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Advanced Higher - Unit 2.2 Sequence & Series Solutions

Exl Arithmetic Sequences and Series- u, =a+n—-1)d ; Sn:%[2a+(n—1)d]

1. 3,11,19,.. ;a=3d=8 ; u,=3+8n—-1)=8n—-5 ;  u,=8(19)—5=147

b. 852. :a=8d=3 ; u,=8-3(m-1)=3n+11 ;  ws=-3(15)+11=—34
c. 7,656,.. ;a=7 d=-05 ; u,=7-050m—-1)=-0.5n+7.5 ;: wy,=-05(12)+75=15
2. 246,..46 ; a=2d=2 ; u,=2+2(n-1);46=2+2(n—1); n==+1=23

b. 50,47,44,..14 ; a=50 d=—-3 ; u,=50—3(n—1);14=50-3n—-1) ; n="24+1=13

3

c. 2,-9,-20..—130; a=2 d=—11; un=2—11(n—1);—130=2—11(n—1);n=__1—1312+1=13

3. 44+10+16+ - ; a=4 d=6 ; 512=%[2(4)+6(12—1)]=444
b. 15+13+ 114+ ; a=15 d=-2 ; 520=22—°[2(15)_2(20_1)]=_80
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4, y,=15 wus=21; 15=a+@2-1)d; a+d=15 21=a+(5-1)d ; a+4d=21

10
a+d=15 ; a+4d=21 simeqnd=2 a=13 ; 510=7[2(13)+2(10—1)]=220

b.us=18 d=-5 ; a+(4—1)d; a+3(-5)=18 a=33

16
S16 = ~-[2(33) — 5(16 — 1)] = 72

C.uz=7 up=61 ; a+B-1)d=7; a+2d=7 ; a+(12—-1)d=61; a+11d =61

15
a+2d=7 ; a+11ld=61 simeqnd=6 a=-5 ; 515=7[2(—5)+6(15—1)]=555

5. Sip =120 ; 120=12—0[2a+9d] ; 10a+45d = 120 ; 2a+9d = 24
20
Sz0 =840 ; 840 =—-[2a+19d] ; 20a+190d =840 ; 2a+19d =84

30
2a+9d=24 ; 2a+19d=84; simeqnd=6 a=-15; Sy =--[2(-15) +6(30 — 1)] = 2160

6. ws=7; 7=a+d(15-1);7=a+14d ; a+14d=7

N O

Sog=18 ; 18==[2a+(9—-1)d]; 9a+36d=18 ; a+4d =2

a+14d=7; a+4d=2; simeqgnd=05 a=0; uy=0+0520—-1)=9.5
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7. 28424+20+- ; a=28 d=—4 ;0=§[2a+(n—1)d] ; %[56—4(11—1)]:0
n[56 —4(n—-1)]=0 ; —-4n’+56n—4n=0 ; n’—16n+n=0 ; n>—-15n=0
n?—15n=0 ; n(n-15=0 ; n=0 and n=15

8. us3=x u=2x wyy=3; 3=a+(1-1d ; a=3
uz=3+m—-1d=x ; 3+2d=x ug=a+m—-1)d=x ; 3+5d=2x
3+2d=x ; 3+45d=2x ; 3d=x ; 3d=3+4+2d ; d=3

U =3+3n—-1)=3+3(10-1) =30

9. 1+3+5+-- y=a+n-1d=1; yy=a+(1-1Dd=1; a=1
1+43+5+ u,=1+Q2-1)d=3; d=2
n n
Sn=§[2(a)+d(n—1)]; a=1 d=2 ; 1521=§[2(1)+2(n—1)]

