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Ex1 Arithmetic Sequences and Series -     𝑢𝑛 = 𝑎 +  𝑛 − 1 𝑑        ;        𝑆𝑛 =
𝑛

2
 2𝑎 +  𝑛 − 1 𝑑  

 

1. 3, 11, 19,…         ;   𝑎 = 3   𝑑 = 8       ;      𝑢𝑛 = 3 + 8 𝑛 − 1 = 𝟖𝒏 − 𝟓     ;           𝑢𝑛 = 8 19 − 5 = 147  

___________________________________________________________________________

_ 

b.       8, 5, 2,…         ;   𝑎 = 8   𝑑 = 3       ;      𝑢𝑛 = 8 − 3 𝑛 − 1 = 𝟑𝒏 + 𝟏𝟏    ;           𝑢15 = −3 15 + 11 = −34 

___________________________________________________________________________ 

c.   7, 6.5, 6, …   ;   𝑎 = 7   𝑑 = −0.5      ;     𝑢𝑛 = 7 − 0.5 𝑛 − 1 = −𝟎. 𝟓𝒏 + 𝟕. 𝟓    ;     𝑢12 = −0.5 12 + 7.5 = 1.5 

 

 

 

2. 2,4,6,…46      ;   𝑎 = 2   𝑑 = 2       ;      𝑢𝑛 = 2 + 2 𝑛 − 1   ;  46 = 2 + 2 𝑛 − 1    ;       𝑛 =
44

2
+ 1 = 23  

__________________________________________________________________________ 

b.  50,47,44,…14      ;   𝑎 = 50   𝑑 = −3       ;      𝑢𝑛 = 50 − 3 𝑛 − 1   ;  14 = 50 − 3 𝑛 − 1    ;       𝑛 =
−36

−3
+ 1 = 13 

___________________________________________________________________________ 

c.  2,−9,−20…− 130  ;   𝑎 = 2   𝑑 = −11  ;    𝑢𝑛 = 2 − 11 𝑛 − 1  ;  −130 = 2 − 11 𝑛 − 1   ;  𝑛 =
−132

−11
+ 1 = 13 

___________________________________________________________________________ 

 

3. 4 + 10 + 16 +⋯  ;           𝑎 = 4    𝑑 = 6                ;          𝑆12 =
12

2
 2 4 + 6 12 − 1  = 444    

___________________________________________________________________________ 

 

b.  15 + 13 + 11 +⋯      ;   𝑎 = 15   𝑑 = −2       ;    𝑆20 =
20

2
 2 15 − 2 20 − 1  = −80  

 

 

 

c.  20 + 13 + 6 +⋯      ;   𝑎 = 20   𝑑 = −7       ;    𝑆16 =
16

2
 2 20 − 7 16 − 1  = −520  

 

 



 Advanced Higher - Unit 2.2 Sequence & Series Solutions 

Adv. Higher Unit 2.2 Sequence and Series Solutions.docx Page 2 
 

 

 

4.  𝑢2 = 15        𝑢5 = 21    ;      15 = 𝑎 +  2 − 1 𝑑  ;   𝑎 + 𝑑 = 15                   21 = 𝑎 +  5 − 1 𝑑   ;    𝑎 + 4𝑑 = 21   

 

𝑎 + 𝑑 = 15    ;     𝑎 + 4𝑑 = 21     𝑠𝑖𝑚. 𝑒𝑞𝑛  𝑑 = 2       𝑎 = 13     ;      𝑆10 =
10

2
 2 13 + 2 10 − 1  = 220  

 

 

b.  𝑢4 = 18        𝑑 = −5       ;    𝑎 +  4 − 1 𝑑  ;   𝑎 + 3 −5 = 18    𝑎 = 33 

 

   𝑆16 =
16

2
 2 33 − 5 16 − 1  = −72  

 

________________________________________________________________________ 

 

c.  𝑢3 = 7       𝑢12 = 61       ;    𝑎 +  3 − 1 𝑑 = 7  ;   𝑎 + 2𝑑 = 7    ;     𝑎 +  12 − 1 𝑑 = 61  ;   𝑎 + 11𝑑 = 61 

 

  𝑎 + 2𝑑 = 7    ;     𝑎 + 11𝑑 = 61     𝑠𝑖𝑚. 𝑒𝑞𝑛  𝑑 = 6       𝑎 = −5     ;       𝑆15 =
15

2
 2 −5 + 6 15 − 1  = 555  

 

