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Ex2 General Solution Second Order   

 

1. 
𝑑2𝑦

𝑑𝑥2 − 3
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 0            ;     𝐴𝐸:  𝐷2 − 3𝐷 + 2 = 0  

 

 𝐷 − 2  𝐷 − 1 = 0            ;   𝐷 = 2 𝑎𝑛𝑑 𝐷 = 1      ;     𝐺𝑆:  𝑦 = 𝐴𝑒2𝑥 + 𝐵𝑒𝑥 

 

 

b.  
𝑑2𝑦

𝑑𝑥2 − 4
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 0            ;     𝐴𝐸:  𝐷2 − 4𝐷 + 3 = 0  

 

 𝐷 − 3  𝐷 − 1 = 0          ;   𝐷 = 3 𝑎𝑛𝑑 𝐷 = 1      ;     𝐺𝑆:  𝑦 = 𝐴𝑒3𝑥 + 𝐵𝑒𝑥 

 

 

c.  
𝑑2𝑦

𝑑𝑥2 − 3
𝑑𝑦

𝑑𝑥
= 0            ;     𝐴𝐸:  𝐷2 − 3𝐷 = 0  

 

𝐷 𝐷 − 3 = 0            ;       𝐷 = 3 𝑎𝑛𝑑 𝐷 = 0     ;      𝐺𝑆:  𝑦 = 𝐴𝑒3 + 𝐵𝑒3𝑥 

 

 

d.  2
𝑑2𝑦

𝑑𝑥2 − 9
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 0            ;     𝐴𝐸:  2𝐷2 − 9𝐷 + 9 = 0  

 

(2𝐷 − 3) 𝐷 − 3 = 0            ;       𝐷 =
3

2
 𝑎𝑛𝑑 𝐷 = 3     ;     𝐺𝑆:  𝑦 = 𝐴𝑒

3
2

3 + 𝐵𝑒3𝑥 
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2.  
𝑑2𝑦

𝑑𝑥2 + 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 6𝐷 + 9 = 0  

 

 𝐷 + 3  𝐷 + 3 = 0            ;       𝐷 = −3 𝑎𝑛𝑑 𝐷 = −3     ;     𝐺𝑆:  𝑦 = (𝐴 + 𝐵𝑥)𝑒−3𝑥 

_____________________________________________________________________ 

b.  4
𝑑2𝑦

𝑑𝑥2 + 4
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0            ;     𝐴𝐸:  4𝐷2 + 4𝐷 + 1 = 0  

 

 2𝐷 + 1  2𝐷 + 1 = 0            ;       𝐷 = −
1

2
 𝑎𝑛𝑑 𝐷 = −

1

2
     ;     𝐺𝑆:  𝑦 = (𝐴 + 𝐵𝑥)𝑒−

1
2
𝑥 

_____________________________________________________________________ 

c.  
𝑑2𝑦

𝑑𝑥2 − 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 0            ;     𝐴𝐸:  𝐷2 − 6𝐷 + 9 = 0  

 

 𝐷 − 3  𝐷 − 3 = 0            ;       𝐷 = 3 𝑎𝑛𝑑 𝐷 = 3     ;     𝐺𝑆:  𝑦 = (𝐴 + 𝐵𝑥)𝑒3𝑥 

_____________________________________________________________________ 

d.  
𝑑2𝑦

𝑑𝑥2 + 2𝑛
𝑑𝑦

𝑑𝑥
+ 𝑛2𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 2𝑛𝐷 + 𝑛2 = 0  

 

 𝐷 − 𝑛  𝐷 − 𝑛 = 0            ;       𝐷 = 𝑛 𝑎𝑛𝑑 𝐷 = 𝑛     ;     𝐺𝑆:  𝑦 = (𝐴 + 𝐵𝑥)𝑒𝑛𝑥  

_____________________________________________________________________ 
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3.    
𝑑2𝑦

𝑑𝑥2 + 2
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 2𝐷 + 2 = 0  

 

𝑏2 − 4𝑎𝑐 = 4 − 4 1  2 = −4  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−2 ±  22 − 4 1 (2)

2(1)
=

2 ±  −4

2
= −1 ± 𝑖      ;         𝑦 = 𝑒−𝑥(𝐴𝑐𝑜𝑠𝑥 + 𝐵𝑠𝑖𝑛𝑥) 

 

 

b.    
𝑑2𝑦

𝑑𝑥2 + 4
𝑑𝑦

𝑑𝑥
+ 8𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 4𝐷 + 8 = 0  

 

𝑏2 − 4𝑎𝑐 = 16 − 4 1  8 = −16  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−4 ±  −16

2
= −2 ± 2𝑖      ;         𝑦 = 𝑒−2𝑥(𝐴𝑐𝑜𝑠2𝑥 + 𝐵𝑠𝑖𝑛2𝑥) 

 

 

c.    
𝑑2𝑦

𝑑𝑥2 + 6
𝑑𝑦

𝑑𝑥
+ 13𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 6𝐷 + 13 = 0  

 

𝑏2 − 4𝑎𝑐 = 36 − 4 1  13 = −16  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−6 ±  −16

2
= −3 ± 2𝑖      ;         𝑦 = 𝑒−3𝑥(𝐴𝑐𝑜𝑠2𝑥 + 𝐵𝑠𝑖𝑛2𝑥) 

 

d.    
𝑑2𝑦

𝑑𝑥2 +
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0            ;     𝐴𝐸:  𝐷2 + 𝐷 + 1 = 0  

 

𝑏2 − 4𝑎𝑐 = 1 − 4 1  1 = −3  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−1 ±  −3

2
=

−1 ±  3i

2
      ;         𝑦 = 𝑒−

1
2
𝑥(𝐴𝑐𝑜𝑠

 3

2
𝑥 + 𝐵𝑠𝑖𝑛

 3

2
𝑥) 
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Ex3 – General Solution Second Order Equations 

1.     
𝑑2𝑦

𝑑𝑥2 − 4
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑥 3           ;     𝐴𝐸:  𝐷2 − 4𝐷 + 3 = 0  

 

 𝐷 − 1  𝐷 − 3 = 0       ;      𝐷 = 1  𝑎𝑛𝑑  𝐷 = 3         ;   𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒3𝑥 

 

𝑆𝑖𝑛𝑐𝑒 𝑥3 𝑡𝑟𝑦         𝑦 = 𝐶𝑥3 + 𝐷𝑥2 + 𝐸𝑥 + 𝐹 

 

