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Advanced Higher Maths

Unit 1.4 Second Order Differential Equations Solutions
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Advanced Higher - Second Order Differential Equations Solutions

Ex2 General Solution Second Order

1

d
537 +2y=0

(D-2)(D-1)=0

i AE: D2 —-3D+2=0

;s D=2andD =1 ; GS:y=Ae* +Be*

)

d%y dy _
b. SF—42+3y =0

dx?

(D-3)(D-1)=0

i AE: D2 —4D+3=0

; D=3andD=1 ; GS:y=Ae3 +Be*

d%y dy
C I dx 0 ’

D(D-3)=0

)

AE: D2 —-3D =0

D=3andD=0 ; GS:y=Ae3+ Be%

2
d 252-92+9y=0

(2D -3)(D—-3)=0

i AE: 2D —-9D +9=0

3 3
; D=ZandD=3 ; GS: y = AeZ® 4+ Be3*
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Advanced Higher - Second Order Differential Equations Solutions

2
2. 22+62+9y=0 . AE:D*+6D+9=0
(D+3)(D+3)=0 ; D=-3andD=-3 ; GS:y=(A+Bx)e*
b. 4£2 4 4% Ly g . AE: 4D?+4D+1=0
' dx? dx y ’ '
1 1 1
2D +1)(2D+1) =0 . D=—--andD=—-= ; GS:y=(A+Bx)e 2"
2 2
2
c. 22-62+9y=0 ; AE:D?’-6D+9=0
(D—-3)(D-3)=0 . D=3andD=3 ; GS:y=(A+Bx)e¥*
d ﬁ+2nd—y+n2 =0 ; AE: D*+2nD+n*=0
© o dx? dx y= ! ' n n=
(D—-n)(D-n)=0 ; D=nandD=n ; GS:y=(A+Bx)e™
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Advanced Higher - Second Order Differential Equations Solutions

4’y | 5 dy _ ) Y _
3. dx2+2dx+2y_0 ; AE: D*+2D+2=0

b? — 4ac = 4 — 4(1)(2) = —4 hence no real roots (complex roots)

—24+./22 —-4(1)(2 2++V—4
‘= T 20 ()()z —2 =—14+i ; y = e *(Acosx + Bsinx)

%y | 4 dy _ ) . D2 _
b. dx2+4—dx+8y—0 ; AE: D“+4D+8=0

b? — 4ac = 16 — 4(1)(8) = —16 hence no real roots (complex roots)

—4++/~16
x=—=—-= 242 ; y=e ?*(Acos2x + Bsin2x)
@y L 6% 413y =0 . AE: D>+ 6D +13=0
c. dx? dx y= ! ) -

b? — 4ac = 36 — 4(1)(13) = —16 hence no real roots (complex roots)

—6+V-16
- = -342i

5 ; y = e 3*(Acos2x + Bsin2x)

X

2
d Z2+Zyy=0 ; AED*+D+1=0

b? —4ac = 1 —4(1)(1) = —3 hence no real roots (complex roots)

—1+vV=3 —-1++3i 1 3
= > = > ;. y=e Zx(Acos7x + Bsin7x)

X
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Advanced Higher - Second Order Differential Equations Solutions

Ex3 - General Solution Second Order Equations

%y _ 4 dy — .3 ) . D2 _ _
1 -4 +3y=x ; AE: D2 —4D+3=0
(D-1)({D-3)=0 ; D=1and D=3 ; y=Ae*+Be**

Since x3 try y=Cx3+Dx>+Ex+F

d

&Y o 3Cx? 4 2Dx +E

dx

dzy

@=6Cx+2D
d’y  dy
—— —4—+3y=x"3
dx? dx+ y=x

(6Cx +2D) —4(3Cx% + 2Dx + E) +3(Cx® + Dx* + Ex + F) = x 3

Comparing coefficients :

3 3C=1 C !
X7 = ; =5
3
5 4
x“; —-12C+3D=0 ; —-4+3D=0 ; D=§
32 26 26
x; 6—8D+3E=0 ; 2——+3E=0 ; 3FE=-—— s E=—
3 3 9
tant; 2D —4E+3F =0 8 104+3F—0 3F—80 E—80
constant ; = b3 9 = ; =3 ; ==

