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Advanced Higher - Unit 2.1 Binomial Expansion & Complex Numbers Solutions

Ex1 Binomial Expansion

LGy = (1-2) =t 15 (2) +10(=2) w10(=2) +5(=2) + (=) ]

= x> — 5x*y + 10x3y? — 10x2y3 + 5xy* — y°

2. 41 =x5(141) =28 [1 +5(V)+10d) +10d) +5()" + G)S]

= x> +5x*+10x3 +10x%2 +5x+ 1

(b) 1 —2)* = (1+(=0)" = 1+ 4(=2) + 6(=)% + 4(~x)% + 1(—)*

=1—4x+ 6x? —4x3 + x*

@ = (1 () = ((@) () ()]

= a® + 6a?b + 12ab? + 8b3

(d) (2a - b)® = 32a° (1 + (;—b))s = 3245 [1 +5(=) +10 (;—b)z +10 (;—b)3 +5 (;—")4 +1 (%)5]

= 32a® — 80a*b + 80a3bh?% — 40a%b3 + 10ab* — b°
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(e) 2x — 3y)° = 32x° (1 + (%))5 = 32x5 [1 +5 (%) +10 (%)2 +10 (%)3 +5 (%)4 +1 (%)5]

= 32x% — 240x*y + 720x3y? — 1080x%y® + 810ab* — 243b>

(f) (x+ %)5 = x5 (1 + (xiz))5 = x5 [1 +5(%)+10 (;—2)2 +10 (xiz)g +5 (xiz)4 +1 (xiz)s]

5 3 10 5 1
= x>+ 5x +10X+—+—3+—5
X X X

(9) (a—2b)° =a° (1 + (‘aﬁ’))6 = af [1 +6(22)+15 (‘ai”)2 +20 (‘%’)3 +15 (‘aﬂ’f +6 (‘T“’)S +1 (‘T“)G]

=a® —12a°b + 60a*b? — 160a3b3 + 240a’b* — 192ab°® + 64b°

(h) (2a + b)7 = 128a° (1 + (%))7 = 1284’ [1 +7 (%) +21 (2”—a)2 +35 (;’—a)3 +35 (2%)4 +21 (21’—(1)5 +7 (2%)6 +1 (2%)7]

= 128a’ 4 448a°b + 672a°bh? + 560a*bh> + 280a3b* + 84a%b5 + 14ab® + b’
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n!

Ex2 Binomial Expansion -

r!(n;r)!
1. B+x)2=33+33B)%) +303)x)?>+x3

=27+ 27x +9x2% + x3

(b) (5 + 2x)3 =53 +3(5)2(2x) + 3(5)(2x)? + (2x)3

=125+ 150x + 60x2 + 8x3

() B+0)*=3*+403)3*®) +6(3)?(x)?* +4(3)(x)? +(3) (x)*

=81+ 108x + 54x2% + 12x3 + 3x*

(d) 2 —0)* =2*+ 4% (—x) + 6(2)*(—0)* + 4(2)(—0)* +(2) (—x)*

=16 — 32x + 24x% — 8x3 + 2x*

(e) (x + 2y)* = x3 + 3(x)*(2y) + 3(x)(2y)* + (2y)?

= x3 + 6x%y + 12xy? + 8y3

(f) (2x — 3y)3 = (2x)* + 3(2x)*(-3y) + 3(2x)(=3y)? + (-3y)*

= 8x3 — 36x%y + 54xy? — 27y3

(g) (1+3x)* =1* +4(1)3(Bx) + 6(1)2(3x)% + 4(1)(3x)% +(1)(3x)*

=1+ 12x + 54x2 + 108x3 + 81x*

(h) (2 —3x)% = 2% + 5(2)*(—3x) + 10(2)3(—=3x)% + 10(2)?(—3x)3 +5(2)(=3x)* + (=3x)°

= 32 — 240x + 720x2% — 1080x3 + 810x* — 243x°
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(i) (2x—2) = @0° +520* (-2) + 10@0? (<2) + 1002 (=2) +520 (-2) +(-2)°