                                 
𝑑𝑦

𝑑𝑥
= 3𝐶𝑥2 + 2𝐷𝑥 + 𝐸 

 

                                 
𝑑2𝑦

𝑑𝑥2
= 6𝐶𝑥 + 2𝐷 

 

𝑑2𝑦

𝑑𝑥2
− 4

𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑥 3 

 

 6𝐶𝑥 + 2𝐷 − 4 3𝐶𝑥2 + 2𝐷𝑥 + 𝐸 + 3 𝐶𝑥3 + 𝐷𝑥2 + 𝐸𝑥 + 𝐹 = 𝑥 3 

 

Comparing coefficients : 

 

𝑥 3 ;       3𝐶 = 1      ;      𝐶 =
1

3
 

𝑥 2 ;     −12𝐶 + 3𝐷 = 0     ;     −4 + 3𝐷 = 0      ;      𝐷 =
4

3
 

𝑥 ;     6𝐶 − 8𝐷 + 3𝐸 = 0     ;     2 −
32

3
+ 3𝐸 = 0      ;     3𝐸 = −

26

3
              ;        𝐸 =

26

9
 

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;     2𝐷 − 4𝐸 + 3𝐹 = 0     ;    
8

3
−

104

9
+ 3𝐹 = 0      ;     3𝐹 =

80

9
              ;        𝐸 =

80

27
 

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒3𝑥 +
1

3
𝑥3 +

4

3
𝑥2 +

26

9
𝑥 +

80

27
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b.  
𝑑2𝑦

𝑑𝑥2 − 𝑦 = 2 − 5𝑥           ;     𝐴𝐸:  𝐷2 − 1 = 0  

 

 𝐷 − 1  𝐷 = 1 = 0       ;      𝐷 = 1  𝑎𝑛𝑑  𝐷 = −1         ;   𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒−𝑥  

 

𝑆𝑖𝑛𝑐𝑒 2 − 5𝑥 𝑡𝑟𝑦         𝑦 = 𝐶𝑥 + 𝐷 

 

                                 
𝑑𝑦

𝑑𝑥
= 𝐶 

 

                                 
𝑑2𝑦

𝑑𝑥2
= 0 

 

𝑑2𝑦

𝑑𝑥2
− 𝑦 = 2 − 5𝑥 

 

0 + 0 −  𝐶𝑥 + 𝐷 = 2 − 5𝑥 

 

Comparing coefficients: 

 

𝑥 ;     𝐶 = 5           

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;     𝐷 = −2 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒𝑥 + 5𝑥 − 2 
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c.  
𝑑2𝑦

𝑑𝑥2 + 5
𝑑𝑦

𝑑𝑥
+ 4𝑦 = 32𝑥2           ;     𝐴𝐸:  𝐷2 + 5𝐷 + 4 = 0  

 

 𝐷 + 1  𝐷 + 4 = 0       ;      𝐷 = −1  𝑎𝑛𝑑  𝐷 = −4         ;   𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒−4𝑥  

 

 

𝑆𝑖𝑛𝑐𝑒 32𝑥2 𝑡𝑟𝑦         𝑦 = 𝐶𝑥2 + 𝐷𝑥 + 𝐸 

 

                                 
𝑑𝑦

𝑑𝑥
= 2𝐶𝑥 + 𝐷 

 

                                 
𝑑2𝑦

𝑑𝑥2
= 2𝐶 

 

𝑑2𝑦

𝑑𝑥2
+ 5

𝑑𝑦

𝑑𝑥
+ 4𝑦 = 32𝑥2 

0 + 0 −  𝐶𝑥 + 𝐷 = 2 − 5𝑥 

 

Comparing coefficients: 

 

𝑥 ;                     𝐶 = 5           

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;     𝐷 = −2 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒𝑥 + 5𝑥 − 2 
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d.  
𝑑2𝑦

𝑑𝑥2 + 2
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥2 + 1           ;     𝐴𝐸:  𝐷2 + 2𝐷 + 2 = 0  

 

𝑏2 − 4𝑎𝑐 = 4 − 4 1  2 = −4  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−2 ±  −4

2
= −1 ± 𝑖      ;         𝑦 = 𝑒−𝑥(𝐴𝑐𝑜𝑠𝑥 + 𝐵𝑠𝑖𝑛𝑥) 

 

𝑆𝑖𝑛𝑐𝑒 𝑥2 + 1 𝑡𝑟𝑦         𝑦 = 𝐶𝑥2 + 𝐷𝑥 + 𝐸 

 

                                 
𝑑𝑦

𝑑𝑥
= 2𝐶𝑥 + 𝐷 

 

                                 
𝑑2𝑦

𝑑𝑥2
= 2𝐶 

 

𝑑2𝑦

𝑑𝑥2
+ 2

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥2 + 1 

 

2𝐶 + 2 2 𝐶𝑥 + 𝐷 + 2(𝐶𝑥2 + 𝐷𝑥 + 𝐸) = 𝑥2 + 1 

 

 

Comparing coefficients: 

 

𝑥2 ;                  2𝐶 = 1                   ;        𝐶 =
1

2
           

𝑥 ;                     4𝐶 + 2𝐷 = 0          ;        2 + 2𝐷 = 0       ;          𝐷 = −1      

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;     2𝐶 + 2𝐷 + 2𝐸 = 1        ;        1 − 2 + 2𝐸 = 1        ;         𝐸 = 1   

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝑒−𝑥 𝐴𝑐𝑜𝑠𝑥 + 𝐵𝑠𝑖𝑛𝑥 +
1

2
𝑥2 − 𝑥 + 1 
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2. 
𝑑2𝑦

𝑑𝑥2 + 2
𝑑𝑦

𝑑𝑥
− 3𝑦 = 10𝑒2𝑥            ;     𝐴𝐸:  𝐷2 + 2𝐷 − 3 = 0  

 

 𝐷 − 1  𝐷 + 3 = 0       ;      𝐷 = 1  𝑎𝑛𝑑  𝐷 = −3         ;   𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒−3𝑥  

 

 

𝑆𝑖𝑛𝑐𝑒 10𝑒2𝑥  𝑡𝑟𝑦         𝒚 = 𝑪𝒆𝟐𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝟐𝑪𝒆𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒𝑪𝒆𝟐𝒙 

