝑥 

 

𝒚 = 𝒄𝒐𝒔𝒆𝒄𝒙 𝒙 + 𝒄𝒐𝒕𝒙 + 𝒄 𝒄𝒐𝒔𝒆𝒄𝒙  
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(d)  
𝑑𝑦

𝑑𝑥
+

2𝑦

 1−𝑥2 
= 1 − 𝑥     ;        𝐼. 𝐹. =  𝑒

 
2

 1−𝑥2 
 𝑑𝑥

 

 

         
2

(1 − 𝑥2)
=

𝐴

(1 − 𝑥)
+

𝐵

(1 + 𝑥)
            ;           2 = 𝐴 1 + 𝑥 + 𝐵(1 − 𝑥) 

 

𝑥 = 1   ;    𝐴 = 1 

𝑥 = −1   ;   𝐵 = 1 

 

 
−2

 1 − 𝑥2 
 𝑑𝑥 =

1

(1 − 𝑥)
+

1

(1 + 𝑥)
= 𝑙𝑛 1 + 𝑥 − 𝑙𝑛 1 − 𝑥 = 𝑙𝑛  

1 + 𝑥

1 − 𝑥
  

 

  𝐼. 𝐹. =  𝑒
 

−2
 1−𝑥2 

 𝑑𝑥
= 𝑒

𝑙𝑛 
1−𝑥
1+𝑥

 
=  

𝟏 + 𝒙

𝟏 − 𝒙
  

 

 

𝑑𝑦

𝑑𝑥
−

2𝑦

 1 − 𝑥2 
= 1 − 𝑥        ;          

1 + 𝑥

1 − 𝑥
 

𝑑𝑦

𝑑𝑥
+  

1 + 𝑥

1 − 𝑥
 

2𝑦

 1 − 𝑥2 
=  

1 + 𝑥

1 − 𝑥
  1 − 𝑥 = 1 + 𝑥 

 

𝒚  
𝟏 − 𝒙

𝟏 + 𝒙
 =  (𝟏 + 𝒙) 𝒅𝒙    

 

 (1 + 𝑥) 𝑑𝑥 = 𝒙 +
𝟏

𝟐
𝒙𝟐 + 𝒄           

 

𝑦  
1 − 𝑥

1 + 𝑥
 = 𝑥 +

1

2
𝑥2 + 𝑐              

 

𝒚 =  
𝟏 − 𝒙

𝟏 + 𝒙
  

𝟏

𝟐
𝒙𝟐 + 𝒙 + 𝒄              
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(e)  𝑥 𝑥 + 1 
𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑥3𝑒𝑥      ;        

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥 𝑥+1 
=

𝑥2

 𝑥+1 
𝑒𝑥           𝐼. 𝐹. =  𝑒

 
−1

𝑥 𝑥+1 
 𝑑𝑥

 

 

         
−1

𝑥 𝑥 + 1 
=

𝐴

𝑥
+

𝐵

 𝑥 + 1 
            ;          −1 = 𝐴 𝑥 + 1 + 𝐵𝑥 

 

𝑥 = 0   ;    𝐴 = −1 

𝑥 = −1   ;   𝐵 = 1 

 

−1

𝑥 𝑥 + 1 
=

−1

𝑥
+

1

 𝑥 + 1 
= 𝑙𝑛 𝑥 + 1 − 𝑙𝑛 𝑥 = 𝑙𝑛  

𝑥 + 1

𝑥
           ;               𝐼. 𝐹. = 𝑒 𝑙𝑛 

1+𝑥
𝑥

  𝑑𝑥
=  

𝒙 + 𝟏

𝒙
  

 

 

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥 𝑥 + 1 
=

𝑥2

 𝑥 + 1 
𝑒𝑥         ;         

𝑥 + 1

𝑥
 

𝑑𝑦

𝑑𝑥
−  

𝑥 + 1

𝑥
 

𝑦

𝑥 𝑥 + 1 
=  

𝑥 + 1

𝑥
 

𝑥2

 𝑥 + 1 
𝑒𝑥 = 𝒙𝒆𝒙 

 