1080 810 243
+ —

= 32x> — 240x3 + 720x — 3 :
X X

2. 24+ x)°=(2)°>+52)*(x)+10(2)3(x)% +10(2)%(x)% +5(2)(x)* + (x)°

= 32+ 80x + 80x2 + 40x3 + 10x* + x°

(24 0.1)°> = 32 4+ 80(0.1) + 80(0.1)% + 40(0.1)3 + 10(0.1)* + (0.1)°> = 40.84101

(b) (2-0.1)°> = 324+ 80(=0.1) + 80(—0.1)% + 40(—0.1)3 + 10(—=0.1)* + (—0.1)° = 24.76099

3. 24+ =@)7+7(2)°(x) +21(2)°(x)% +35(2)*(X)3 e s et e e

=128 4 448x 4+ 672x% + 560x3 ... oo v e

(2 +0.1)7 = 128 + 448(0.1) + 672(0.1)% + 560(0.1)3 ... ... ccc e v oo = 180.08 check!INm

4, 1+0)*=1*"+4(1)3(x) +6(1)*(x)? + 4(1)(x)3 +(1)(x)*
=14 4x+6x% + 4x3 +x*
(1.01)* = (1 + 0.01)*

=1+ 4(1)3(0.01) + 6(1)%(0.01)% + 4(1)(0.01)3 + (0.01)* = 1.04060

(b) (1 +x)°> = (1)> + 5(1)*(x) + 10(1)3(x)? + 10(1)?(x)® +5(1) ()* + (x)°
=14 5x+ 10x2 + 10x3 + 5x* + x°
(0.998)° = (1 + (—0.002)°

=14 5(=0.002) + 10(=0.002)% + 10(—0.002)3 + 5(—0.002)* + (—0.002)°> = 0.9900399
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(€) A+ %)M =1410(x) +45(x)? + 120(x)® + 210(x)* + 252(x)% + 210(X)6 ... vvv cee v e e

0.99)1° = (1 + (-0.01))"

=1+410(—0.01) +45(—0.01) 4+ 120(—0.01)® + 210(—0.01)* + 252(—0.01)° + 210(0.01)° ... ... = 0.9044

(d) 1+ =1+ 10(x) + 45(x)% + 120(x)3 + 210(x)* + 252(x)° + 210(x)6 + 120(x)” + 45(x)8 + 10(x)? + (x)°

(1.99)10 = (1 + (0.99))"°

=14 10(0.99) + 45(0.99)% + 120(0.99) + 210(0.99)* + 252(0.99)° + 210(0.99)° ... ... =973.9
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Ex Finding Coefficients of Binomial Expansions

n n Nn—=ra,,r n —_ n!
@+yr = ")y G) =ro=m
1. The coefficient for term x”’ 1+x)0 = (1:)) (DOTx™  r=7

_ (170) (1)10-7 7

(1)3 7

r'(n r)!

10!
— 7' (3)' (1)3 7

=120x7

b. The coef ficient for term y3 (y — }5,)7 = (Z) ()" (_ s)r

=(Z)(y)7'r(—5)ry'r ; 7—r—r=3;7-2r=3:r=

= (D) o5y

= 525y°

2. The Independent coefficient (x°!l) (x - %)10 = (11‘0) X)) (—%)r

= (1T0) GO0 T(=2)" ()"  ;  10—r—-r=0; 10-2r=0:r=5
_ (10 0/_o\5
= () @°¢2)
= —8064 asrequired
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3. (A+x+x?)3=(1+ (x+x2))3

(1+x)3=1+3x+3x>+x3

(1 + (x + xz))3 =1+3(x+x%)+ 3((x + xz))2 + ((x + xz))3

(1+(x+x2))3 =14+ Bx+3x%) +3(x%+2x3 +x*) + (23 + 2x* + x> + x* + 2x° + x©)

(1+(x+xz))3 =14 3x 4+ 6x% + 7x3 + 6x* + 3x° + x°
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Ex1 Complex Numbers