𝑑2𝑦

𝑑𝑥2
+ 2

𝑑𝑦

𝑑𝑥
− 3𝑦 = 10𝑒2𝑥  

 

4𝐶𝑒2𝑥 + 4𝐶𝑒2𝑥 − 3(𝐶𝑒2𝑥) = 10𝑒2𝑥  

 

Comparing coefficients: 

 

𝑒2𝑥  ;                  5𝐶 = 10                   ;        𝐶 = 2           

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒−3𝑥 + 2𝑒2𝑥  
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b.    4
𝑑2𝑦

𝑑𝑥2 + 13
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 7𝑒−2𝑥            ;     𝐴𝐸:  4𝐷2 + 13𝐷 + 9 = 0  

 

 4𝐷 + 9  𝐷 + 1 = 0       ;      𝐷 = −1  𝑎𝑛𝑑  𝐷 = −
9

4
         ;   𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒−

9
4
𝑥  

 

 

𝑆𝑖𝑛𝑐𝑒 7𝑒−2𝑥  𝑡𝑟𝑦         𝒚 = 𝑪𝒆−𝟐𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= −𝟐𝑪𝒆−𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒𝑪𝒆−𝟐𝒙 

4
𝑑2𝑦

𝑑𝑥2
+ 13

𝑑𝑦

𝑑𝑥
+ 9𝑦 = 7𝑒−2𝑥  

 

16𝐶𝑒−2𝑥 − 26𝐶𝑒−2𝑥 + 9𝐶𝑒−2𝑥 = 7𝑒−2𝑥 

 

−𝐶𝑒−2𝑥 = 7𝑒−2𝑥 

 

Comparing coefficients: 

 

𝑒−2𝑥  ;                 −𝐶 = 7                   ;        𝐶 = −7           

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒−
9
4
𝑥 − 7𝑒−2𝑥  
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c.    
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 2𝑦 = 𝑒𝑥            ;     𝐴𝐸:  𝐷2 − 𝐷 − 2 = 0  

 

 𝐷 − 2  𝐷 + 1 = 0       ;      𝐷 = 2  𝑎𝑛𝑑  𝐷 = −1         ;   𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒2𝑥  

 

 

𝑆𝑖𝑛𝑐𝑒 𝐶𝑒𝑥  𝑡𝑟𝑦         𝒚 = 𝑪𝒆𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪𝒆𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝑪𝒆𝒙 

 
𝑑2𝑦

𝑑𝑥2
−
𝑑𝑦

𝑑𝑥
− 2𝑦 = 𝑒𝑥  

 

𝐶𝑒𝑥 − 𝐶𝑒𝑥 − 2𝐶𝑒𝑥 = 𝑒𝑥  

 

−2𝐶𝑒𝑥 = 𝑒𝑥  

 

Comparing coefficients: 

 

𝑒−2𝑥  ;                 −2𝐶 = 1                   ;        𝐶 = −
1

2
           

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒2𝑥 −
1

2
𝑒𝑥  
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d.    
𝑑2𝑦

𝑑𝑥2 − 4
𝑑𝑦

𝑑𝑥
+ 4𝑦 = 2𝑒−2𝑥            ;     𝐴𝐸:  𝐷2 − 4𝐷 + 4 = 0  

 

 𝐷 − 2  𝐷 − 2 = 0       ;      𝐷 = 2  𝑎𝑛𝑑  𝐷 = 2         ;   𝑦 = 𝑒2𝑥(𝐴 + 𝐵𝑥) 

 

 

𝑆𝑖𝑛𝑐𝑒 𝐶𝑒𝑥  𝑡𝑟𝑦         𝒚 = 𝑪𝒆−𝟐𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= −𝟐𝑪𝒆−𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒𝑪𝒆−𝟐𝒙 

  
𝑑2𝑦

𝑑𝑥2
− 4

𝑑𝑦

𝑑𝑥
+ 4𝑦 = 2𝑒−2𝑥  

 

4𝐶𝑒−2𝑥 + 8𝐶𝑒−2𝑥 + 4𝐶𝑒𝑥 = 2𝑒−2𝑥  

 

16𝐶𝑒−2𝑥 = 2𝑒−2𝑥  

 

Comparing coefficients: 

 

𝑒−2𝑥  ;                 16𝐶 = 2                   ;        𝐶 =
1

8
           

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝑒2𝑥 𝐴 + 𝐵𝑥 +
1

8
𝑒−2𝑥  
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3.    
𝑑2𝑦

𝑑𝑥2 − 3
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑠𝑖𝑛𝑥           ;     𝐴𝐸:  𝐷2 − 3𝐷 + 2 = 0  

 

 𝐷 − 1  𝐷 − 2 = 0       ;      𝐷 = 1  𝑎𝑛𝑑  𝐷 = 2         ;   𝑦 = 𝐴𝑒𝑥 + 𝐵𝑒2𝑥 

 

 

𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝑥 𝑡𝑟𝑦        𝒚 = 𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪𝒄𝒐𝒔𝒙 − 𝑫𝒔𝒊𝒏𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= −𝑪𝒔𝒊𝒏𝒙 −𝑫𝒄𝒐𝒔𝒙 = −(𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙) 

 

 

 
𝑑2𝑦

𝑑𝑥2
− 3

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑠𝑖𝑛𝑥 

 

 

− 𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥 − 3 𝐶𝑐𝑜𝑠𝑥 − 𝐷𝑠𝑖𝑛𝑥 + 2(𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥) = 𝑠𝑖𝑛𝑥 

 

 

Comparing coefficients: 

 

𝑠𝑖𝑛𝑥 ;                −𝐶 + 3𝐷 + 2𝐶 = 1                   ;        𝐶 + 3𝐷 = 1           

𝑐𝑜𝑠𝑥 ;                −𝐷 − 3𝐶 + 2𝐷 = 0                   ;       −3𝐶 + 𝐷 = 0      ;     𝐷 = 3𝐶           

 

𝑆𝑖𝑚.𝐸𝑞𝑛. :          𝐶 + 9𝐶 = 1   ;       10𝐶 = 1      ;     𝐶 =
1

10 
          𝐷 =

3

10
           

 

 