3x L3 4,
G.S.=C.F.+P.1.; y=Ae*+Be* +-x"+-x"+—x+—
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Advanced Higher - Second Order Differential Equations Solutions

2
b. 2X-y=2-5xr ; AE:D*-1=0
Mb-1)MD=1)=0 ; D=1and D=-1 ; y=Ae* +Be™

Since 2 — 5x try y=Cx+D

dy

—~=C

dx

dZ

YY)

dx?
dzy
m—yzZ—Sx

0+0—-(Cx+D)=2-5x

Comparing coefficients:

x; C=5

constant; D = -2

G.S.=C.F.4+P.1.; y=Ae ™™ +Be*+5x—-2

Adv. Higher Unit 1.4 Differential (Second Order) Equations Worked Solutions Page 5



Advanced Higher - Second Order Differential Equations Solutions

4’y | edy _ 2 ) . N2 _
C. dx2+5dx+4y_32x ;o AE: D“4+5D+4=0

(D+1)(D+4)=0 ; D=—-1land D=-4 ; y=Ae *+Be ™

Since 32x? try y=Cx*+Dx+E

dy

—=2C D

dx X+

d?y

—=2C

dx?
¥y+5dy+4 = 32x?
dx? dx Y= oex

0+0—-(Cx+D)=2-5x

Comparing coefficients:

X C=5

constant; D = -2

G.S.=C.F.4+P.1.; y=Ae ™™ +Be*+5x—-2
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Advanced Higher - Second Order Differential Equations Solutions

2
d,%+zj_§+zy:x2+1 ; AE: D>42D+42=0
b? — 4ac = 4 — 4(1)(2) = —4 hence no real roots (complex roots)
—2++V-4
x:T:_lii ; y = e *(Acosx + Bsinx)

Since x> + 1try y=Cx*+Dx+E

dy

— =2Cx+D

dx X +

d’y

—=2C

dx?
d’y _dy
—S+2—+2y=x%+1
T Tl ty=x'+

20+2(R2Cx+D)+2(Cx*+Dx+E)=x*+1

Comparing coefficients:

x2 20=1 ; C=-
X; 4C+2D =0 ; 2+2D=0 ; D=-1
constant; 2C+2D+2E =1 ; 1-24+2E=1 ; E=1

1
G.S.=C.F.+P.1.; y=e*(Acosx + Bsinx) +§x2 —-x+1
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Advanced Higher - Second Order Differential Equations Solutions

2

D—-1DMD+3)=0 ; D=1and D=-3 ; y=Ae*+Be ¥
( y

Since 10e?* try y = Ce?*

dy

——=2Ce*

dx €

d?y

W = 4C€2x
d*y _dy
—= +2——3y =10e%*
dx? + dx Y €

4Ce? + 4Ce?* — 3(Ce?) = 10e?*
Comparing coefficients:

e?*; 5C =10 ;0 C=2

G.S.=C.F.+P.1.; y=Ae*+ Be 3* +2e%*
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Advanced Higher - Second Order Differential Equations Solutions

2
b. 472+132+9y=7e7%  ; AE:4D’+13D+9=0

9 _9
4D+9)MD+1)=0 ; D=—1andD=—Z ; y=Ae™* + Be ¥

Since 7e ** try y = Ce ?*
dy
——=-2Ce™**
dx €
d?y
_ -2
axz = e
d*y dy
4—=4+13—=4+9y =T =
dx? + dx+ Y €

16Ce™%* — 26Ce™2* + 9Ce 2% = 72X

—Ce™%* = 7e7%%

Comparing coefficients:

e —C=7 ; C=-7

9
G.S.=C.F.4P.1.; y=Ae™ +Be % —7e %%
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Advanced Higher - Second Order Differential Equations Solutions

dz_y_d_y_ — X . . 2 _ 9 —
S —2y=e ; AE: D?—D-2=0
(D-2)D+1)=0 ; D=2and D=-1 ; y=Ae™* +Be?**