L (o) 0% =4i*=—4 (b) B)2=9i2=-9  (c) (4)% =16i>=-16

(@) (-20)*=4i*=-4 () (-30)*=9i*=-9

2. (@) x*+4=0 ; x*>=—-4 ; x=+2i
(b)) x*4+9=0 ; x*=-9 ; x=+3i
(¢c) x*+3=0 ; x*=-3 ; x = +V3i
3. (@) x*=2x+2=0 ; x=# o ox=1+i
4++/16 — 20
(b) x*—4x+5=0 ;X = — > ; x=24+i
4++/16 — 52
(c) x*?—4x+13=0 ; x= 5 ;o x=2+3i
-2+V4-8
(@) x*+2x+2=0 ; x=+ ;o ox=-14i
4 ++/16 — 80 1
() 4x?> —4x+5=0 ; xz_T ; xzzii
—6++36 —40
(f) x?+6x+10=0 ; «x= — > ; x=-3+1i
(@) 27— 2% 4120 ; _2+V4-8 _1.1
g X X = ;X = 2 ; x—z_zl
6 +36 — 72 1 1
2— = M =_— . :_+_
(h) 9x*—6x+2=0 ; «x 18 ;X 313!
4. Miss out
5. Sum
(@A+D+A—i0)=2 B Q+D+2-D=4 () 2+3)+@2-3)=4
1 1
@140+ (1-D=-2 @(;+i)+(53-i)=1 P E3+D+(=3-D=-6
1,1, 101\ _ 1,1, 1 1.\ _2
(9) (E+El)+(5_fl)_1 () (3+3l)+(3 31)_3
Product
(@ A+)xA—-i)=2 b C2+)x@2—-i)=5 (©) 2+3)+2-30)=13
1 1 1
@ 14D+ (-1-D=2 (@ (3+1)+(5-1)=13 (O 3+D+(3-0=10
1,1, 1 1\ 1 1,1, 1 1, _ 2 _ b _c
@ (G+30)+G-31)=3 ®WE+350)+(G-50)=5 sum=-7 product="=
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6. () x*=1=0 ; x3=1 ; x=1
(b) x*-1=0 ; x*=1 ; x=+land +i

@) x3—x*>—x-2=0; @x-2)(x>+x+1)=0

—1+VI-

1
(x—2)(x>+x+1)=0 ; x=2and x:f:_§i7i

N

(d) (> +D)((x*+9)=0 ; x*4+4=0 ; x=42i andx>+9=0 ; x=+43i
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Ex2 Complex Number Operations

1. @GB+7)+Q+i0)=5+8i (B) 9-20)—(B+i)=6-23i
(©) (=24 )+ (7—4i)=5-3i (d) B+2)+(3B-2)=6
(e) (=2+10) —(=2—1i) =2i (f) (a+ bi)+ (a—bi)=2a

(g9) (a+ bi) — (a — bi) = 2bi

2. (a)i®=-i b) i*=i’xi?=1 (o) i°=i (@) i*=-1
(e) i’ =—i (f) i®=1 (9) =i (h) i'=-1
3. (a) 2ix4i=-8 (b)—2i*=2 (¢) iB+2i)=3i—2=-2+3i

(d) —i(1—-4)=-4—i ()Q+)@B+i)=5+5i (f) (6—5i)(2+3i) =27 +8i

(@) 2+3))(2-30)=13 (h)(a+ bi)(a— bi) = a? + b?

() (a+bi)(c+di)= (ac — bd) + (bc +ad)i () (a + bi)(c — di) = (ac + bd) + (bc — ad)i

(k) A+ =1+3i+3i>+i3=-2+3i—i=-2+2i

D) A+D)*=1+4i+6i°+4i3+i*=1-6+1+4i—4i=—-4

(m) A+D*A-)°=0+DA-DA+DA-DA+DA-DA+DA-DA-1)
=2)2)@)2)(1—i) =16(1 —i) = 16 — 16i

m) 3+1)*+(B—-i)?>=(8+6i)+(8—6i)=16

(0) (cost + isint)? = cos?t — sin®t + i2costsint = cos2t + isin2t

(p) (cosA + isinA)(cosB + isinB) = cosAcosB — sinAcosB + isinAcosB + cosAsinB

= cos(A + B) AcosB + isin(A + B)