𝐺. 𝑆. = 𝐶.𝐹. +𝑃. 𝐼.  ;     𝑦 = 𝑒2𝑥 𝐴 + 𝐵𝑥 +
1

10
𝑠𝑖𝑛𝑥 +

3

10
𝑐𝑜𝑠𝑥 
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b.    
𝑑2𝑦

𝑑𝑥2 − 2
𝑑𝑦

𝑑𝑥
+ 𝑦 = 10𝑐𝑜𝑠2𝑥           ;     𝐴𝐸:  𝐷2 − 1𝐷 + 1 = 0  

 

 𝐷 − 1  𝐷 − 1 = 0       ;      𝐷 = 1  𝑎𝑛𝑑  𝐷 = 1         ;   𝒚 = (𝑨 + 𝑩𝒙)𝒆𝟐𝒙 

 

 

𝑆𝑖𝑛𝑐𝑒 10𝑐𝑜𝑠2𝑥  𝑡𝑟𝑦        𝒚 = 𝑪𝒔𝒊𝒏𝟐𝒙 + 𝑫𝒄𝒐𝒔𝟐𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝟐𝑪𝒄𝒐𝒔𝟐𝒙 − 𝟐𝑫𝒔𝒊𝒏𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= −𝟒𝑪𝒔𝒊𝒏𝟐𝒙 − 𝟒𝑫𝒄𝒐𝒔𝟐𝒙 = −𝟒(𝑪𝒔𝒊𝒏𝟐𝒙 + 𝑫𝒄𝒐𝒔𝟐𝒙) 

 

 

 
𝑑2𝑦

𝑑𝑥2
− 2

𝑑𝑦

𝑑𝑥
+ 𝑦 = 10𝑐𝑜𝑠2𝑥 

 

−4 𝐶𝑠𝑖𝑛2𝑥 + 𝐷𝑐𝑜𝑠2𝑥 − 2 2𝐶𝑐𝑜𝑠2𝑥 − 2𝐷𝑠𝑖𝑛2𝑥 + (𝐶𝑠𝑖𝑛2𝑥 + 𝐷𝑐𝑜𝑠2𝑥) = 10𝑐𝑜𝑠2𝑥 

 

 

Comparing coefficients: 

 

𝑠𝑖𝑛𝑥 ;                −4𝐶 + 4𝐷 + 𝐶 = 0                   ;           −3𝐶 + 4𝐷 = 0           

𝑐𝑜𝑠𝑥 ;                −4𝐷 − 4𝐶 + 𝐷 = 10                   ;       −4𝐶 − 3𝐷 = 10      ;     𝐷 =
10 + 4𝐶

−3
           

 

𝑆𝑖𝑚.𝐸𝑞𝑛. :         −3𝐶 + 4  
10 + 4𝐶

−3
 = 0   ;       9𝐶 + 40 + 16𝐶 = 0      ;     25𝐶 = −40         𝐶 = −

40

25
=  −

𝟖

𝟓
        

 

𝑆𝑖𝑚.𝐸𝑞𝑛. :         −3  −
8

5
 + 4𝐷 = 0   ;       4𝐷 = −

24

5
         𝐷 = −

24

20
=  −

𝟔

𝟓
        

 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;     𝒚 =  𝑨 + 𝑩𝒙 𝒆𝟐𝒙 −
𝟖

𝟓
𝒔𝒊𝒏𝒙 −

𝟔

𝟓
𝒄𝒐𝒔𝒙 

 

  



Advanced Higher – Second Order Differential Equations Solutions 

Adv. Higher Unit 1.4 Differential (Second Order) Equations Worked Solutions Page 14 
 

 

c.    4
𝑑2𝑦

𝑑𝑥2 + 𝑦 = 4𝑠𝑖𝑛𝑥           ;     𝐴𝐸:  4𝐷2 + 1 = 0  

 

𝑏2 − 4𝑎𝑐 = 0 − 4 4  1 = −16  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−0 ±  −16

8
= ±

1

2
𝑖      ;         𝒚 =  𝑨𝒔𝒊𝒏

𝟏

𝟐
𝒙 + 𝑩𝒄𝒐𝒔

𝟏

𝟐
𝒙  

 

 

𝑆𝑖𝑛𝑐𝑒 4𝑠𝑖𝑛𝑥  𝑡𝑟𝑦        𝒚 = 𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪𝒄𝒐𝒔𝒙 − 𝑫𝒔𝒊𝒏𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= −𝑪𝒔𝒊𝒏𝒙 −𝑫𝒄𝒐𝒔𝒙 = −(𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙) 

 

 

 4
𝑑2𝑦

𝑑𝑥2
+ 𝑦 = 4𝑠𝑖𝑛𝑥 

 

−4 𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥 + (𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥) = 4𝑠𝑖𝑛𝑥 

 

 

Comparing coefficients: 

 

𝑠𝑖𝑛𝑥 ;                −4𝐶 + 𝐶 = 4                   ;           𝐶 = −
𝟒

𝟑
          

𝑐𝑜𝑠𝑥 ;                −4𝐷 + 𝐷 = 0                   ;         𝐷 = 𝟎               

 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;     𝒚 =  𝑨𝒔𝒊𝒏
𝟏

𝟐
𝒙 + 𝑩𝒄𝒐𝒔

𝟏

𝟐
𝒙 −

𝟒

𝟑
𝒔𝒊𝒏𝒙 
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d.    
𝑑2𝑦

𝑑𝑥2 + 8
𝑑𝑦

𝑑𝑥
+ 25𝑦 = 26𝑐𝑜𝑠3𝑥           ;     𝐴𝐸:  𝐷2 + 8𝐷 + 25 = 0  

 

𝑏2 − 4𝑎𝑐 = 64 − 4 1  25 = −36  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−8 ±  −36

2
= −4 ± 3𝑖      ;         𝒚 = 𝒆−𝟒𝒙 𝑨𝒔𝒊𝒏𝟑𝒙 + 𝑩𝒄𝒐𝒔𝟑𝒙  

 

 

𝑆𝑖𝑛𝑐𝑒 26𝑐𝑜𝑠3𝑥  𝑡𝑟𝑦        𝒚 = 𝑪𝒔𝒊𝒏𝟑𝒙 + 𝑫𝒄𝒐𝒔𝟑𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝟑𝑪𝒄𝒐𝒔𝟑𝒙 − 𝟑𝑫𝒔𝒊𝒏𝟑𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= −𝟗𝑪𝒔𝒊𝒏𝟑𝒙 − 𝟗𝑫𝒄𝒐𝒔𝟑𝒙 = −𝟗(𝑪𝒔𝒊𝒏𝟑𝒙 + 𝑫𝒄𝒐𝒔𝟑𝒙) 