𝒚  
𝒙 + 𝟏

𝒙
 =  𝒙𝒆𝒙 𝒅𝒙    

 

 

 𝑥𝑒𝑥  𝑑𝑥                           ;       𝑢 = 𝑥       𝑑𝑢 =  𝑑𝑥          𝑑𝑣 = 𝑒𝑥𝑑𝑥        𝑣 = 𝑒𝑥  

 

 𝑥𝑒𝑥  𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 =    𝑥𝑒𝑥 −  𝑒𝑥  𝑑𝑥 =  𝒙𝒆𝒙 − 𝒆𝒙 

 

𝑦  
𝑥 + 1

𝑥
 = 𝑥𝑒𝑥 − 𝑒𝑥 + 𝑐    

 

 

𝒚 =  
𝒙

𝒙 + 𝟏
 (𝒙𝒆𝒙 − 𝒆𝒙 + 𝒄)    
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(f)  
𝑑𝑦

𝑑𝑥
+ 𝑦 = 5𝑐𝑜𝑠2𝑥     ;                         𝐼. 𝐹. =  𝑒 1 𝑑𝑥 = 𝑒𝑥  

 

𝑒𝑥  
𝑑𝑦

𝑑𝑥
+ 𝑒𝑥𝑦 = 5𝑒𝑥𝑐𝑜𝑠2𝑥     

 

𝒚𝒆𝒙 = 𝟓  𝒆𝒙𝒄𝒐𝒔𝟐𝒙 𝒅𝒙                          ;       𝑢 = 𝑐𝑜𝑠2𝑥       𝑑𝑢 = −2𝑠𝑖𝑛2𝑥 𝑑𝑥          𝑑𝑣 = 𝑒𝑥𝑑𝑥        𝑣 = 𝑒𝑥  

 

 𝑒𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = 𝒄𝒐𝒔𝟐𝒙 𝒆𝒙 + 𝟐  𝑒𝑥 𝑠𝑖𝑛2𝑥 𝑑𝑥    

 

 𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥                                         ;       𝑢 = 𝑠𝑖𝑛2𝑥       𝑑𝑢 = 2𝑐𝑜𝑠2𝑥 𝑑𝑥          𝑑𝑣 = 𝑒𝑥𝑑𝑥        𝑣 = 𝑒𝑥  

 

 𝑒𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = 𝑠𝑖𝑛2𝑥 𝑒𝑥 − 2  𝑒𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥    

 

 

 𝑒𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 = 𝑐𝑜𝑠2𝑥 𝑒𝑥 + 2  𝑠𝑖𝑛2𝑥 𝑒𝑥 − 2  𝑒𝑥 𝑐𝑜𝑠2𝑥 𝑑𝑥  

 

 𝑒𝑥𝑐𝑜𝑠2𝑥 𝑑𝑥 =
1

5
𝑐𝑜𝑠2𝑥 𝑒𝑥 +

2

5
𝑠𝑖𝑛2𝑥 𝑒𝑥  

 

𝑦𝑒𝑥 = 5  
1

5
𝑐𝑜𝑠2𝑥 𝑒𝑥 +

2

5
𝑠𝑖𝑛2𝑥 𝑒𝑥 + 𝑐 

 

𝑦 =  𝑐𝑜𝑠2𝑥 + 2𝑠𝑖𝑛2𝑥 + 𝑐𝑒𝑥  
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(g)  (1 − 𝑥)
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 = (1 − 𝑥)2𝑒−𝑥      ;      

𝑑𝑦

𝑑𝑥
+

𝑥𝑦

(1−𝑥)
= (1 − 𝑥)𝑒−𝑥       𝐼. 𝐹. =  𝑒

 
𝑥

(1−𝑥)
 𝑑𝑥

 

 

 
𝑥

(1 − 𝑥)
 𝑑𝑥    ;         𝑢 = 1 − 𝑥     𝑥 = 1 − 𝑢        𝑑𝑢 = −𝑑𝑥     ;   =  

 𝑢 − 1 

𝑢
 𝑑𝑢 =  1 −

1

𝑢
 𝑑𝑢 

 