________________________________________________________________________ 

 

5. 𝑆10 = 120   ;   120 =
10

2
 2𝑎 + 9𝑑    ;    10𝑎 + 45𝑑 = 120   ;    𝟐𝒂 + 𝟗𝒅 = 𝟐𝟒 

 

𝑆20 = 840   ;   840 =
20

2
 2𝑎 + 19𝑑   ;    20𝑎 + 190𝑑 = 840   ;    𝟐𝒂 + 𝟏𝟗𝒅 = 𝟖𝟒 

 

2𝑎 + 9𝑑 = 24    ;    2 𝑎 + 19𝑑 = 84  ;   𝑠𝑖𝑚. 𝑒𝑞𝑛  𝑑 = 6     𝑎 = −15   ;    𝑆30 =
30

2
 2 −15 + 6 30 − 1  = 2160 

 

 

6. 𝑢15 = 7   ;    7 = 𝑎 + 𝑑 15 − 1   ;  7 = 𝑎 + 14𝑑      ;     𝒂 + 𝟏𝟒𝒅 = 𝟕 

 

𝑆9 = 18   ;   18 =
9

2
 2𝑎 + (9 − 1)𝑑   ;    9𝑎 + 36𝑑 = 18   ;    𝒂 + 𝟒𝒅 = 𝟐 

 

𝑎 + 14𝑑 = 7  ;    𝑎 + 4𝑑 = 2  ;   𝑠𝑖𝑚. 𝑒𝑞𝑛  𝑑 = 0.5     𝑎 = 0   ;    𝑢20 = 0 + 0.5 20 − 1 = 9.5 

 

________________________________________________________________________ 
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7. 28 + 24 + 20 +⋯      ;    𝑎 = 28     𝑑 = −4      ;   0 =
𝑛

2
 2𝑎 + (𝑛 − 1)𝑑      ;       

𝑛

2
 56 − 4(𝑛 − 1) = 0 

 

 

𝑛 56 − 4(𝑛 − 1) = 0     ;     −4𝑛2 + 56𝑛 − 4𝑛 = 0     ;     𝑛2 − 16𝑛 + 𝑛 = 0   ;    𝑛2 − 15𝑛 = 0 

 

 𝑛2 − 15𝑛 = 0       ;       𝑛 𝑛 − 15 = 0       ;       𝑛 = 0    𝑎𝑛𝑑   𝑛 = 15 

 

______________________________________________________________________ 

 

8. 𝑢3 = 𝑥        𝑢6 = 2𝑥     𝑢1 = 3   ;      3 = 𝑎 +  1 − 1 𝑑        ;        𝑎 = 3   

 

     𝑢3 = 3 +  𝑛 − 1 𝑑 = 𝑥   ;    3 + 𝟐𝒅 = 𝒙                                    𝑢6 = 𝑎 +  𝑛 − 1 𝑑 = 𝑥   ;    3 + 𝟓𝒅 = 𝟐𝒙   

 

 3 + 2𝑑 = 𝑥       ;        3 + 5𝑑 = 2𝑥       ;    3𝑑 = 𝑥     ;         3𝑑 = 3 + 2𝑑      ;       𝑑 = 3  

 

𝑢10 = 3 + 3 𝑛 − 1 = 3 + 3 10 − 1 = 30 

 

______________________________________________________________________ 

 

9. 1 + 3 + 5 +⋯         𝑢1 = 𝑎 +  𝑛 − 1 𝑑 = 1   ;     𝑢1 = 𝑎 +  1 − 1 𝑑 = 1    ;        𝑎 = 1   

 

1 + 3 + 5 +⋯         𝑢2 = 1 +  2 − 1 𝑑 = 3   ;     𝑑 = 2   

      

𝑆𝑛 =
𝑛

2
 2 𝑎 + 𝑑 𝑛 − 1    ;           𝑎 = 1    𝑑 = 2                ;       1521 =

𝑛

2
 2 1 + 2 𝑛 − 1     

 

 

𝑛 + 𝑛2 − 𝑛 = 1521           ;           𝑛2 = 1521               ;       𝑛 = 39   

 

______________________________________________________________________ 
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Ex2A Geometric Sequences and Series -     𝑢𝑛 = 𝑎𝑟(𝑛−1)        ;        𝑆𝑛 =
𝑎(1−𝑟𝑛 )

(1−𝑟)
   𝑜𝑟 𝑆𝑛 =

𝑎(𝑟𝑛−1)

