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Ex4 Summation Notation - Y7 f(k)

LY k2 =124 22432442452 =1+4+9+16+25

b. Y (2k—1) =14+3+5+7+9+11+13+15+17

10
C. z 25% = 2520+ 1260 + 840 + 630 + 504 + 420 + 360 + 315 + 280 + 252
k=1

2. 14+2+43+4+4..+50=37%k  ArithmetcSeries50=1+1(n—1) ; n=50 k'term=k

b. 5+10+15+--+30=Y%_,5k Arithmetc Series30=5+5(Mn—1) ; n=6 kt"term = S5k

C. 3+5+7+9+11+13=3%%_,2k+1 ArithmetcSeries13=3+2(n—1); n=6 k'term=2k+1
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Ex5 - Summation of a Series - hoik=14+24+3...n= n(nTH)
1. Rk = =55
2. 2322k =250 k = 2|2 = 420
3. Yo @k+3) =238 k+35 3 =22 +(8x3)=72+24=96

4. YL (4k+5) =4%3 k+ 33,5 = 4[] + (20 x 5) = 420 + 100 = 520

10 10(11)
5. L Bk—=1) =332 k-1 1=3 [T] — (10 x5) = 165 — 10 = 155
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Ex 5 - Prove by Induction

Steps : L. Prove for n=1
2. Assume true for n=k
3. Show true forn=k +1

All about detail

n 1 n

r=1 r(r+1) T n+1

1. Proveby Inductionz

1
Co E +r _r . 0mn _ 1 _1 _
Part A:n=1 Gam=z  wTmaz Hence true forn =1

Part B : Assume true for n = k, where k > 1

. 1k
n= k(k+1) k+1

r=1

Prove true forn=k +1

k+1
ka1 1k 1
n=k D) GED  k+DEFD)
r=1
k(k+2)+1  k*+2k+1  (k+1)* (k+1)  (k+1)

T+ Dk+2) k+tDk+2) G+DKk+2) (k+2) (k+D+1

Hence true also forn=k + 1
True forn=1= True forn=2 since k> 1

True for n= 2 = True for n = 3 and so on for all values of n.
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2. Prove by Induction 2223(21‘ -D=mn-2)(n+2) n=3

Part A:n=3 Zi=3(2x3—1)=5 ; 3—2)(3+2)=5 ; Hencetrue forn=3

Part B : Assume true for n = k, where k > 3

k
n=k 2r—1) = (k= 2)(k + 2)

Prove true forn=k +1

k+1
n=k+1 Z(Zr—l)=(k—2)(k+2)+(2(k+1)—1)
r=1

=(k-2)k+2)+QRk+1D)=k*+2k-3=(*k-1Dk+3)=((k+1)—2)((k+ 1) +2))

Hence true also forn=k +1
True forn=3 = True forn=4since k>3

True for n = 5= True for n = 6 and so on for all values of n.
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4. Prove by Induction (cos6@ + isind)" = cos(n@) + isin(nf) foralln
Part A:n=1 (cosf +isin)! = cos(16) + isin(16) ; Hence true forn =1
Part B : Assume true for n = k, where k> 1
n==k (cosO + isinB)" = cos(nB) + isin(noh)

Prove true forn=k+1
n=k+1 = (cosf +isind)**! = (cos + isin@)*(cosh + isind)

= cos(kO) + isin(kB)(cosO + isinb)

= cos(k@)cosO — sin(k@)sinb + isin(k0)cos6 + cos(kO)isind

= cos(k +1)08 + isin(k + 1)6

Hence true also forn=k + 1
True forn=1= True forn= 2 since k > 1

True for n = 3= True for n = 4 and so on for all values of n.
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n
5. Prove by Induction Z 2k—1)=n? foralln
k=1

Part A:n=1 211{=1(2k—1)=2><1—=1 ; n?=1%2=1 ; Hencetrueforn=1

Part B : Assume true for n = k, where k > 1
n=k Z(Zk—1)=k2
k=1
Prove true forn=k +1

n
n=k+1 Z(Zk—l)=k2+2(k+1)—1=k2+2k+1=(k+1)2
k=1

Hence true also forn=k + 1
True forn=1= True forn=2 since k> 1

True for n = 3= True for n = 4 and so on for all values of n.