Since Ce* try y = Ce*

dy

- = Ce*

dx €

d%y

A x

a2 Ce
d*y dy
gy =X
dx? dx y=e

Ce* — Ce* — 2Ce* = e*
—2Ce* = e*

Comparing coefficients:

e -2C=1 ; C=-2

1
G.S.=C.F.4+P.1.; y=Ae™ + Be%* —Eex
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Advanced Higher - Second Order Differential Equations Solutions

ﬁ_ d_y — —2x . . 2 _ _
d —S-4_-+4y=2e ; AE: D?—4D+4=0
(D-2)(D-2)=0 ; D=2and D=2 ; y=e**(A+ Bx)

Since Ce* try y = Ce %%
dy
——=-2Ce™**
dx €
d?y
_ -2
W = 4Ce™**
d’y  dy
— 4 ——F 4y =2 —2x
dx? dx+ y=ce
4Ce™%* + 8Ce™* 4+ 4Ce* = 2e™%*
16Ce™2% = 2¢72%
Comparing coefficients:
1
e %% 16C = 2 ; C= 3

1
G.S.=C.F.+P.1.; y=e**(A+ Bx) +§e—2x
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Advanced Higher - Second Order Differential Equations Solutions

3. &y

d ,
T —3%+2y = sinx

: AE: D2—-3D+2=0
D-1D)D-2)=0

; D=1and D=2 ; y=Ae*+Be?**

Since sinx try  y = Csinx + Dcosx

_y = Ccosx — Dsinx
dx

d*y

i —Csinx — Dcosx = —(Csinx + Dcosx)

d’y dy .
m—35+2y=smx

—(Csinx + Dcosx) — 3(Ccosx — Dsinx) + 2(Csinx + Dcosx) = sinx

Comparing coefficients:

sinx ; —-C+3D+2C=1 ; C+3D=1
coSX ; —-D—-3C+2D=0 ;0 —3C+D=0 ; D=3C
Sim.E C+9C=1 10C =1 C—1 D =
im.Eqn.: +9C=1 ; = : =T =15
1 3
G.S.=C.F.+P.1.; y= ezx(A+Bx)+Esinx+Ecosx
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Advanced Higher - Second Order Differential Equations Solutions

d’y _ ,dy - . . N2 _ _
b. -——=—2-——+y=10cos2x ; AE:D°—1D+1=0
(D-1)(D-1)=0 ; D=1land D=1 ; y=(A+Bx)e*

Since 10cos2x try  y = Csin2x + Dcos2x

i = 2Ccos2x — 2Dsin2x
dx

d2
d_x:;’ = —4(Csin2x — 4Dcos2x = —4(Csin2x + Dcos2x)

d?y dy
—Z 2z =1 2
T dx +y Ocos2x

—4(Csin2x + Dcos2x) — 2(2Ccos2x — 2Dsin2x) + (Csin2x + Dcos2x) = 10cos2x

Comparing coefficients:

sinx ; —4C+4D+C =0 ;. —3C+4D =0

10 + 4C
cosx; —4D —4C+D =10 ; —4C-3D=10 ; D=——j7
_ 10 + 4C 40 8
Sim. Eqn.. —3c+4<_—3)=0; 9IC+40+16C=0 ; 25C=-40 C=-5== -
Sim. Eqn.. 3( 8)+4D—0- ap=_2t p_H__5
im.Eqn.: z =0 ; =—= ==30~ "5

8 6
G.S.=C.F.+P.I.; y=(A+ Bx)e* —Esinx—gcosx
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Advanced Higher - Second Order Differential Equations Solutions

2
c. 452+y=4dsinx  ; AE: 4D*+1=0

b? —4ac = 0 — 4(4)(1) = —16 hence no real roots (complex roots)

X = =+

-0++v-16 ) o1 1
— 5 i y=(AsmEx+BcosEx)