(𝑟−1)
    

 

1.  𝑎    1,3,9,27,…      𝑟 =
3

1
= 3                            𝑏   12,6,3,1.5,…       𝑟 =

6

12
=

1

2
 

 

 𝑐    7,0.7,0.07,…      𝑟 =
0.7

7
=

1

10
                  𝑑   18,54,162,…       𝑟 =

54

18
= 3 

 

 𝑒    2.25,1.5,1,…      𝑟 =
2

2.25
=

2

3
                  𝑓   

1

4
,
1

8
,

1

16
,…       𝑟 =

1
8
1
4

=
1

2
 

 

 𝑔    1, −1,1,−1,…      𝑟 =
−1

1
= −1              𝑕   1,−2,4,−8…       𝑟 =

−2

1
= −2 

 

 

2.  𝑎    𝑢𝑛 , = 3(𝑛−1) = 1,3,9,27…                            𝑏   𝑢𝑛 , = 3(−2)(𝑛−1) = 3,−6,12,−24… 

 

 𝑐     𝑢𝑛 , = 6  
1

2
 

(𝑛−1)

= 6,3,
3

2
,
3

4
… 

 

 

3.  𝑎    1,2,4…     ;      𝑟 =
2

1
= 2                  ;      𝑢𝑛 = 1(2)(𝑛−1)            ;           𝑢5 = (2)(5−1) = 16 

 

 𝑏    2,6,18…     ;      𝑟 =
6

2
= 3               ;      𝑢𝑛 = 2(3)(𝑛−1)            ;           𝑢6 = 2(3)(6−1) = 486 

 

 𝑐    4,12,36…     ;      𝑟 =
12

4
= 3          ;      𝑢𝑛 = 4(3)(𝑛−1)            ;           𝑢6 = 4(3)(6−1) = 972 

 

 𝑑    2,20,200…     ;      𝑟 =
20

2
= 10     ;      𝑢𝑛 = 2(10)(𝑛−1)         ;           𝑢5 = 2(10)(5−1) = 20000 

 

 𝑒    1, −2,4…     ;      𝑟 = −
2

1
= −2      ;      𝑢𝑛 = 1(−2)(𝑛−1)         ;           𝑢6 = 1(−2)(6−1) = −32 

 

 𝑓    6,3,
3

2
…     ;      𝑟 =

3

6
=

1

2
      ;      𝑢𝑛 = 6 

1

2
 

(𝑛−1)

         ;           𝑢6 = 6 
1

2
 

(7−1)

=
3

32
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4.  𝑎    1,2,4…     ;      𝑟 =
2

1
= 2      ;      𝑢𝑛 =  2 (𝑛−1)         

 

 𝑏    3,6,12…     ;      𝑟 =
6

3
= 2      ;      𝑢𝑛 = 3 2 (𝑛−1)         

 

 𝑐    2, −6,18…     ;      𝑟 = −
6

2
= −3      ;      𝑢𝑛 = 2 −3 (𝑛−1)  

 

 𝑑    9,3,1…  ;  𝑟 =
1

3
   ;   𝑢𝑛 = 9 

1

3
 

(𝑛−1)

= 32 3−1 (𝑛−1) = 323−𝑛+1 = 3−𝑛+3 =  3−1 (𝑛−3) =  
1

3
 

(𝑛−3)

 

 

 𝑒    4,2,1…     ;      𝑟 =
1

2
      ;      𝑢𝑛 = 4 

1

2
 

(𝑛−1)

= 222−𝑛+1 = 2−𝑛+3 =  2−1 (𝑛−3) =  
1

2
 

(𝑛−3)

 

 

 𝑒    
1

2
,
1

4
,
1

8
,

1

16
…     ;      𝑟 =

1
4
1
2

=
1

2
      ;      𝑢𝑛 =

1

2
 

1

2
 

(𝑛−1)

=  
1

2
 
𝑛

 

 

 

5.  𝑎    𝑎 = 6   ;    𝑢3 = 𝑎𝑟(𝑛−1)      ;      6𝑟2 = 24    ;    𝑟 = ±2     ;        𝑢5 = 6(2)(5−1) = 96 

 

 𝑏    𝑎 = 50   ;    𝑢4 = 50𝑟(4−1)      ;      50𝑟3 = 400    ;    𝑟 = 2     ;        𝑢5 = 50(2)(5−1) = 800 

 