 

 

 
𝑑2𝑦

𝑑𝑥2
+ 8

𝑑𝑦

𝑑𝑥
+ 25𝑦 = 26𝑐𝑜𝑠3𝑥 

 

−9 𝐶𝑠𝑖𝑛3𝑥 + 𝐷𝑐𝑜𝑠3𝑥 + 8 3𝐶𝑐𝑜𝑠3𝑥 − 3𝐷𝑠𝑖𝑛3𝑥 + 25(𝐶𝑠𝑖𝑛3𝑥 + 𝐷𝑐𝑜𝑠3𝑥) = 26𝑐𝑜𝑠3𝑥 

 

Comparing coefficients: 

 

𝑠𝑖𝑛𝑥 ;                −9𝐶 − 24𝐷 + 25𝐶 = 0                   ;           16𝐶 − 24𝐷 = 0       ;    2𝐶 − 3𝐷 = 0      ;     𝐶 =
3

2
𝐷 

𝑐𝑜𝑠𝑥 ;                −9𝐷 + 24𝐶 + 25𝐷 = 26                   ;       24𝐶 + 16𝐷 = 26      ;   12𝐶 + 8𝐷 = 13           

 

𝑆𝑖𝑚.𝐸𝑞𝑛. :         18𝐷 + 8𝐷 = 13   ;       26𝐷 = 13      ;         𝑫 =
𝟏

𝟐
   

 

𝑆𝑖𝑚.𝐸𝑞𝑛. :         2𝐶 −
3

2
= 0   ;             𝐶 =  

𝟑

𝟒
        

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;     𝒚 = 𝒆−𝟒𝒙 𝑨𝒔𝒊𝒏𝟑𝒙 + 𝑩𝒄𝒐𝒔𝟑𝒙 +
𝟑

𝟒
𝒔𝒊𝒏𝟑𝒙 +

𝟏

𝟐
𝒄𝒐𝒔𝟑𝒙 
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4.    
𝑑2𝑦

𝑑𝑥2 + 4
𝑑𝑦

𝑑𝑥
+ 4𝑦 = 𝑥 − 𝑒2𝑥            ;     𝐴𝐸:  𝐷2 + 4𝐷 + 4 = 0  

 

 𝐷 + 2  𝐷 + 2 = 0       ;      𝐷 = −2  𝑎𝑛𝑑  𝐷 = −2         ;   𝒚 = (𝑨 + 𝑩𝒙)𝒆−𝟐𝒙 

 

 

𝑆𝑖𝑛𝑐𝑒 𝑥 − 𝑒2𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒙 + 𝑫 + 𝑭𝒆𝟐𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪 + 𝟐𝑭𝒆𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒𝑭𝒆𝟐𝒙 

 

 

𝑑2𝑦

𝑑𝑥2
+ 4

𝑑𝑦

𝑑𝑥
+ 4𝑦 = 𝑥 − 𝑒2𝑥 

 

 

4𝐹𝑒2𝑥 + 4 𝐶 + 2𝐹𝑒2𝑥 + 4(𝐶𝑥 + 𝐷 + 𝐹𝑒2𝑥) = 𝑥 − 𝑒2𝑥  

 

 

Comparing coefficients: 

 

𝑒2𝑥 ;                4𝐹 + 8𝐹 + 4𝐹 = −1                   ;           𝐹 = −
𝟏

𝟏𝟔
      

𝑥 ;                4𝐶 = 1                   ;       𝐶 =
𝟏

𝟒
            

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;                4𝐶 + 4𝐷 = 0                   ;       𝐷 = −
𝟏

𝟒
           

 

 

 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;     𝒚 =  𝑨 + 𝑩𝒙 𝒆−𝟐𝒙 +
𝟏

𝟒
𝒙 −

𝟏

𝟒
−

𝟏

𝟏𝟔
𝒆𝟐𝒙 

 

  



Advanced Higher – Second Order Differential Equations Solutions 

Adv. Higher Unit 1.4 Differential (Second Order) Equations Worked Solutions Page 17 
 

 

 

b.    
𝑑2𝑦

𝑑𝑥2 +
𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑒𝑥 + 𝑒−𝑥            ;     𝐴𝐸:  𝐷2 + 𝐷 − 6 = 0  

 

 𝐷 − 2  𝐷 + 3 = 0       ;      𝐷 = 2  𝑎𝑛𝑑  𝐷 = −3         ;   𝒚 = 𝑨𝒆𝟐𝒙 + 𝑩𝒆−𝟑𝒙 

 

 

𝑆𝑖𝑛𝑐𝑒 𝑒𝑥 + 𝑒−𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒆𝒙 + 𝑫𝒆−𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪𝒆𝒙 −𝑫𝒆−𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝑪𝒆𝒙 + 𝑫𝒆−𝒙 

 

 

 
𝑑2𝑦

𝑑𝑥2
+
𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑒𝑥 + 𝑒−𝑥 

 

 𝑪𝒆𝒙 + 𝑫𝒆−𝒙 +  𝑪𝒆𝒙 −𝑫𝒆−𝒙 − 6(𝑪𝒆𝒙 + 𝑫𝒆−𝒙) = 𝑒𝑥 + 𝑒−𝑥  

 

 

Comparing coefficients: 

 

𝑒𝑥 ;                𝐶 + 𝐶 − 6𝐶 = 1                   ;           𝐶 = −
𝟏

𝟒
      

𝑥 ;                𝐷 −𝐷 − 6𝐷 = 1                   ;           𝐷 = −
𝟏

𝟔
            

 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;     𝒚 = 𝑨𝒆𝟐𝒙 + 𝑩𝒆−𝟑𝒙 −
𝟏

𝟒
𝑒𝑥 −

𝟏

𝟔
𝑒−𝑥 

_______________________________________________________________________ 
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c.    
𝑑2𝑦

𝑑𝑥2 + 4
𝑑𝑦

𝑑𝑥
+ 8𝑦 = 𝑥 − 𝑒𝑥            ;     𝐴𝐸:  𝐷2 + 4𝐷 + 8 = 0  

 

𝑏2 − 4𝑎𝑐 = 16 − 4 1  8 = −16  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−4 ±  −16

2
= −2 ± 2𝑖      ;         𝒚 = 𝒆−𝟐𝒙 𝑨𝒔𝒊𝒏𝟐𝒙 + 𝑩𝒄𝒐𝒔𝟐𝒙  

 