 1 −
1

𝑢
 𝑑𝑢 = 𝑢 − 𝑙𝑛 𝑢 =  1 − 𝑥 − 𝑙𝑛 1 − 𝑥  

 

  𝐼. 𝐹. =  𝑒
 

𝑥
(1−𝑥)

 𝑑𝑥
= 𝑒 1−𝑥 −𝑙𝑛 1−𝑥 = 𝑒 1−𝑥 𝑒−𝑙𝑛 1−𝑥 =

1

(1 − 𝑥)
𝑒 1−𝑥  

 

1

(1 − 𝑥)
𝑒 1−𝑥 𝑑𝑦

𝑑𝑥
+

1

(1 − 𝑥)
𝑒 1−𝑥 𝑥𝑦

(1 − 𝑥)
=

1

(1 − 𝑥)
𝑒 1−𝑥 (1 − 𝑥)𝑒−𝑥      

𝑒 1−𝑥 

(1 − 𝑥)

𝑑𝑦

𝑑𝑥
+

𝑥𝑒 1−𝑥 𝑦

(1 − 𝑥)2
= 𝑒 1−2𝑥      

 

𝑦
𝑒 1−𝑥 

(1 − 𝑥)
=  𝑒 1−2𝑥  𝑑𝑥 

 

𝑦
𝑒 1−𝑥 

(1 − 𝑥)
= 𝑒  𝑒 −2𝑥  𝑑𝑥 

 

𝑦
𝑒 1−𝑥 

(1 − 𝑥)
= 𝑒  −

1

2
𝑒−2𝑥 + 𝑐  

 

 

𝑦 =
(1 − 𝑥)

𝑒 1−𝑥 
𝑒  −

1

2
𝑒−2𝑥 + 𝑐  

 

𝑦 =
(1 − 𝑥)

𝑒 −𝑥 
 −

1

2
𝑒−2𝑥 + 𝑐  

 

𝑦 = 𝑐𝑒𝑥(1 − 𝑥) −
1

2
𝑒−𝑥(1 − 𝑥) 
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(h)  
𝑑𝑦

𝑑𝑥
+

(𝑥+1)

𝑥
𝑦 = 𝑒−𝑥      ;      𝐼. 𝐹. =  𝑒 

(𝑥+1)

𝑥
 𝑑𝑥 =  𝑒 1+

1

𝑥
 𝑑𝑥 =  𝑒𝑥+𝑙𝑛 𝑥 = 𝑥𝑒𝑥  

 

𝑥𝑒𝑥
𝑑𝑦

𝑑𝑥
+ 𝑥𝑒𝑥𝑦 = 𝑥𝑒𝑥𝑒−𝑥      

 

𝑥𝑒𝑥
𝑑𝑦

𝑑𝑥
+ 𝑥𝑒𝑥𝑦 = 𝑥     

 

𝑦𝑥𝑒𝑥 =  𝑥 𝑑𝑥 

 

𝑦𝑥𝑒𝑥 =
𝑥2

2
+ 𝑐 

 

𝑦 =
𝑥𝑒−𝑥

2
+

𝑐𝑒−𝑥

𝑥
 

 

 

𝑦 = 𝑒−𝑥  
𝑥

2
+

𝑐

𝑥
  

__________________________________________________________________________________________ 
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(i) 𝑥(𝑥 + 1) 
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑥(𝑥 + 1)2𝑒−𝑥      ;    

𝑑𝑦

𝑑𝑥
+

𝑦

𝑥(𝑥+1)
= (𝑥 + 1)𝑒−𝑥     𝐼. 𝐹. =  𝑒

 
1

𝑥(𝑥+1)
 𝑑𝑥

 

 

1

𝑥(𝑥 + 1)
=

𝐴

𝑥
+

𝐵

(𝑥 + 1)
           ;                   1 = 𝐴 𝑥 + 1 + 𝐵𝑥 

 

𝑥 = 0        𝐴 = 1 

𝑥 = −1    𝐵 = −1 

1

𝑥(𝑥 + 1)
=

1

𝑥
−

1

(𝑥 + 1)
 

 