 𝑐    𝑎 = 36   ;    𝑢2 = 36𝑟(2−1)      ;      36𝑟 = −12    ;    𝑟 = −
1

3
     ;        𝑢5 = 36  −

1

3
 

(5−1)

=
4

9
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6.  𝑎    1 + 2 + 4…  𝑡𝑜 8 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 1    ;     𝑟 =
2

1
= 2      ;      𝑆𝑛 =

1(28−1)

(2−1)
= 255        

 

 𝑏    2 + 6 + 18…  𝑡𝑜 6 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 2    ;     𝑟 =
6

2
= 3      ;      𝑆𝑛 =

2(36 − 1)

(3 − 1)
= 728        

 

 𝑐    2 − 4 + 8…  𝑡𝑜 5 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 2    ;     𝑟 = −
4

2
= −2      ;      𝑆𝑛 =

2( −2 5 − 1)

(−2 − 1)
= 22        

 

 𝑑    2 − 6 + 18…  𝑡𝑜 5 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 2    ;     𝑟 = −
6

2
= −3      ;      𝑆𝑛 =

2( −3 5 − 1)

(−3 − 1)
= 122        

 

 𝑒    1 +
1

2
+

1

4
…  𝑡𝑜 6 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 1    ;     𝑟 =

1
2
1

=
1

2
      ;      𝑆𝑛 =

1  
1
2
 

6

− 1 

 
1
2
− 1 

=
63

32
= 1

31

32
        

 

 𝑓    1 +
1

3
+

1

9
…  𝑡𝑜 5 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 1    ;     𝑟 =

1
3
1

=
1

3
      ;      𝑆𝑛 =

1  
1
3 

5

− 1 

 
1
3 − 1 

=
121

81
= 1

40

81
        

 

 𝑔    1 + 𝑥 + 𝑥2 …  𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠    ;      𝑎 = 1    ;     𝑟 =
𝑥

1
= 𝑥      ;      𝑆𝑛 =

1  𝑥 𝑛 − 1 

 𝑥 − 1 
=
𝑥𝑛 − 1

𝑥 − 1
=  

1 − 𝑥𝑛

1 − 𝑥
 

 

 𝑕    1 − 𝑦 + 𝑦2 …  𝑡𝑜 𝑛 𝑡𝑒𝑟𝑚𝑠  ;   𝑎 = 1   ;    𝑟 = −
𝑦

1
= −𝑦   ;   𝑆𝑛 =

1  −𝑦𝑥 𝑛 − 1 

 (−𝑦) − 1 
=

1 − (−𝑦𝑛)

1 + 𝑦
   

 

 

 

7. 3 + 32 + 33 …  3𝑛 = 363   𝑎 = 3     𝑟 = 3  ;      𝑆𝑛 =
3(3𝑛−1)

(3−1)
= 363   ;    3𝑛 = 242 + 1   ;   𝑛 = 𝑙𝑜𝑔3243 = 5    

 

 

       𝑏       2 + 22 . . . 2𝑛 = 510   𝑎 = 2     𝑟 = 2  ;      𝑆𝑛 =
2(2𝑛 − 1)

(2 − 1)
= 510   ;    2𝑛 = 255 + 1   ;   𝑛 = 𝑙𝑜𝑔2256 = 8    
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Ex2B – Sum to Infinity -                   𝑆∞ =
𝑎

1−𝑟 
                𝑒𝑥𝑖𝑠𝑡𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓     − 1 < 𝑟 < 1 

 

1.  𝑎    1 +
1

3
+

1

9
…   ;      𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;  𝑎 = 1    ;     𝑟 =

1

3

1
=

1

3
      ;      𝑆∞ =

1

1−
1

3

=
𝟑

𝟐
  

______________________________________________________________________ 

 

 𝑏    1 + 2 + 4…   ;      𝑎 = 1    ;     𝑟 =
2

1
= 2      ;      𝑆∞  𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 𝑟 = 2      

 

______________________________________________________________________ 

 

 𝑐    4 + 1 +
1

4
…   ;      𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;    𝑎 = 4    ;     𝑟 =

1

4
      ;      𝑆∞ =

4

1 −
1
4

=
𝟏𝟔

𝟑
        

 

______________________________________________________________________ 

 

 𝑑    8 + 4 + 2…   ;      𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;    𝑎 = 8    ;     𝑟 =
1

2
      ;      𝑆∞ =

8

1 −
1
2

= 𝟏𝟔 

 