 

𝑆𝑖𝑛𝑐𝑒 𝑥 − 𝑒𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒙 + 𝑫 + 𝑬𝒆𝒙 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪 + 𝑬𝒆𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝑬𝒆𝒙 

 

 

  
𝑑2𝑦

𝑑𝑥2
+ 4

𝑑𝑦

𝑑𝑥
+ 8𝑦 = 𝑥 − 𝑒𝑥  

 

 𝑬𝒆𝒙 + 4 𝑪 + 𝑬𝒆𝒙 + 8(𝑪𝒙 + 𝑫 + 𝑬𝒆𝒙) = 𝑥 − 𝑒𝑥  

 

 

Comparing coefficients: 

 

𝑒𝑥 ;                𝐸 + 4𝐸 + 8𝐸 = −1                   ;           𝐸 = −
𝟏

𝟏𝟑
      

𝑥 ;                8𝐶 = 1                   ;           𝐶 =
𝟏

𝟖
            

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ;                4𝐶 + 8𝐷 = 0                   ;           𝐷 = −
𝟏

𝟏𝟔
            

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;    𝒚 = 𝒆−𝟐𝒙 𝑨𝒔𝒊𝒏𝟐𝒙 + 𝑩𝒄𝒐𝒔𝟐𝒙 +
𝟏

𝟖
𝑥 −

𝟏

𝟏𝟔
−

𝟏

𝟏𝟑
𝑒𝑥 

_______________________________________________________________________ 
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d.   4
𝑑2𝑦

𝑑𝑥2 + 4
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒𝑥 − 2𝑐𝑜𝑠2𝑥           ;     𝐴𝐸:  4𝐷2 + 4𝐷 + 1 = 0  

 

 2𝐷 + 1  2𝐷 + 1 = 0       ;      𝐷 = −
1

2
  𝑎𝑛𝑑  𝐷 = −

1

2
         ;   𝒚 = (𝑨 + 𝑩𝒙)𝒆−

𝟏
𝟐
𝒙 

 

 

𝑆𝑖𝑛𝑐𝑒 𝑒𝑥 − 2𝑐𝑜𝑠2𝑥  𝑡𝑟𝑦        𝒚 = 𝑪𝒆𝒙 + (𝑫𝒔𝒊𝒏𝟐𝒙 + 𝑬𝒄𝒐𝒔𝟐𝒙) 

 

 

                                 
𝒅𝒚

𝒅𝒙
= 𝑪𝒆𝒙 + 𝟐𝑫𝒄𝒐𝒔𝟐𝒙 − 𝟐𝑬𝒔𝒊𝒏𝟐𝒙 

 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝑪𝒆𝒙 − 𝟒(𝑫𝒔𝒊𝒏𝟐𝒙 + 𝑬𝒄𝒐𝒔𝟐𝒙) 

 

 

  4
𝑑2𝑦

𝑑𝑥2
+ 4

𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒𝑥 − 2𝑐𝑜𝑠2𝑥 

 

4 𝐶𝑒𝑥 − 4(𝐷𝑠𝑖𝑛2𝑥 + 𝐸𝑐𝑜𝑠2𝑥) + 4 𝐶𝑒𝑥 + 2𝐷𝑐𝑜𝑠2𝑥 − 2𝐸𝑠𝑖𝑛2𝑥 + 𝐶𝑒𝑥 + (𝐷𝑠𝑖𝑛2𝑥 + 𝐸𝑐𝑜𝑠2𝑥) = 𝑒𝑥 − 2𝑐𝑜𝑠2𝑥 

 

Comparing coefficients: 

 

𝑒𝑥 ;                4𝐶 + 4𝐶 + 𝐶 = 1                   ;           𝑪 =
𝟏

𝟗
      

𝑠𝑖𝑛2𝑥 ;               −16𝐷 − 8𝐸 + 𝐷 = 0                   ;          −15𝐷 − 8𝐸 = 0       ;      𝐸 =
15𝐷

−8
        

𝑐𝑜𝑠2𝑥 ;               −16𝐸 + 8𝐷 + 𝐸 = 0        ;      −15𝐸 + 8𝐷 = −2       ;      −15  
15𝐷

−8
 + 8𝐷 = −2       ;     𝑫 = −

𝟏𝟔

𝟐𝟖𝟗
 

 

𝑬 =
15  −

16
289 

−8
=

𝟑𝟎

𝟐𝟖𝟗
 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;    𝒚 =  𝑨 + 𝑩𝒙 𝒆−
𝟏
𝟐
𝒙 +

𝟏

𝟗
𝑒𝑥 −

𝟏𝟔

𝟐𝟖𝟗
𝒔𝒊𝒏𝟐𝒙 +

𝟑𝟎

𝟐𝟖𝟗
𝒄𝒐𝒔𝟐𝒙 

_______________________________________________________________________ 
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5.   
𝑑2𝑦

𝑑𝑥2 + 5
𝑑𝑦

𝑑𝑥
+ 6𝑦 = 3𝑒−2𝑥            ;     𝐴𝐸:  𝐷2 + 5𝐷 + 6 = 0  

 

 𝐷 + 2  𝐷 + 3 = 0       ;      𝐷 = −2  𝑎𝑛𝑑  𝐷 = −3         ;   𝒚 = 𝑨𝒆−𝟐𝒙 + 𝑩𝒆−𝟑𝒙 

 

𝑆𝑖𝑛𝑐𝑒 3𝑒−2𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒙𝒆−𝟐𝒙 

 𝑢 = 𝐶𝑥    
𝑑𝑢

𝑑𝑥
= 𝐶      𝑣 = 𝑒−2𝑥      

𝑑𝑣

𝑑𝑥
= −2𝑒−2𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑪𝒆−𝟐𝒙 − 𝟐𝑪𝒙𝒆−𝟐𝒙 

 

−𝟐𝑪𝒙𝒆−𝟐𝒙      ;         𝑢 = −2𝐶𝑥    
𝑑𝑢

𝑑𝑥
= −2𝐶      𝑣 = 𝑒−2𝑥      

𝑑𝑣

𝑑𝑥
= −2𝑒−2𝑥  

                                    
𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= −2𝐶𝑒−2𝑥 + 4𝐶𝑥𝑒−2𝑥  

 