n+n?—n=1521 ; n? = 1521 . n=39
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Ex2A Geometric Sequences and Series - u, =ar®™V ; § = ag::;l) orS, = ag:)n
1. (@) 1,3927,.. r=>=3 () 12,6315,.. r=—==
1 12 2
(c) 7,0.7,0.07 97 (d) 18,54,162 —54—3
[ ,0.7,0.07, ... r—7 10 ,54, ) e T_18
1
(©) 225151 22 ()111 g 1
¢ Llatot TE59573 D aete TT1772
4
-1 -2
(9 1,-1,1,-1,.. r= —=-1 (h) 1,-2,4,-8.. r= - =2
2. (@) u,,=3""1=13927.. () u,,=3(-2)""1V =3,-612,-24...
1,V 33
(C) Up, = 6(5) = 6;3;5;1“'
3. (@ 124.. ; r=3:=2 5w, =1(2)® D D us=(2)6 V=16
6
(b) 2618.. ; r= 5=3 ;ou, =2(3) D ; ug = 2(3)¢D = 486
12
(¢) 412,36.. ; r= - =3 ;ou, = 4(3)* D ; ug = 4(3)¢D =972
20 -1 5-1
y ) N ryr=—= 5 u, = ; U = =
(d) 2,20,200 > =10 . =2(10)D s = 2(10)¢~D = 20000
2 -1 6—1
e) 1,-2, ;o r=——==2 ; u,=1(- ; ug = 1(— =-
(e) 1,-2,4 =2 a = 1(=2)"D 6 =1(=2)6"D =-32
63 3 1 B 6(1)("‘1) . (1>(7‘1) 3
(f) 63, P TTeT2 0 TR V) 32
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4. (@) 1L24.. ; r=:=2 ; u,=@"D
6 (n—1)
(b) 3,612.. ; r= 3=2 5 U= 3(2)
6 (n-1)
(¢c) 2,-6,18... ; r= —3= -3 ; u, =2(-3)
1 1 (n-1) 1 (n-3)
. = — = - — —1\y(n—-1) — —n+1l _ 2—n+3 — -1Nn-3) = (_
(d) 931..;r 3 0 U 9(3) 32(371)(n-1) = 323141 — 3—n+3 — (3-1)(n-3) (3)
1 1 (n-1) 1 (n-3)
(e) 421.. ; r== ; wu,= 4(—) =222+l = 43 — (2~1)(n—3) = (—)
2 2 2
1 (n-1) n
()1111 _1_1 _1(1) _(1)
© wgte  TT1T2 0 "WTR —\2
2
5. (@) a=6 ; uz=ar®™D 6r:=24 ; r=42 ; us=62)5V =96
a= ;o Uy = r— ; ro = ;T = ; U = ) =
(b) 50 50r¢-1 5073 = 400 2 s =50(2)®"D =800
1 1OV 4
() a=36 ; u,=36r%"1D ; 36r=-12 ; r=-z 5 U =36<—§) =35
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8_
6. (a) 1+2+4..to8terms ; a=1 ; r=%=2 ; 5n=1§§_1;)2255
6 2(3°-1)
(b) 2+6+18..tob6terms ; a=2 ; r=E—3 ; ":WZHS
4 2((-2)° -1
(¢c) 2—4+8..to5terms ; a=2 ; r=—§=—2 ; Sn=%=22
6 2((-3)° -1
(d) 2—6+18..to5terms ; a=2 ; r=—§=—3 ; Sn:(E_S;_l)):uz
16
(€ 1+2+=.. tobt =1 —%—1 5—1<(§) _1>—63— i
€ g Ty toRtems o a= L g TESES 0 o (1_1) 327 32
2
NS
() 1+=+2..to5t =1 —%—1 5—1((§) _1)—121—140
f g Tgmtovterms 5o @=L 5 TEyTg 0 on (1_1) ~81 81
3
x 1((x)" -1 x"—1 1-—x"
(9) 1+x+x*..tonterms ; a=1 ; r=7=x S, = (Ex)—l)):x—l =T
y 1((=yx)" —1) 1—-(—y")
(h) 1—y+y?..tonterms ; a=1; r=—==—-y ; S, = =
yry T () 1+y
7. 3432+33..3"=363 a=3 r=3; Sn=3g:)1)=363 ; 3" =242+1 ; n=1log;243 =5
, 202" — 1)
(b) 2+22n=510 a=2 T=2; n=W:510; 2n=255+1,7’l=10g2256=8
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Ex2B - Sum to Infinity - S°°:1[—1r existsif andonly if —-1<r<1
1. (a) 1+o+2.. ; limitexistsince —1<r<1;a=1 ; 7"=é=l Sp=—r=3
. 3 9--- ) ] ] 1 3 ’ oo 1_% 2
2 o
b)) 1+2+4+4... ; a=1 ; TZIZZ ;. So does not exist sincer = 2
(c) 4+1+1 limit exist si 1<r<1 =4 _1 Se = *+ _16
c 2 imit exist since T ;o oa= ; r—4 ; m_1_1_3
4
e 1 8
(d) 84+4+2.. ; limitexistsince —1<r<1; a=8 ; r== ; So,=——=16
2
5 .
() 1-5425... ; a=1 ; r=—I i So does not exist sincer = —5
(f) 10—-9+48.1... limit exist si 1<r<i1 =10 = 0 S = 10 —100
f .1 ... limit exist since T ;oa= ;T = 0’ Oo_1+i_ 19
10
1
1 1 o . . 2 1 2
(g) 1—=+-..limitexistsince —1<r<1; a=1; r=—%2==,; Sp=—===
2" 4 1 1+13
2
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4 8
(h) 2+§+§... limit exist since —1<r<1; a=1 ; r=
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2 3
Ex3 - Expansion of Geometric Series = l(1 S )
a+b a