______________________________________________________________________ 

 

 𝑒    1 − 5 + 25…   ;      𝑎 = 1    ;     𝑟 = −
5

1
      ;      𝑆∞  𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 𝑟 = −5 

 

______________________________________________________________________ 

 

 

 𝑓    10 − 9 + 8.1…  𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;     𝑎 = 10    ;    𝑟 = −
9

10
 ;   𝑆∞ =

10

1 +
9

10

=
𝟏𝟎𝟎

𝟏𝟗
 

 

______________________________________________________________________ 

 

 𝑔    1 −
1

2
+

1

4
…  𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;     𝑎 = 1    ;    𝑟 = −

1
2
1

=
1

2
   ;    𝑆∞ =

1

1 +
1
2

=
𝟐

𝟑
  

 

______________________________________________________________________ 
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 𝑕    2 +
4

3
+

8

9
…  𝑙𝑖𝑚𝑖𝑡 𝑒𝑥𝑖𝑠𝑡 𝑠𝑖𝑛𝑐𝑒 − 1 < 𝑟 < 1   ;     𝑎 = 1    ;    𝑟 =

4
3
2

=
2

3
   ;    𝑆∞ =

2

1 −
2
3

= 𝟔     

 ______________________________________________________________________ 
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Ex3 – Expansion of Geometric Series     
1

𝑎+𝑏
=

1

𝑎
 1 −

𝑏

𝑎
+
𝑏2

𝑎2 −
𝑏3

𝑎3 ……….        

 

1.   𝑎   
1

1+2𝑥
=

1

1
 1 −

2𝑥

1
+
 2𝑥 2

1
−
 2𝑥 3

1
 = 1 − 2𝑥 + 4𝑥2 − 8𝑥3 

 

 𝑏   
1

1 − 3𝑥
=

1

1 + (−3𝑥)
=

1

1
 1 −

 −3𝑥 

1
+
 −3𝑥 2

1
−
 −3𝑥 3

1
 = 1 + 3𝑥 + 9𝑥2 + 27𝑥3 

 

 𝑐   
1

1 +
𝑥
2

==
1

1
 1 −

 
𝑥
2
 

1
+
 
𝑥
2
 

2

1
−
 
𝑥
2
 

3

1
 = 1 −

𝑥

2
+
𝑥2

4
−
𝑥3

8
 

 

 

2.  𝑎   
1

2+4𝑥
=

1

2(1+2𝑥)
=

1

2
 1 −

2𝑥

1
+
 2𝑥 2

1
−
 2𝑥 3

1
 = 1 − 𝑥 + 2𝑥2 − 4𝑥3 

 

 𝑏   
1

3 − 𝑥
=

1

3(1 + (−
𝑥
3)

=
1

3
 1 −

 −
𝑥
3 

1
+
 −

𝑥
3 

2

1
−
 −

𝑥
3 

3

1
 =

1

3
+
𝑥

9
+
𝑥2

27
+
𝑥3

81
 

 

 𝑐   
1

2 − 3𝑥
=

1

2 1 +  
−3𝑥

2
  

=
1

2
 1 −

 
−3𝑥

2  

1
+
 
−3𝑥

2  
2

1
−
 
−3𝑥

2  
3

1
 =

1

2
+

3𝑥

4
+

9𝑥2

8
+

27𝑥3

16
 

 

 

3.  𝑎    (0.9) = (1 − 0.1)
1

2 = 1
1

2 +
1

2
 −0.1 −

1

8
 −0.1 2 −

3

48
 −0.1 3 = 0.949 

 

 

 

 

4. 
1

1+4𝑥
=

1

1
 1 −

4𝑥

1
+
 4𝑥 2

1
−
 4𝑥 3

1
 = 1 − 4𝑥 + 16𝑥2 − 64𝑥3 

 
1 − 3𝑥

1 + 4𝑥
=  1 − 3𝑥 (1 − 4𝑥 + 16𝑥2 − 64𝑥3 − 3𝑥 + 12𝑥2 − 48𝑥3 … . = 1 − 7𝑥 + 28𝑥2 − 112𝑥3 
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Ex1 – Maclaurin’s Theorem         𝑓(𝑥) = 𝑓(0) +
𝑓 ′ (0)

1!
𝑥 +

𝑓 ′′ (0)

2!
𝑥2 +

𝑓 ′′′ (0)