 
1

𝑥(𝑥 + 1)
 𝑑𝑥 =  

1

𝑥
−

1

(𝑥 + 1)
 𝑑𝑥 = 𝑙𝑛 𝑥 − 𝑙𝑛 𝑥 + 1 = 𝑙𝑛  

𝑥

𝑥 + 1
  

 

 𝐼. 𝐹. =  𝑒
 

1
𝑥(𝑥+1)

 𝑑𝑥
=  𝑒

𝑙𝑛 
𝑥

𝑥+1
 

=  
𝒙

𝒙 + 𝟏
  

 
𝑥

𝑥 + 1
 
𝑑𝑦

𝑑𝑥
+

𝑦

(𝑥 + 1)2
= 𝑥𝑒−𝑥       

 

𝑦  
𝑥

𝑥 + 1
 =  𝑥𝑒−𝑥  𝑑𝑥 

 

 𝑥𝑒−𝑥  𝑑𝑥      ;     𝑢 = 𝑥          𝑑𝑢 = 𝑑𝑥           𝑑𝑣 = 𝑒−𝑥𝑑𝑥       𝑣 = −𝑒−𝑥  

 

 𝑥𝑒−𝑥  𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = −𝑥𝑒−𝑥 +  𝑒−𝑥  𝑑𝑥 =  −𝒙𝒆−𝒙 − 𝒆−𝒙 

 

                              𝑦  
𝑥

𝑥 + 1
 = −𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝑐 

 

                                              𝑦 = − 𝑥 + 1 𝑒−𝑥  1 −
1

𝑥
 + 𝑐

(𝑥 + 1)

𝑥
 

 

                                              𝑦 = − 𝑥 + 1 𝑒−𝑥  
𝑥 − 1

𝑥
 +

𝑐(𝑥 + 1)

𝑥
=

𝒄(𝒙 + 𝟏)

𝒙
−

 𝒙 + 𝟏 𝟐

𝒙
𝒆−𝒙 
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(j)  
𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑡𝑥 = 𝑐𝑜𝑠𝑥     ;        𝐼. 𝐹. =  𝑒 𝑐𝑜𝑡𝑥  𝑑𝑥  

 

 𝑐𝑜𝑡𝑥 𝑑𝑥 =  
𝑐𝑜𝑠𝑥 

𝑠𝑖𝑛𝑥
𝑑𝑥            ;       𝑢 = 𝑠𝑖𝑛𝑥     𝑑𝑢 = 𝑐𝑜𝑠𝑥 𝑑𝑥     ;      

1 

𝑢
𝑑𝑢 = 𝑙𝑛 𝑢 = 𝑙𝑛 𝑠𝑖𝑛𝑥  

 

 𝐼. 𝐹. =  𝑒 𝑐𝑜𝑡𝑥  𝑑𝑥 = 𝑒𝑙𝑛  𝑠𝑖𝑛𝑥  = 𝒔𝒊𝒏𝒙 

 

𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦𝑠𝑖𝑛𝑥𝑐𝑜𝑡𝑥 = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 

 

𝑦𝑠𝑖𝑛𝑥 =  𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 =
1

2
 𝑠𝑖𝑛2𝑥 𝑑𝑥 

 

𝑦𝑠𝑖𝑛𝑥 = −
1

4
𝑐𝑜𝑠2𝑥 + 𝑐 

 

𝑦 = −
𝑐𝑜𝑠2𝑥

4𝑠𝑖𝑛𝑥
+

𝑐

𝑠𝑖𝑛𝑥
 

 

𝒚 = 𝒄 𝒄𝒐𝒔𝒆𝒄𝒙 −
𝒄𝒐𝒔𝟐𝒙

𝟒𝒔𝒊𝒏𝒙
 

 

____________________________________________________________________________________ 
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2. 𝑥
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥3     ;       

𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 𝑥2        ;      𝐼. 𝐹. =  𝑒 

2

𝑥
 𝑑𝑥 =   𝑒2𝑙𝑛 𝑥 = 𝑥2 

 

𝑥2
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 𝑥4 

 

𝑦𝑥2 =  𝑥4 𝑑𝑥 

𝑦𝑥2 =
𝑥5

5
+ 𝐶 

  