11, 2 @0 @0 _ ., 2 _ .3
L@ pp=1(1-F+5 ) =1-2x+ 4 —8x
1 1 1 (=3x) (=3x)% (-3x)3
b — =—(1- - =1+3x+9x2+27x3
b 1-3x 1+ (—3x) 1( 1 1 1 xR Al
X x\2  [x\3
(C) 1 — _ 1_1)4__(7) _(2__) =1_f+£_x_3
1+% 1 1 1 1 8
11 1 2x | @0 @od) _ 2 3
2. (@ 2+4x_2(1+2x)_5(1_T+T_T)_1_x+2x —4x
x x\2 x\3 5
by -1 1 03 3 (31 x 2w
3—x 3(1+(_§) 3 1 1 1 37927 81
—3x —3x\2 —3x\3
© 1 1 _1, (2)+(2) (2) _1+3x+9x2 27x3
R 3 1 1 1 727278 "6
2(1+(5%)

3. (@) J(09) = (1-0.1)2 = 1z +%(—0.1) —%(—0.1)2 - 43—8(—0.1)3 = 0.949

1 1 4x | (4x)?  (4x)3
4. 1+4x 1(1_ T

2 x —_1_ 2 _ 3
N N T )—1 4x + 16x 64x

1—3x_

T (1-3x)(1—4x + 16x% — 64x3 —3x + 12x> —48x3 ....= 1 — 7x + 28x% — 112x3
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Ex1 - Maclaurin's Theorem f(x)=f(0)+ f'l(!O)x + fnz(lo)x2 + fm31(0)x3 + o
1. f(x)=cosx f(0)=1; f(x)=-sinx f(0)=0 ; f (x)=—cosx f (0)=-1
f3(x) =sinx f3(0)=0 ; f*(x)=cosx f*(0)=1 ; f>(x)=-sinx f>(0)=0

fo(x) = —cosx f(0) = -1

(0 (0 () 2 4 6
f(x)=f(0)+f1(!)x+f2(! )x2+f35 )x3+... - _’;! z! 9;!

2. f(x)=tanx f(0) =0 ; f'(x) = sec’x f’(O) =1 ; f” (x) = 2sec’xtanx f" (0)=0

du dv
x) = 2sec®xtanx ;ou=2tanx — = 2secix v =sec’x — = sec’xtanx
d d
X X

f3(x) = sec?x x 2sec’x + 2tanx x sec’xtanx = 2sec*x + 2sec’xtan®x ; f3(0) =2
_ fO© fF@, O,
f(x) =f(0)+ 1 x + T x“ + T x° 4, =x4+ 3
3. =sinlx f(0)=0 ; f(x)=— =1 ; fx)=—2= "(0)=0
f(x) =sin""x f(0) f ) M=) f(0) f &) s f ()
") = x _ B du_1 — 1 2_% dv_3 1 2_%
f'(x) = 7, U=x I v=_1-x%) i x(1—x%)

(1-x2)2

2 =q@ —xz)_%x 1+ xx3x(1 —xz)_% ;A0 =1

’ " 3
f(X):f(0)+f1(!0)x+f2(!0)x2+f 3EO)X3+"',=X+ %
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-1