N =

Since 4sinx try y = Csinx + Dcosx

&y = Ccosx — Dsinx

dx
&’y = —Csi D = —(Csinx+ D
pr i sinx cosx = —(Csinx cosx)
4 ’y +y =4si
Tz TV = 4sinx

—4(Csinx + Dcosx) + (Csinx + Dcosx) = 4sinx

Comparing coefficients:

sinx ; —4C+C=4 ; C=-—

CcoSX ; —4D+D =0 ; D=0

1 1 4
G.S=CF.+P.1 ; y= (AsinEx+ Bcosix) —§sinx
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Advanced Higher - Second Order Differential Equations Solutions

2
d. d_y+83_§+25y:26cos3x ; AE: D*+8D+25=0

dx?

b? — 4ac = 64 — 4(1)(25) = —36 hence no real roots (complex roots)

—8++V—36
X = % =—4+3i ; y = e **(Asin3x + Bcos3x)

Since 26cos3x try y = Csin3x + Dcos3x

dy )
— = 3Ccos3x — 3Dsin3x
dx

2

d
d_x)Z’ = —9Csin3x — 9Dcos3x = —9(Csin3x + Dcos3x)

d’y _dy
TxZ + 85 + 25y = 26c053x

—9(Csin3x + Dcos3x) + 8(3Ccos3x — 3Dsin3x) + 25(Csin3x + Dcos3x) = 26cos3x

Comparing coefficients:

3
sinx ; —9C—-24D +25C =0 ; 16C—-24D=0 ; 2C—-3D=0 ; C=§D
cosx ; —9D + 24C + 25D = 26 ; 24C+16D =26 ; 12C+8D =13

1
Sim.Eqn.: 18D +8D =13 ; 26D =13 ; D=E
Sim.Eqn.: 2C 3—0' C—3
im.Eqn.: >=0; =2

3 1
G.S.=C.F.+P.I.; y=e **(4sin3x + Bcos3x) + Zsian + Ecos3x
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Advanced Higher - Second Order Differential Equations Solutions

ﬁ d_y — 2 p2X . . D2 —
4. dx2+4dx+4y—x e ; AE: D +4D+4=0

(D+2)(D+2)=0 ; D=-2and D=-2 ; y=(A+Bx)e **

Since x —e?** try  y=Cx+ D + Fe**

d
2~ ¢+ 2Fe
dx
d’y

— 2
axz = HFe”

d*y  dy
—— +4—+4y=x—e¥
dx? + dx +4y=x—e

4Fe®* + 4(C + 2Fe®*) + 4(Cx + D + Fe?*) = x — e?*

Comparing coefficients:

1
2, 4F + 8F + 4F = —1 ; F=——
e + + T
4C =1 (j—l
X; = ; =2
1
constant ; 4C+4D =0 ; D:_Z
G.S.=CF.+P.1. ; y=(A+Bx)e‘2x+1x_1_ier
.S. .F.+P.I. ; 2 1 16
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Advanced Higher - Second Order Differential Equations Solutions

2
b. 2+Z—6y=e*+e™ ; AE:D*+D-6=0

(D-2)(D+3)=0 ; D=2and D=-3 ; y=Ae** + Be 3*

Sincee*+e™ try y=~Ce*+De™*

dy X —X
a— Ce* — De

2

y -
W=Cex+De *

d’y  dy Yy g
W‘FE—Q)/—B +e

(Ce*+De ™)+ (Ce* —De™™)—6(Ce*+De ™) =e*+e7*

Comparing coefficients:

1
e*; c+CcC—-6C=1 ; C=——
4
1
X; D—-D—-6D=1 ; D=—=—
6

2 ax_ 1 1 _

G.S.=C.F.+P.1I. ; y=Aex+Be x—Zex—gex
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Advanced Higher - Second Order Differential Equations Solutions

dz_y d_y — 1 pX . . D2 —
dx2+4dx+8y—x e ; AE: D +4D+8=0

b? — 4ac = 16 — 4(1)(8) = —16 hence no real roots (complex roots)

_ —4+v-16

x > =-242i ; y=e **(Asin2x + Bcos2x)