                                 
𝑑2𝑦

𝑑𝑥2
= −2𝐶𝑒𝑥−2𝐶𝑒−2𝑥 + 4𝐶𝑥𝑒−2𝑥 = −𝟒𝑪𝒆−𝟐𝒙 + 𝟒𝑪𝒙𝒆−𝟐𝒙 

 

  
𝑑2𝑦

𝑑𝑥2
+ 5

𝑑𝑦

𝑑𝑥
+ 6𝑦 = 3𝑒−2𝑥  

 

(−4𝐶𝑒−2𝑥 + 4𝐶𝑥𝑒−2𝑥) + 5 𝐶𝑒−2𝑥 − 2𝐶𝑥𝑒−2𝑥 + 6 𝐶𝑥𝑒−2𝑥 = 3𝑒−2𝑥  

 

Comparing coefficients: 

    

𝑒−2𝑥  ;               −4𝐶 + 5𝐶 = 3                   ;          𝐶 = 3        

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;    𝒚 = 𝑨𝒆−𝟐𝒙 + 𝑩𝒆−𝟑𝒙 + 𝟑𝒙𝒆−𝟐𝒙 

_______________________________________________________________________ 
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b.   
𝑑2𝑦

𝑑𝑥2 − 4
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 2𝑒𝑥            ;     𝐴𝐸:  𝐷2 − 4𝐷 + 3 = 0  

 

 𝐷 − 3  𝐷 − 1 = 0       ;      𝐷 = 3  𝑎𝑛𝑑  𝐷 = 1         ;   𝒚 = 𝑨𝒆𝒙 + 𝑩𝒆𝟑𝒙 

 

𝑆𝑖𝑛𝑐𝑒 2𝑒𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒙𝒆𝒙 

 𝑢 = 𝐶𝑥    
𝑑𝑢

𝑑𝑥
= 𝐶      𝑣 = 𝑒𝑥      

𝑑𝑣

𝑑𝑥
= 𝑒𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑪𝒆𝒙 + 𝑪𝒙𝒆𝒙 

 

𝑪𝒙𝒆𝒙      ;         𝑢 = 𝐶𝑥    
𝑑𝑢

𝑑𝑥
= 𝐶      𝑣 = 𝑒𝑥      

𝑑𝑣

𝑑𝑥
= 𝑒𝑥  

                                    
𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝐶𝑒𝑥 + 𝐶𝑥𝑒𝑥  

 

                                 
𝑑2𝑦

𝑑𝑥2
= 𝐶𝑒𝑥 + 𝐶𝑒𝑥 + 𝐶𝑥𝑒𝑥 = 𝟐𝑪𝒆𝒙 + 𝑪𝒙𝒆𝒙 

 

  
𝑑2𝑦

𝑑𝑥2
− 4

𝑑𝑦

𝑑𝑥
+ 3𝑦 = 2𝑒𝑥  

 

2𝐶𝑒𝑥 + 𝐶𝑥𝑒𝑥 − 4 𝐶𝑒𝑥 + 𝐶𝑥𝑒𝑥 + 3 𝐶𝑥𝑒𝑥 = 2𝑒𝑥  

 

Comparing coefficients: 

    

𝑒𝑥  ;               2𝐶 − 4𝐶 = 2                   ;          𝐶 = −1        

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;    𝒚 = 𝑨𝒆𝒙 + 𝑩𝒆𝟑𝒙 − 𝒙𝒆𝒙 

_______________________________________________________________________ 
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6.   
𝑑2𝑦

𝑑𝑥2 + 2
𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑠𝑖𝑛𝑥           ;     𝐴𝐸:  𝐷2 + 2𝐷 + 2 = 0  

 

𝑏2 − 4𝑎𝑐 = 4 − 4 1  2 = −4  ℎ𝑒𝑛𝑐𝑒 𝑛𝑜 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 (𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠) 

 

𝑥 =
−2 ±  −4

2
= −1 ± 𝑖      ;         𝒚 = 𝒆−𝒙 𝑨𝒔𝒊𝒏𝒙 + 𝑩𝒄𝒐𝒔𝒙  

 

𝑆𝑖𝑛𝑐𝑒 𝑠𝑖𝑛𝑥  𝑡𝑟𝑦        𝒚 = 𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙 

 

                                                           
𝒅𝒚

𝒅𝒙
= 𝑪𝒄𝒐𝒔𝒙 − 𝑫𝒔𝒊𝒏𝒙 

 

                                 
𝒅𝟐𝒚

𝒅𝒙𝟐
= −(𝑪𝒔𝒊𝒏𝒙 + 𝑫𝒄𝒐𝒔𝒙) 

 

  
𝑑2𝑦

𝑑𝑥2
+ 2

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑠𝑖𝑛𝑥 

 

− 𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥 + 2 𝐶𝑐𝑜𝑠𝑥 − 𝐷𝑠𝑖𝑛𝑥 + 2 𝐶𝑠𝑖𝑛𝑥 + 𝐷𝑐𝑜𝑠𝑥 = 𝑠𝑖𝑛𝑥 

 

Comparing coefficients: 

    

𝑠𝑖𝑛𝑥 ;              −𝐶 − 2𝐷 + 2𝐶 = 1                   ;          𝐶 − 2𝐷 = 1       ;     𝐶 = 1 + 2𝐷  

𝑐𝑜𝑠𝑥 ;              −𝐷 + 2𝐶 + 2𝐷 = 0                   ;          𝐷 + 2𝐶 = 0       ;     𝐷 + 2 + 4𝐷 = 0    ;      𝐷 = −
2

5
 

 

𝐶 = 1 −
4

5
=

1

5
 

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;    𝒚 = 𝒆−𝒙 𝑨𝒔𝒊𝒏𝒙 + 𝑩𝒄𝒐𝒔𝒙 +
𝟏

𝟓
𝒔𝒊𝒏𝒙 −

𝟐

𝟓
𝒄𝒐𝒔𝒙 
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𝒚 = 𝒆−𝒙 𝑨𝒔𝒊𝒏𝒙 + 𝑩𝒄𝒐𝒔𝒙 +
𝟏

𝟓
𝒔𝒊𝒏𝒙 −

𝟐

𝟓
𝒄𝒐𝒔𝒙 

 

𝑦 = 0   𝑥 = 0                                       0 = 𝐵 −
2

5
                      ;                  𝑩 =

𝟐

𝟓
 

 