4 (o) 2+D2-1)=5 (b)) A-2))(1+2i)=5 (c) 5=D(G+i)=26
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) =i _ 1, 1 =) _2 i
5. (@) —/—xg=1-4 (b) @0 @ "5 3
2—i 1+ 2i 44+3i 4 3 541 541 24+4+10i 12 5
(@ & a+2) 4430 4.3, @ &FD, 6D S
(1—-2i) (1+20) 5 5 5 G-i) G+ 26 13 13
© (a + bi) 9 (a+bi) (a® — b?) + 2abi B (a? — b?) N 2abi
“ a—b) (@+b) aZ+bZ  a+b%  a+b?
o (a + bi) o (c—di) (ac+bd)+ (bc—ad)i (ac+bd) (bc—ad)i
f (c+di) " (c—di) c?+d? 2 +d? c? + d?
(10+50) (2+1i) 15+20i ,
@ =y *ern- 5 otH
1 (cosA —isinA)  (cosA —isinA) .
(h) (cosA + isinA) % (cosA —isinA)  (cos?A + sin?A) cos st
(cosA + isinA)  (cosA + isinA)  (cos?A — sin®A) + i2sinAcosA .
(h) = = c0s2A + isin2A

(cosA —isinA) ~ (cosA + isind) (cos?A + sin?A)

6. (k-D-)((x-D+i)=E*—-2x+1+D+Q—-x+x—1Di=x>—2x+2

For an equation to have roots of (1 + i) and (1 — i) we need

x-A+Dx-1-0)=0 ; (c-D+i)((x-D—-i)=0 ; x*-2x+2=0
7. V3—4i=x+yi ; (3—4i)=x%—y?+2xyi ;o x2—y?2=3 ; 2xy=-—4
x2—y2=3 ; 2xy=-—4 'y=—z xZ_(_E)2=3 x* — 4 = 3x?
’ ) x ) x )
x*=3x2—4=0 ; **-4H*+1)=0
(x?2 +1) = 0 ; no solution since x is real (x> =4)=0 x=2and x = -2
x=2y=—-land x=-2 y=1 ; V3—4i=%4(2-1)

Adv. Higher Unit 2.1 Binomials and Complex Numbers Solutions Page 11



Advanced Higher - Unit 2.1 Binomial Expansion & Complex Numbers Solutions

b.N21-20i=x+yi ; (21 —20i)=x?—y?+ 2xyi ;o x2—y?=21 ; 2xy=-20
2 2 10 2 10y° 4 2
x“—y“=21 ; 2xy=-20 ; y=—7 ; X —(—7> =21 ; x*—100=21x
x*—21x2-100=0 ; (x*-25@%*+4)=0
(x> +4) =0 ; no solution since x is real (x?=25)=0 x=5and x=-5
x=5y=-2and x=-2 y=2 ; V21 —20i = +(5 — 2i)

cV2i=x+yi ; (20)=x%—y?+2xyi ;o x2—y%2=0 ; 2xy=2
x2—y?=0 ; 2xy=2 'y=1 ; x2—<l>2=0 ;. x*—1=0

) ) x 7 x )

x*—-1=0 ; *-1Dx*+1)=0
(x?2 +1) = 0 ; no solution since x is real x*-1)=0 x=1and x =—-1
x=1ly=1land x=-1 y=-1 ; V2i=+(1+10)

dvV-24+10i=x+yi ; (—24+10i)=x%—y?+ 2xyi ;o x2—y?=-24 ; 2xy=10
2 2 5 2 5\* 4 2
x¢—yc=-=24 ; 2xy=10 ; y=; ; X —(;) =-24 ; x*—25=-24x
x*4+24x*-25=0 ; (x*+25x*-1)=0
(x? + 25) = 0 ; no solution since x is real x*-1)=0 x=1and x=-1
x=1y=5and x=-1 y=-5 ; V=24 + 10i = +(1 + 50)
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Ex3 Complex Number Modules & Argument ( lz| = /x2+y%2 ; 2(z) =tan™! G))

L z=(1+43i) ; IZI=\/12+(ﬁ)2=2 2@ =tan (2) =1

b. zZ = (2 - 21) : |Z| = \/22 + (—2)2 = 2\/? ; L(Z) — tan—l (_ %) — _%

e 1=(VI-VE) 5 H=((VD (2 =2 =t (D)=

d. z=(0+2i) ; |z| =/ (0)? + (2)? = 2 ; 2(z) = tan™! (%) =%

e z=(+0)  ;  l=y@F+ =3 ; @=tan()=0

foz=(=V3+) 5 =@ +@i=2 ;.  @=tan(L)=Z

g z=(0-3)  ; ld=JOZ+(37%=3 ; c@=tan(I)=-1
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h. z= (=54 0i) ; z| = y(5)? +(0)2 =5 ;o (@) =tan™! (-15) -n
L2=(=3-3) 5 L=V FE =0T @)=t (D) =2