3!
𝑥3 +⋯,   

1. 𝑓 𝑥 = 𝑐𝑜𝑠𝑥  𝑓 0 = 1   ;    𝑓 ′ 𝑥 = −𝑠𝑖𝑛𝑥   𝑓 ′ 0 = 0    ;    𝑓 ′′  𝑥 = −𝑐𝑜𝑠𝑥    𝑓 ′′  0 = −1   

 

𝑓3 𝑥 = 𝑠𝑖𝑛𝑥  𝑓3 0 = 0   ;    𝑓4 𝑥 = 𝑐𝑜𝑠𝑥   𝑓4 0 = 1    ;    𝑓5 𝑥 = −𝑠𝑖𝑛𝑥    𝑓5 0 = 0   

 

𝑓6 𝑥 = −𝑐𝑜𝑠𝑥  𝑓6 0 = −1   

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 1 −

𝑥2

2!
+ 
𝑥4

4!
− −

𝑥6

6!
  

 

 

2. 𝑓 𝑥 = 𝑡𝑎𝑛𝑥  𝑓 0 = 0   ;    𝑓 ′ 𝑥 = 𝑠𝑒𝑐2𝑥   𝑓 ′ 0 = 1    ;    𝑓 ′′  𝑥 = 2𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑥    𝑓 ′′  0 = 0   

 

 

𝑓 𝑥 = 2𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑥   ;    𝑢 = 2𝑡𝑎𝑛𝑥    
𝑑𝑢

𝑑𝑥
= 2𝑠𝑒𝑐2𝑥      𝑣 = 𝑠𝑒𝑐2𝑥    

𝑑𝑣

𝑑𝑥
= 𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑥  

 

   𝑓3 𝑥 = 𝑠𝑒𝑐2𝑥 × 2𝑠𝑒𝑐2𝑥 + 2𝑡𝑎𝑛𝑥 × 𝑠𝑒𝑐2𝑥𝑡𝑎𝑛𝑥 = 2𝑠𝑒𝑐4𝑥 + 2𝑠𝑒𝑐2𝑥𝑡𝑎𝑛2𝑥     ;     𝑓3 0 = 2 

 

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 𝑥 +  

𝑥3

3
…. 

 

 

3. 𝑓 𝑥 = 𝑠𝑖𝑛−1𝑥  𝑓 0 = 0   ;    𝑓 ′ 𝑥 =
1

 (1−𝑥2)
   𝑓 ′ 0 = 1    ;    𝑓 ′′  𝑥 =

𝑥

(1−𝑥2)
3
2

    𝑓 ′′  0 = 0   

 

 

𝑓′′ 𝑥 =
𝑥

(1 − 𝑥2)
3
2

   ;    𝑢 = 𝑥    
𝑑𝑢

𝑑𝑥
= 1      𝑣 = (1 − 𝑥2)−

3
2     

𝑑𝑣

𝑑𝑥
= 3𝑥(1 − 𝑥2)−

5
2  

 

   𝑓3 𝑥 = (1 − 𝑥2)−
3
2 × 1 + 𝑥 × 3𝑥(1 − 𝑥2)−

5
2     ;     𝑓3 0 = 1 

 

 

𝑓 𝑥 = 𝑓(0) +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 𝑥 +  

𝑥3

6
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4. 𝑓 𝑥 = 𝑙𝑛 1 − 𝑥   𝑓 0 = 0      ;        𝑓 ′ 𝑥 =
−1

1−𝑥
   𝑓 ′ 0 = −1      ;       𝑓 ′′  𝑥 =

−1

(1−𝑥)2     𝑓 ′′  0 = −1   

 

𝑓3 𝑥 =
2

(1 − 𝑥)3
    ;     𝑓3 0 = −2     ;         𝑓4 𝑥 =

6

(1 − 𝑥)4
    ;     𝑓4 0 = −6 

 

 

𝑓 𝑥 = 𝑓(0) +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = −𝑥 − 𝑥2 −

𝑥2

2
−
𝑥3

3
−
𝑥4

4
 

 

 

5. 𝑓 𝑥 = 𝑒3𝑥   𝑓 0 = 1      ;        𝑓 ′ 𝑥 = 3𝑒3𝑥    𝑓 ′ 0 = 3      ;       𝑓 ′′  𝑥 = 9𝑒3𝑥     𝑓 ′′  0 = 9   

 

𝑓3 𝑥 = 27𝑒3𝑥     ;     𝑓3 0 = 27     ;         𝑓4 𝑥 = 81𝑒3𝑥     ;     𝑓4 0 = 81 

 