𝒚 =
𝒙𝟑

𝟓
+

𝑪

𝒙𝟐
 

 

𝑥 = 1      𝑦 = 2                                                                  2 =
(1)3

5
+

𝐶

(1)2
                  ;       𝐶 =

9

5
 

𝑦 =
𝑥3

5
+

9

5𝑥2
 

 

𝒚 =
𝟏

𝟓𝒙𝟐  𝒙𝟓 + 𝟗  

__________________________________________________________________________________________ 
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(b)    (1 + 𝑥)
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥2     ;       

𝑑𝑦

𝑑𝑥
+

2

(1+𝑥)
𝑦 =

𝑥2

(1+𝑥)
        ;      𝐼. 𝐹. =  𝑒

 
2

(1+𝑥)
 𝑑𝑥

=   𝑒2𝑙𝑛 1+𝑥 = (1 + 𝑥)2 

 

(1 + 𝑥)2
𝑑𝑦

𝑑𝑥
+ 2(1 + 𝑥)𝑦 = 𝑥2(1 + 𝑥) 

(1 + 𝑥)2
𝑑𝑦

𝑑𝑥
+ 2(1 + 𝑥)𝑦 = 𝑥2 + 𝑥3 

 

𝑦(1 + 𝑥)2 =  𝑥2 + 𝑥3 𝑑𝑥 

𝑦(1 + 𝑥)2 =
𝑥3

3
+

𝑥4

4
+ 𝐶 

  

𝑦 =
𝑥3

3(1 + 𝑥)2
+

𝑥4

4(1 + 𝑥)2
+

𝐶

(1 + 𝑥)2
 

 

𝑥 = 0      𝑦 = 0                                                                  0 = 0 + + 𝐶                  ;       𝐶 = 0 

 

𝑦 =
𝑥3

3(1 + 𝑥)2
+

𝑥4

4(1 + 𝑥)2
=

𝑥3

(1 + 𝑥)2
 

1

3
+

𝑥

4
  

 

𝑦 =
𝑥3

(1 + 𝑥)2
 

4 + 3𝑥

12
  

 

𝒚 =
𝒙𝟑(𝟑𝒙 + 𝟒)

𝟏𝟐(𝟏 + 𝒙)𝟐
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Error !!!! Check ! 

(c)    𝑠𝑖𝑛𝑥
𝑑𝑦

𝑑𝑥
− 𝑦𝑐𝑜𝑠𝑥 = 1     ;       

𝑑𝑦

𝑑𝑥
−

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
𝑦 =

1

𝑠𝑖𝑛𝑥
        ;      𝐼. 𝐹. =  𝑒− 

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥  

 

 
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥     ;   𝑢 = 𝑠𝑖𝑛𝑥       𝑑𝑢 = 𝑐𝑜𝑠𝑥 𝑑𝑢         ;    

𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥
 𝑑𝑥 =   

1

𝑢
 𝑑𝑢 = 𝑙𝑛 𝑢 =  𝑙𝑛 𝑠𝑖𝑛𝑥   

 

 𝐼. 𝐹. =  𝑒− 
𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥

 𝑑𝑥 =   𝑒− 𝑙𝑛 𝑠𝑖𝑛𝑥  =
𝟏

𝒔𝒊𝒏𝒙
 

 

1

𝑠𝑖𝑛𝑥

𝑑𝑦

𝑑𝑥
−

𝑐𝑜𝑡𝑥

𝑠𝑖𝑛𝑥
 𝑦 =

1

𝑠𝑖𝑛2𝑥
 

 

𝑦
1

𝑠𝑖𝑛𝑥
=  

1

𝑠𝑖𝑛2𝑥
𝑑𝑥 

𝑦
1

𝑠𝑖𝑛𝑥
=  𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 

𝑦
1

𝑠𝑖𝑛𝑥
= −𝑐𝑜𝑡𝑥 + 𝑐 

  

𝑦 = −𝑠𝑖𝑛𝑥𝑐𝑜𝑡𝑥 + 3 𝑠𝑖𝑛𝑥 

 