2. Z1 = (—3 + 3\/§l) and Zy = (\/§ + l)

|z1] = \/(—3)2 + (3\/§)2 =6 and £z =tan™! (%) = Z?H

|z2| = ’(\/g)z +(1)%2=2 and 2z, =tan! (%) =%

712y = (=3 +3V3i) x (V3 +i) = (-3vV3 = 3V3) + 6i = —6V3 + 6i

6 )_57‘[

2
z217,| = [(-6V3) + (6)% = 12 and 2z :tan_l(— —
mz2l = J(-6v3) + 6 : -

6

b.z; =(0+3i) andz, =(V2—2i)

3 T
121l =J(0)2+ (32 =3  and 2z = tan™* (6) =2

T[

|2 = \/(\/E)Z + (—\/E)Z =2 and 2z, =tan™! <_T\/2§> =-7

7125 = (0 + 30) x (V2 = v2i) = (3vV2 + 3V2i)

1212, = \[(3\/5)2 + (3\/5)2 =6 and 2z, =tan"! (ﬁ> =

T
3v2) 4
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3. 7z =(-3+3vV3i) and z, = (V3 +1i)

3V3\ 2m
)‘3

|z:] = J (-32+(3V3) =6  and 2, = tan™" (__3

|z2| = ,/(\/5)2 +(1)2=2 and 2z, = tan~! (%) :%

z_(3+3V3) (VB-0) _(-3V3+3V3)+12i

z,  (V3+i) T (V3-i) 4 3

Z

=002+ (3)?2=3 and 2z, = tan~! (6) :g
2

b.z; =(0+3i) andz = (V2—2i)

3
lz1l =y(0)2+ (3)2=3  and £z =tan™! (6) =g

|Zz|=\/(\/§)2+(—\/§)2=2 and Lzz=tan_1<_T\f>=—%
z_ (043D  (V2+32i) _ (=3v2+3V20)
7, (V2-+2i) (VZ++2i) 4
=3z 32\ 3 A
2125 = <T> +<T> =5 and £z = tan YA iy
4
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4. z=1+1i) . iz=(-1+1)

2l = JDP+ W2 =VZ ; lizl = /(D2 + A2 =2

b.z=(=V3-i) . iz=(1-+30)

|z|:\/(—\/§)2+(—1)2=4 5 izl =\/(1)2+(1—‘/§)2=2

-1 5 —V3
17 = tan_l (—) = __T[ ; 2iz = tan_l i — _E
-3 6 1 3

5. z=(1410) ; z=(1-10)

Izl =J(2+ W2 =vV2 ; |zl =J()2+(-1)2=+2

b.z=(=V3-i) . zZ=(=3+1i)

|z|=\/(—\/§)2+(—1)2=4 Szl = (-V3) + 2 =4

-1 5
2z =tan™! (—) = —— i ziz =tan! (—) =—

3 6
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6. z=(1+10) z=01-1) ; zZz=1+i)(1-i)=2+0i
S| — o _ -1(9) _
|zz| = 2 i 47ZZ=tan (2)—0
b.z=(—3-i) . z=(-V3+i) ;o zz=(—V3-i)(—V3+i)=4+0i
0
|zz| = 4 i zzZ=tan! (Z) =0
7. Summarising Rules
|2125| = 21| X || arg(z1z;) = arg(z;) + arg(z;)
Z |1 | <Z1)
—=— arg|—)=arg(z) —arg(z
o P 9\ 9(z1) —arg(z;)
/s
liz| = |z| arg(iz) = arg(z) + 5 about the orign
|Z] = |z| arg(z) = —arg(z) or relfection in real axis

z|Z| is ALWAYS real and arg(zz) = 0

Adv. Higher Unit 2.1 Binomials and Complex Numbers Solutions
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Ex 6 - Complex Roots