4 f@=lm1-0fO=0 ; [f@== fO=-1; f@=gm [O=-

2 6
fg(x):m ; fF)=-2 ; f4(x)=m ; f*0)=-6
flx) = f(0)+f(0) @, f© 4 L, % %

- 2! 3! T 2 3 4

5. f=e* f(0)=1 ; f@=3* f(0)=3 ; f (x)=9%* f(0)=9

i) =27e% ; f3(0)=27 ; fH*x)=81e3* ; f*0)=81
f()—f(0)+f() +f2(|0) +f350)x3+- —1+3x+2x +Zx +%x

6. f(x)=In(1+2x) FO)=0 ; f ) =201+2x)"1 f(0)=2

f” () =—-41+2x)"% F(0)=—-4; f3x)=16(1+2x)"3 ; f3(0)=16

fAx) =-96(1+2x)™* ; f*0)=-96 ; f°(x)=768(1+2x)"> ; f>(0)=768
f ( ) f (0) f (0) 3 8 32
f(x) =f(0)+ T 2 4 30 ,—2x—2x2+§x3—4x4+?x5
7. f(x)=sin3x f(0)=0 ; f (x)=3cos3x f (0)=3

f” (x)=—-9sin3x f (0)=0 ; f3(x)=-27cos3x ; f3(0)=-27

f4(x)=81sin3x ; f*(0)=0 ;  f>(x)=243cos3x ; f>(0) =243
f(x)—f(0)+f() fz(lO) f3$0) + - -,=3x—;x3+%x5
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8. f(x)=tan2x f(0)=0 ; f (x)=3cos3x f(0)=3 ;
From Q2

‘ " 3

ta"x=f(0)+f1(,0)x+f2('0)x2+f 3Eo)x3+---,=x+ %

tan(2x) = f(0) +f1(!0)x +f 2(!0) x2 +f 350) x3 e, =

9. f)=m@+x) fO=m2 ; [f@W=E+0™" f0)=;

1

ffO=-+072 fO=—7 ; =22+ f(0)=

fo = £+ L0 L Oz L O

1 .
)

x3 4, =1n2 +lx —lx2 +—x3
2! 3! ’ 2 8
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Ex2 - Combining Expansions

1. f(x) =e*™ using substitution (answer upto x*)

* 1+x+x2+x3+x4 1+ +x2+x3+x4
e* = —F =4+ =+ —..., = xX+—+—+—
120 317 4 26 24

@) = sinx — 1 4 x3 +1 x32+1 x3
flx)=e = X c Zx c 6x c

6 2 3 24

3 4
) X X 1 1 1 1
f(x) =es™ =1+x——+—<x2——>+g(x3)+—x4=1+x+—x2+—x3——x4

x3

sinx =x ——
6

2 3

2. f(x) =In(1+ sinx) using substitution (answer upto x*)

2 3 4 3

X

In(1+x) = 22 inx =
n X) =X 3 4, Sinx =X

2 6

3 3\ 2
f(x) =In(1+ sinx) = <x—x—>—1<x—x—> +%<x——

6

X

. 3 1 x4 1 1
f(x) = In(1 + sinx) =x————<x2 ——>+§(x3)—

6 2 3

f(x) = In(1 + sinx) = x — = x? +1x3 —ix‘*
2 6 12
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3. f(x) = e*(sinx) multiplication  (answer upto x°)

x 1+X+XZ+X3+X4 1+ +xz+X3+x4 [ x3+x5
e* = —t—t—+—..,= X+—+—+— nx =x——+-—=
12t 31 4! 2 6 24 s 6 120

() = e¥sin) = (1404 o r o X 2LE
f(x) = e*(sinx) = Xttt )X

. i 2+x3+x4+x5 N x3 x4 x5 N XS
S\ T T e T 6 6 12) " \120

4. f(x) =In(1 +e*) differentiate (answer upto x3)

f=m(1+e") fO)=m2 ; f)=e"(1+e")" f’(o):% ,

!

f'(x) =e*(1+e¥) 1 —e?*(1+e*)? £ (0) =%_

I
AN

3x) =[e*(A+e*) 1 —e?*(1+e*) 2] — [2e?*(1 + e¥) 2 — 2e3*(1 + e¥) 73]

1 17 [ 1
PO =l-4-l-3l-
f(x)=f(0)+f1(!0)x+f2(!0)x2+f350)x3+---,:ln2+%x+%x2
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