 

𝑓 𝑥 = 𝑓(0) +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 1 + 3𝑥 +

9

2
𝑥2 +

9

2
𝑥3 +

27

8
𝑥4 

 

 

6. 𝑓 𝑥 = 𝑙𝑛 1 + 2𝑥   𝑓 0 = 0      ;        𝑓 ′ 𝑥 = 2 1 + 2𝑥 −1   𝑓 ′ 0 = 2      ;  

 
  
 𝑓
′′
 𝑥 = −4 1 + 2𝑥 −2    𝑓 ′′  0 = −4   ;    𝑓3 𝑥 = 16 1 + 2𝑥 −3    ;     𝑓3 0 = 16  

 

𝑓4 𝑥 = −96 1 + 2𝑥 −4    ;     𝑓4 0 = −96     ;         𝑓5 𝑥 = 768 1 + 2𝑥 −5    ;     𝑓5 0 = 768 

 

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 2𝑥 − 2𝑥2 +

8

3
𝑥3 − 4𝑥4 +

32

5
𝑥5 

 

 

7. 𝑓 𝑥 = 𝑠𝑖𝑛3𝑥    𝑓 0 = 0      ;        𝑓 ′ 𝑥 = 3𝑐𝑜𝑠3𝑥   𝑓 ′ 0 = 3      ;  

 
  
 𝑓
′′
 𝑥 = −9𝑠𝑖𝑛3𝑥    𝑓 ′′  0 = 0   ;    𝑓3 𝑥 = −27𝑐𝑜𝑠3𝑥    ;     𝑓3 0 = −27  

 

𝑓4 𝑥 = 81𝑠𝑖𝑛3𝑥    ;     𝑓4 0 = 0     ;         𝑓5 𝑥 = 243𝑐𝑜𝑠3𝑥    ;     𝑓5 0 = 243 

 

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 3𝑥 −

9

2
𝑥3 +

81

40
𝑥5 
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8. 𝑓 𝑥 = 𝑡𝑎𝑛2𝑥    𝑓 0 = 0      ;        𝑓 ′ 𝑥 = 3𝑐𝑜𝑠3𝑥   𝑓 ′ 0 = 3      ;  

 

 

From Q2 

 

𝑡𝑎𝑛𝑥 = 𝑓(0) +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 𝑥 + 

𝑥3

3
 

 

tan 2𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 2𝑥 +  

8

3
𝑥3 …… 

 

 

9. 𝑓 𝑥 = 𝑙𝑛 2 + 𝑥    𝑓 0 = 𝑙𝑛2      ;        𝑓 ′ 𝑥 = (2 + 𝑥)−1   𝑓 ′ 0 =
1

2
   ;  

 

 𝑓 ′′  𝑥 = − 2 + 𝑥 −2   𝑓 0 = −
1

4
      ;        𝑓3 𝑥 = 2(2 + 𝑥)−3   𝑓 ′ 0 =

1

4
    ; 

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 𝑙𝑛2 +

1

2
𝑥 −

1

8
𝑥2 +

1

24
𝑥3 
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Ex2 – Combining Expansions 

 

1. 𝑓 𝑥 = 𝑒𝑠𝑖𝑛𝑥   𝑢𝑠𝑖𝑛𝑔 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛      (𝑎𝑛𝑠𝑤𝑒𝑟 𝑢𝑝𝑡𝑜 𝑥4) 

 

𝑒𝑥 = 1 +
𝑥

1!
+
𝑥2

2!
+
𝑥3

3!
+
𝑥4

4!
… , = 1 + 𝑥 +

𝑥2

2
+
𝑥3

6
+
𝑥4

24
                  𝑠𝑖𝑛𝑥 = 𝑥 −

𝑥3

6
 

 

 

𝑓 𝑥 = 𝑒𝑠𝑖𝑛𝑥 = 1 +  𝑥 −
𝑥3

6
 +

1

2
 𝑥 −

𝑥3

6
 

2

+
1

6
 𝑥 −

𝑥3

6
 

3

+
1

24
 𝑥 −

𝑥3

6
 

4

 

 

𝑓 𝑥 = 𝑒𝑠𝑖𝑛𝑥 = 1 + 𝑥 −
𝑥3

6
+

1

2
 𝑥2 −

𝑥4

3
 +

1

6
 𝑥3 +

1

24
𝑥4 = 1 + 𝑥 +

1

2
𝑥2 +

1

3
𝑥3 −

1

8
𝑥4 

 