1. Find all theroots of f(z) = z3 —11z+20=0

z=—4 f(-4)= (-4)3—-11x(—4)+20=—-64+44+20=0; hence (z+4)isa factor

z2%-4z+ 5
z+4>z3+0—112+20

4++16 - 20
z2—4z+5=0 ; a=1b=-4 ¢c=5 ; zzfz(Zii)

Rootsarez = —4 and (2 + 1)

2. Verifyz= (1+1i)isa factor of f(z) = z*+322—6z+10=0
f@)= A+D*+3(1+i)*-6(1+)+10=(1+4i—6—-4i+1)+6i—6—6i+10=0
Since (1 + i) is a factor then (1 — i) is also a factor.
Quadratic fromrootsis (z—(1+)(z—1—-0) =((z—-1D)-D((z—1)+1)

Dif ference of two squares =(z2-2z+1)+1)=(2>-2z+2)

22 +2z+ 5
z2—2z+2)z4+0+3z2—6z+10

_ —2E+V4-20

722 4+224+45=0 ; a=1b=2 ¢c=5 i Z >

= (=1+20)

Rootsarez = (1+1i) and (—1 % 2i)
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3. Verifyz=(=2+3i)isa factor of f(z) = z*+72z>—12z+130=0
f(2) = (=2+3D*+7(=2+3i)? —12(-2+3i) + 130
= (16 —96i — 216 + 216i + 81) — 35— 84i + 24 — 36i + 130 = 0 hence (—2 + 3i)is a factor
Since (—2 + 3i) is a factor then (—2 — 3i) is also a factor.
Quadratic fromrootsis (z— (=2 + 3i))(z — (-2 —3i)) = ((z +2)— 3i)((z + 2) + 3i)

Dif ference of two squares =(z2+4z+4)+9) = (2> + 4z + 13)

z2 - 4z + 10
zz+4z+13>z4+0+722—122+13O

4+16 — 40
z2—4z+10=0 ; a=1b=-4 c=10 ; szz(Zi\/Ei)

Roots are z = (—2 + 3i) and (2 £ V6i)
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4. z=Given (2—1i)isa factor of f(z) = 323 —-10z>+7z+10=0
Since (2 — i) is a factor then (2 + i) is also a factor.
Quadratic fromrootsis (z— (2 —-i))(z—(2+1)) = ((z —-2)— i)((z —-2)+10)
Dif ference of two squares =(z2—4z+4)+1) = (2> - 4z+5)

3z + 2
22——4z-+5>3z3——1022-+7z-+10

3z+2=0 ; z=-3

2
Rootsarez= (2 +i)and z = -3

5. z=Given (1 —2i)isa factorof f(z)=z>+z+10=0
Since (1 — 2i) is a factor then (1 + 2i) is also a factor.
Quadratic fromrootsis (z— (1 —2i))(z— (1 +2i)) = ((Z -1) - 2i)((z - 1)+ 2i)
Dif ference of two squares =(z>-2z+1)+4)=(z>-2z+5)

zZ+ 2
z2—2z+@z3+0+z+1o

z+2=0 ; z=-2

Rootsarez=(1+2i)and z = -2
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6. z=Given (3 +1i)isa factor of f(z) = z> —322-8z+30=0
Since (3 + i) is a factor then (3 —i) is also a factor.
Quadratic fromrootsis (z— 3 +i)(z—(B—-1i) = ((z -3)+ i)((z —-3) - i)
Dif ference of two squares =(z2—-6z+9)+1) = (2% — 62+ 10)

z+ 3
7% — 62 +10>z3 —322-82+30

z+3=0 ; z=-3

Rootsarez= (3t i) and z = -3

7. Showz = (=1+1i)isa factorof f(z) = z*—22z3—-2°+2z4+10=0
Suppose (=1 +1i) is a factor then (=1 — i) is also a factor.
Quadratic fromrootsis (z—(=1+i)(z—(-1-0) =(+D)-D(z+ 1) +10)
Dif ference of two squares = (2> +2z+1)+1)=(z*+2z+2)

z2-4z+ 5
22+22+2>z4—223—22+22+10

Since remainder 0 then (—1 % i) are factorsof f(z)

4++16—-20
72 —4z74+5=0 ; a=1b=—-4 c=5 ; z=f=(21i)

Rootsarez = (—1%1i) and (2 £ 1)
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