𝑑𝑦

𝑑𝑥
= 0   𝑥 = 0    

 𝑢 = 𝑒−𝑥     
𝑑𝑢

𝑑𝑥
= −𝑒−𝑥       𝑣 =  𝐴𝑠𝑖𝑛𝑥 + 𝐵𝑐𝑜𝑠𝑥      

𝑑𝑣

𝑑𝑥
=  𝐴𝑐𝑜𝑠𝑥 − 𝐵𝑠𝑖𝑛𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= −𝑒−𝑥 𝐴𝑠𝑖𝑛𝑥 + 𝐵𝑐𝑜𝑠𝑥 + 𝑒−𝑥 𝐴𝑐𝑜𝑠𝑥 − 𝐵𝑠𝑖𝑛𝑥  

 

𝒅𝒚

𝒅𝒙
= −𝑒−𝑥 𝑨𝒔𝒊𝒏𝒙 + 𝑩𝒄𝒐𝒔𝒙 + 𝒆−𝒙 𝑨𝒄𝒐𝒔𝒙 − 𝑩𝒔𝒊𝒏𝒙 +

𝟏

𝟓
𝒄𝒐𝒔𝒙 +

𝟐

𝟓
𝒔𝒊𝒏𝒙 

𝑑𝑦

𝑑𝑥
= 0   𝑥 = 0    

  
𝒅𝒚

𝒅𝒙
= −𝑩 + 𝑨 +

𝟏

𝟓
= 𝟎 

                                                              −
𝟐

𝟓
+ 𝑨 +

𝟏

𝟓
= 𝟎                     ;                𝑨 =

𝟏

𝟓
 

 

 

𝒚 = 𝒆−𝒙  
𝟏

𝟓
𝒔𝒊𝒏𝒙 −

𝟐

𝟓
𝒄𝒐𝒔𝒙 +

𝟏

𝟓
𝒔𝒊𝒏𝒙 −

𝟐

𝟓
𝒄𝒐𝒔𝒙 

_______________________________________________________________________ 
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7.   
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 5𝑒3𝑥            ;     𝐴𝐸:  𝐷2 − 𝐷 − 6 = 0  

 

 𝐷 − 3  𝐷 + 2 = 0       ;      𝐷 = 3  𝑎𝑛𝑑  𝐷 = −2         ;   𝒚 = 𝑨𝒆𝟑𝒙 + 𝑩𝒆−𝟐𝒙 

 

 

𝑆𝑖𝑛𝑐𝑒 5𝑒3𝑥   𝑡𝑟𝑦        𝒚 = 𝑪𝒙𝒆𝟑𝒙 

 

𝑢 = 𝐶𝑥    
𝑑𝑢

𝑑𝑥
= 𝐶      𝑣 = 𝑒3𝑥     

𝑑𝑣

𝑑𝑥
= 3𝑒3𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝐶𝑒3𝑥 + 3𝐶𝑥𝑒3𝑥  

 

                                                           
𝒅𝒚

𝒅𝒙
= 𝑪𝒆𝟑𝒙 + 𝟑𝑪𝒙𝒆𝟑𝒙 

 𝟑𝑪𝒙𝒆𝟑𝒙 

𝑢 = 3𝐶𝑥    
𝑑𝑢

𝑑𝑥
= 3𝐶      𝑣 = 𝑒3𝑥     

𝑑𝑣

𝑑𝑥
= 3𝑒3𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 3𝐶𝑒3𝑥 + 9𝐶𝑥𝑒3𝑥  

 

  
𝒅𝟐𝒚

𝒅𝒙𝟐
= 3𝐶𝑒3𝑥 + 3𝐶𝑒3𝑥 + 9𝐶𝑥𝑒3𝑥 = 𝟔𝑪𝒆𝟑𝒙 + 𝟗𝑪𝒙𝒆𝟑𝒙 

 

𝑑2𝑦

𝑑𝑥2
−
𝑑𝑦

𝑑𝑥
− 6𝑦 = 5𝑒3𝑥    

 

 6𝐶𝑒3𝑥 + 9𝐶𝑥𝑒3𝑥 −  𝐶𝑒3𝑥 + 3𝐶𝑥𝑒3𝑥 − 6 𝐶𝑥𝑒3𝑥 = 5𝑒3𝑥 

 

Comparing coefficients: 

    

𝑒3𝑥  ;              6𝐶 − 𝐶 = 5                   ;          𝐶 = 1   

 

𝑮.𝑺. = 𝑪.𝑭. +𝑷. 𝑰.  ;       𝒚 = 𝑨𝒆𝟑𝒙 + 𝑩𝒆−𝟐𝒙 +  𝒙𝒆𝟑𝒙 

 



Advanced Higher – Second Order Differential Equations Solutions 

Adv. Higher Unit 1.4 Differential (Second Order) Equations Worked Solutions Page 25 
 

 

𝒚 = 𝑨𝒆𝟑𝒙 + 𝑩𝒆−𝟐𝒙 +  𝒙𝒆𝟑𝒙 

 

𝑦 = 1   𝑥 = 0                                                         𝟏 = 𝑨 + 𝑩                      ;         𝑨 = 𝟏 − 𝑩 

 

𝒙𝒆𝟑𝒙 

 𝑢 = 𝑥         
𝑑𝑢

𝑑𝑥
= 1        𝑣 = 𝑒𝑥          

𝑑𝑣

𝑑𝑥
= 𝑒𝑥  

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
= 𝑒𝑥 × 1 + 𝑥𝑒𝑥 = 𝑒𝑥 + 𝑥𝑒𝑥  

 

𝒅𝒚

𝒅𝒙
= 𝟑𝑨𝒆𝟑𝒙 − 𝟐𝑩𝒆−𝟐𝒙 + 𝒆𝒙 + 𝒙𝒆𝒙 

𝑑𝑦

𝑑𝑥
= −6   𝑥 = 0    

  

−6 = 3𝐴 − 2𝐵 + 1 

𝟑𝑨 − 𝟐𝑩 = −𝟕 

 

3 1 − 𝐵 − 2𝐵 = −7     ;        3 − 5𝐵 = −7           ;       𝑩 = 𝟐                     ;        𝑨 = 𝟏 − 𝑩       ;      𝑨 = −𝟏 

 

𝒚 = 𝟐𝒆−𝟐𝒙 − 𝒆𝟑𝒙 +  𝒙𝒆𝟑𝒙 

_______________________________________________________________________ 

  