Sincex —e* try y=Cx+ D+ Ee*

dy

= Ee*
dx C+Ee
d%y

A X

a2 Ee

d’y  dy
—+4—+8y=x—¢e"
dx + dx +8y=x—e

(Ee*)+4(C+Ee*) +8(Cx+ D+ Ee*) =x—e*

Comparing coefficients:

1
X E+4E +8E = —1 ; E=-—
e 13
8C =1 C—1
X ; = , 8
tant 4C+8D =0 D= .
constant ; = ’ T 16
G.S.= C.F.+P.1. : _e—Zx(Asian+Bcos2x)+1 ! L
S.=C.F.+P.L; y= 8 16 13°
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Advanced Higher - Second Order Differential Equations Solutions

2
d 492442 4y —e*—2c0s2x  ; AE: 4D +4D+1=0
dx dx
1 1 1,
@D+D@D+1D=0 ; D=-zandD=-2 ;y=(A+Bx)e?

Since e* — 2cos2x try y = Ce* + (Dsin2x + Ecos2x)

d

& _ Ce* + 2Dcos2x — 2Esin2x
dx

dzy—C" 4(Dsin2x + Ecos2
1z - ce (Dsin2x + Ecos2x)

4d2y+4dy+ = e* — 2cos2
I L ty=e cos2x

4[Ce* — 4(Dsin2x + Ecos2x)]| + 4[Ce* + 2Dcos2x — 2Esin2x] + Ce* + (Dsin2x + Ecos2x) = e* — 2cos2x

Comparing coefficients:

1
ex; AC+4C+C=1 ; C=§
15D
Sin2x; —16D—8E+D=0 ; —15D—8E =0 ; E=j:;
15D 16
CcOS2x ; —16E+8D+E=0 ;. —15E+8D = -2 ; —15(—>+8D=—2 ;o D=———
-8 289
1
o 15(-am) _ 30
N -8 "~ 289

G.S.=C.F.+P.I. ; —(A+B)_%x+1" 16 in2 +30 2
.= 0.r. A5y = x)e 96 2895m X 289COS X
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Advanced Higher - Second Order Differential Equations Solutions

2
B. T2+52+6y=3e%  ; AE: D*+5D+6=0

(D+2)(D+3)=0 ; D=-2and D=-3 ; y=Ae ?*+ Be™3*
y

Since 3e™** try y = Cxe ?*

=C du_C — 52X dv_ 2—2x
u=~0Lx dx_ v=e dx_ e

dy_ du+ dv_C_Zx P
dx_vdx udx_ € xe

2 du dv 5
—2Cxe “* ; u=-2x —=-2C wv=e = —2e™

dx dx

— =v—+4u—=—2Ce %" + 4Cxe ¥

dZ

d_x}zl = —2Ce*—2Ce™%* + 4Cxe™** = —4Ce %* + 4Cxe™%*
d2y+5dy+6 =3
dx? dx y=2oe

(—4Ce™* + 4Cxe ) + 5(Ce™%* — 2Cxe™>*) + 6(Cxe2¥) = 3e™%*

Comparing coefficients:

e~ —4C +5C =3 ; c=3

G.S.=C.F.+P.1.; y=Ae ?* +Be 3* + 3xe %*
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Advanced Higher - Second Order Differential Equations Solutions

2
b. 22 —42 +3y =2¢* AE: D> —4D +3=0

(D-3)(D—-1)=0 ; D=3and D=1 ; y=Ae*+ Be3*
y

Since 2e* try y=Cxe*

_ du_C o dv_ .
u=~=Cx T v=e dx_e
dy du

L — DA X X
I vdx+udx Ce* + Cxe

du dv
Cxe* ; u=_~Cx C

— X

— v=e —=e*
dx dx

dy du+ dv—Cx+C X
dx_vdx udx_ ¢ xe

2
—}2} = Ce* + Ce* + Cxe* = 2Ce* + Cxe*
dx

d*y dy
L — 4= 43y =2¢e"
dx? dx+ Y €

2Ce* + Cxe* — 4(Ce™ + Cxe*) + 3(Cxe*) = 2e*
Comparing coefficients:

X

; 20—-4C=2

G.S.=C.F.+P.I.; y=Ae*+ Be3* — xe*
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Advanced Higher - Second Order Differential Equations Solutions

A’y | o dy = o : . D2 _
6. —+2+2y=sinx ; AE:D*+2D+2=0
b? — 4ac = 4 — 4(1)(2) = —4 hence no real roots (complex roots)
—2+V-4
szz -1+i ; y = e *(Asinx + Bcosx)

Since sinx try y = Csinx + Dcosx

dy .
— = Ccosx — Dsinx
dx
&’y = —(Csinx+ D
pr i (Csinx cosx)
d*y  _dy .
W-{_ZE-I_Z}} = sinx

—(Csinx + Dcosx) + 2(Ccosx — Dsinx) + 2(Csinx + Dcosx) = sinx

Comparing coefficients:

sinx ; —-C-2D+2C=1 ; c-2D=1 ; C=1+2D

2
CcOSX ; —-D+2C+2D=0 ; D+2C=0 ; D+24+4D=0 ; D=—§
c-1 4_1
= ==

1 2
G.S.=C.F.+P.1.; y=e*(Asinx + Bcosx) + Esinx — Ecosx
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Advanced Higher - Second Order Differential Equations Solutions

1 2
y = e *(Asinx + Bcosx) + Esinx —3 cosx

=0 x=0 0= B = 2
y=0x= = ; =3
dy
Z=0x=0
dx x
u=e™> du _ e™ v = (Asinx + Bcosx) v _ (Acosx — Bsinx)
B dx B dx
YW B % o e (asinx + Beosx) + e (A Bsinx)
- Vo T e sinx cosx) +e cosx — Bsinx
dy A _ , 1 2 .
F —e *(Asinx + Bcosx) + e *(Acosx — Bsinx) + Ecosx + Esmx
dy
—~ =0 x=0
dx x
dy 1
—=-B+A+=-=0
dx 5
2+A+1—0 A—1
5 5 ’ 5

e (Loing 2 Loinx-2
y=e 5Sln.?(,' 5C0S.X' + ssmx 5COS.X'
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Advanced Higher - Second Order Differential Equations Solutions

ﬁ_d_y_ _ 3x . . 2 _ i
. 5~ —6y="5e ; AE:D?*—-D-6=0
(D-3)(D+2)=0 ; D=3 and D=-2 ; y=Ae3*+Be **

Since 5e3* try  y = Cxe3*

=C du_C —_ ,3x dv_3 3x
u=Cx T v=e T e
d du dv
% =vo—tu——= Ce3* + 3Cxe3*
d
d—i = Ce3* + 3Cxe3*
3Cxe3*
—3cx Pz poenr Dogen
u=3Cx Fi v=e i e
d du dv
% = va+ U= 3Ce3* + 9Cxe3*
dzy 3x 3x 3x 3x 3x
ax? = 3Ce>* 4+ 3Ce>* + 9Cxe”* = 6Ce’* + 9Cxe
d’y dy
—Z _ 2 _6y=5 3x
a2 dx Y ¢
(6Ce3* + 9Cxe3%) — (Ce3* + 3Cxe3*) — 6(Cxe3*) = 5e3*
Comparing coefficients:
e3* 6C—C=5 ; c=1

G.S.=C.F.+P.I.; y=Ae3 +Be2*+ xe3*
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Advanced Higher - Second Order Differential Equations Solutions

y = Ae3* + Be ?* + xe3*

y=1x=0 1=4+B ; A=1-B
xe3x
_ du_1 o dv_ .
u=x T v=e dx_e
dy du

dv
—=v—+u—=e* X1+ xe* =e* +xe*
dx dx dx

d
—y=3Ae3x—ZBe_2x+ex+xex
dx
dy
— = —6 =
dx X
—-6=34—-2B+1
3A—2B =-7
3(1—-B)—-2B=-7 ; 3—-5B=-7 ; B=2 ;. A=1-B ; A=-1
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