2. 𝑓 𝑥 = 𝑙𝑛 1 + 𝑠𝑖𝑛𝑥   𝑢𝑠𝑖𝑛𝑔 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛      (𝑎𝑛𝑠𝑤𝑒𝑟 𝑢𝑝𝑡𝑜 𝑥4) 

 

𝑙𝑛 1 + 𝑥 = 𝑥 −
𝑥2

2
+
𝑥3

3
−
𝑥4

4
… ,                   𝑠𝑖𝑛𝑥 = 𝑥 −

𝑥3

6
 

 

 

𝑓 𝑥 = 𝑙𝑛 1 + 𝑠𝑖𝑛𝑥 =  𝑥 −
𝑥3

6
 −

1

2
 𝑥 −

𝑥3

6
 

2

+
1

3
 𝑥 −

𝑥3

6
 

3

−
1

4
 𝑥 −

𝑥3

6
 

4

 

 

𝑓 𝑥 = 𝑙𝑛 1 + 𝑠𝑖𝑛𝑥 = 𝑥 −
𝑥3

6
−

1

2
 𝑥2 −

𝑥4

3
 +

1

3
 𝑥3 −

1

4
𝑥4 

 

𝑓 𝑥 = 𝑙𝑛 1 + 𝑠𝑖𝑛𝑥 = 𝑥 −
1

2
𝑥2 +

1

6
𝑥3 −

1

12
𝑥4 

 

_______________________________________________________________ 
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3. 𝑓 𝑥 = 𝑒𝑥 𝑠𝑖𝑛𝑥   𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛      (𝑎𝑛𝑠𝑤𝑒𝑟 𝑢𝑝𝑡𝑜 𝑥5) 

 

𝑒𝑥 = 1 +
𝑥

1!
+
𝑥2

2!
+
𝑥3

3!
+
𝑥4

4!
… , = 1 + 𝑥 +

𝑥2

2
+
𝑥3

6
+
𝑥4

24
                  𝑠𝑖𝑛𝑥 = 𝑥 −

𝑥3

6
+
𝑥5

120
 

 

𝑓 𝑥 = 𝑒𝑥 𝑠𝑖𝑛𝑥 =  1 + 𝑥 +
𝑥2

2
+
𝑥3

6
+
𝑥4

24
  𝑥 −

𝑥3

6
+
𝑥5

120
  

 

=  𝑥 + 𝑥2 +
𝑥3

2
+
𝑥4

6
+
𝑥5

24
 +  −

𝑥3

6
−
𝑥4

6
−
𝑥5

12
 +  

𝑥5

120
  

 

= 𝑥 + 𝑥2 +
𝑥3

3
−
𝑥5

30
 

 

4. 𝑓 𝑥 = 𝑙𝑛 1 + 𝑒𝑥   𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒      (𝑎𝑛𝑠𝑤𝑒𝑟 𝑢𝑝𝑡𝑜 𝑥3) 

 

𝑓 𝑥 = 𝑙𝑛 1 + 𝑒𝑥   𝑓 0 = 𝑙𝑛2      ;        𝑓 ′ 𝑥 = 𝑒𝑥 1 + 𝑒𝑥 −1   𝑓 ′ 0 =
1

2
      ;  

 
  
 𝑓
′′
 𝑥 = 𝑒𝑥 1 + 𝑒𝑥 −1 − 𝑒2𝑥 1 + 𝑒𝑥 −2               𝑓 ′′  0 =

1

2
−

1

4
=

1

4
   ;   

 

 𝑓3 𝑥 =  𝑒𝑥 1 + 𝑒𝑥 −1 − 𝑒2𝑥 1 + 𝑒𝑥 −2 −  2𝑒2𝑥 1 + 𝑒𝑥 −2 − 2𝑒3𝑥 1 + 𝑒𝑥 −3   

 

𝑓3 0 =  
1

2
−

1

4
 −  

1

2
−

1

4
 = 0 

 

 

𝑓 𝑥 = 𝑓 0 +
𝑓 ′ 0 

1!
𝑥 +

𝑓 ′′  0 

2!
𝑥2 +

𝑓 ′′′  0 

3!
𝑥3 +⋯ , = 𝑙𝑛2 +

1

2
𝑥 +

1

8
𝑥2 

 

 

 

 

  