𝑥 =
𝜋

2
      𝑦 = 3                                                                  3 = 0 +  𝐶                  ;       𝐶 = 3 

 

𝑦 = −𝑠𝑖𝑛𝑥𝑐𝑜𝑡𝑥 + 3 𝑠𝑖𝑛𝑥 
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(d)    𝑥 𝑥 + 1 
𝑑𝑦

𝑑𝑥
+ 𝑦 =  𝑥 + 1 2𝑒𝑥      ;       

𝑑𝑦

𝑑𝑥
+

𝑦

𝑥 𝑥+1 
=

 𝑥+1 

𝑥
𝑒𝑥         ;      𝐼. 𝐹. =  𝑒

 
1

𝑥 𝑥+1 
 𝑑𝑥

 

 

1

𝑥 𝑥 + 1 
=

𝐴

𝑥
+  

𝐵

(𝑥 + 1)
       ;              1 = 𝐴 𝑥 + 1 + 𝐵𝑥 

 

𝑥 = 0      𝐴 = 1 

𝑥 = −1      𝐵 = −1 

1

𝑥 𝑥 + 1 
=

1

𝑥
− 

1

(𝑥 + 1)
 

 

 𝐼. 𝐹. =  𝑒
  

1
𝑥
− 

1
(𝑥+1)

 𝑑𝑥
=   𝑒𝑙𝑛 𝑥 −𝑙𝑛 𝑥+1 =   𝑒

𝑙𝑛 
𝑥

𝑥+1
 

=  
𝒙

𝒙 + 𝟏
  

 

 
𝑥

𝑥 + 1
 

𝑑𝑦

𝑑𝑥
+

𝑦

 𝑥 + 1 2
= 𝑒𝑥  

𝑦  
𝑥

𝑥 + 1
 =  𝑒𝑥 𝑑𝑥 

𝑦 =  
𝑥 + 1

𝑥
  𝑒𝑥 + 𝑐  

 

𝑥 = 1      𝑦 = 0                                                        0 =  
1 + 1

1
  𝑒𝑥 + 𝑐              ;     𝑐 = −𝑒 

 

𝑦 =  
𝑥 + 1

𝑥
  𝑒𝑥 − 𝑒  
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(e)    𝑥
𝑑𝑦

𝑑𝑥
= 𝑦 + 𝑥2 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥      ;      

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥
= 𝑥2 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥         ;      𝐼. 𝐹. =  𝑒− 

1

𝑥
 𝑑𝑥 = 𝑒−𝑙𝑛 𝑥 =

𝟏

𝒙
 

 

 
1

𝑥
 

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥2
= 𝑥(𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥) 

 

𝑦

𝑥
=  𝑥(𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥) 𝑑𝑥 

 

 

 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥          ;    𝑢 = 𝑥           𝑑𝑢 = 𝑑𝑥      𝑑𝑣 = 𝑠𝑖𝑛𝑥 𝑑𝑥       𝑣 = −𝑐𝑜𝑠𝑥    

 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = −𝑥𝑐𝑜𝑠𝑥 +  𝑐𝑜𝑠𝑥 𝑑𝑥 =  −𝒙𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙 

 

 𝑥𝑐𝑜𝑠𝑥 𝑑𝑥          ;    𝑢 = 𝑥           𝑑𝑢 = 𝑑𝑥      𝑑𝑣 = 𝑐𝑜𝑠𝑥 𝑑𝑥       𝑣 = 𝑠𝑖𝑛𝑥    

 𝑥𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = 𝑥𝑠𝑖𝑛𝑥 −  𝑠𝑖𝑛𝑥 𝑑𝑥 =  𝒙𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙 

 

𝑦

𝑥
= −𝒙𝒄𝒐𝒔𝒙 + 𝒔𝒊𝒏𝒙 + 𝒙𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙 + 𝒄 

 

𝑥 =
𝜋

2
     𝑦 = 0                                                        0 = 0 + 1 +

𝜋

2
+ 0 + 𝑐             ;     𝑐 = −

𝜋

2
− 1 

 

𝒚 = 𝒙𝟐 𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙 + 𝒙 𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙 − 𝒙  
𝝅

𝟐
+ 𝟏  
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