Adv. Higher Unit 2.3 Summation & Mathematical Proof Solutions Page 6



Advanced Higher - Unit 2.3 Summation & Mathematical Proof Solutions

Ex 5 (2) - Prove by Induction

1. Prove by Induction Z:zlr(r +1) = %n(n +1)(n+2) foralln

PartAin=1 3l rr+1)=11+1) =2 ;
1 1
§n(n+ Dn+2) = 51(1 +1)(1+2) =2 ; Hencetrueforn=1

Part B : Assume true for n = k, where k > 1

n

1
n==k rr+1) =-n(n+1(n+2)
kzzl 3

Prove true forn=k +1

n

n=k+1 Zr(r+1)=%k(k+1)(k+2)+(k+1)(k+1+1)
k=1

1 1 k+3
SOk + D0k +2) + (e + D +2) = (e + Dk +2) [§k+1] = (k+ D)k +2) [T]

1
= §(k +Dk+2)(k+3)
Hence true also forn=k +1

True forn=1= True forn=2 since k> 1

True for n = 3= True for n = 4 and so on for all values of n.
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2. Prove by Induction 2;1:1 rr+ 1D +2)= %n(n +1)(n+2)(n+3) foralln

PartAin=1 Y _rr+Dr+2)=11+D1+2)=6 ;
%n(n+ D(n+2)(n+3)= %1(1 +1)(1+2)(1+3)=6 ; Hencetrue forn=1

Part B : Assume true for n = k, where k > 1

n==k ir(r+1)(r+2) =%n(n+1)(n+2)(n+3)
k=1

Prove true forn=k + 1
n=k+1 Zr(r+1)(r+2) =%k(k+1)(k+2)(k+3)+(k+1)(k+2)(k+3)
k=1

%k(k +1)k+2)(k+3)+ (k+1)(k+2)(k+3)

= (k+ D)k +2)(k +3) Ek + 1] = e+ Dk +2)(k +3) ["%4]

1
= Z(k +D(k+2)(k+3)(k+4)
Hence true also forn=k +1

True forn=1= True forn=2 since k > 1

True for n = 3= True for n = 4 and so on for all values of n.
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1

, 1 1 n
3. Prove by Induction that mtaetoor T o foralln

n

1 n
Prove by Induction S,, = E Zn—D@n+ D =1 foralln

r=1

L " 1 11 1 1 _
PGPTA-n—l Zr:1m—m—§ ; 2(1)+1—§ ; Hencetrueforn—l

Part B : Assume true for n = k, where k > 1

. 1 _n
n= Cn-D@2n+1) 2n+1

r=1

1 k 1
n=k+1 Z(Zn—l)(2n+1):(2k+1)+(2(k+1)—1)(2(k+1)+1)

k 1 1k 1
Ck+ D) T Zk+DEk+3) @k + 1) [I+ 2k + 3)]

1 [kQk+3)+1] 1 [2k*+3k+1

_2k+1[ (2k + 3) _2k+1[ (2k + 3)

1 [@k+DK+D] k+D  k+D  (k+1D)
Rk +1) (2k + 3) T Rk+3) k+2+1) 2k+1)+1)

Hence true also forn=k + 1
True forn=1= True forn=2 since k>1

True for n= 3 = True for n = 4 and so on for all values of n.
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. 1 1 1 1 1
4.  Prove by Induction that o T oaa T s T T D) foralln
n
p by Induction S,, = ! _1 ! I
rove by Induction S, = ) S o N T T2 2 Dtz T

r=1

n 1 1
Part Ain=1 Zr=1(1)(2)(3):3 ;

1 1 1 1 1 1 _ 3 1 _ 2 _ 1
T T T U2 Lo ¢ o Hencetrueforn=1

n

. 1 1 1
n= n(n+1)(n+2)_Z_Z(n+1)(n+2)

r=1

Prove true forn=k +1

n

1 1 1 1
n=k+l Zn(n+1)(n+2)=Z_2(k+1)(k+2)+(k+1)(k+2)(k+3)
r=1
1 1 1 1 7.1 1 (k+3)—2
Z_(k+1)(k+2)[§_(k+3)]_Z_(k+1)(k+2) 2(k +3)

1 1 k+1D] 1 1
T4 k+DE+2)2(k+3)| 4 2(k+2)(k+3)

Hence true also forn=k +1
True forn=1= True forn=2 since k>1

True for n= 3 = True for n = 4 and so on for all values of n.
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n

, +1 1 1
5. (a) Give Yj_i1r= n(nz ) ; ZZ=1TZ = En(n +1)(2n+1); 2k=1r3 = an(n +1)?;

ZT(T‘*‘l)=ZT2+ZT=%n(n+1)(2n+1)+@
r=1

r=1 r=1

_1 n(n+1) _ 1 1 _ 1 41,1
n(n+1)(2n +1) + 222 —n(n+1)[6(2n+1)+2]—n(n+1)[3n+6+2]

6
=nn+1) En+§]

= %n(n +1)(n+2)

b). Y rc+DE+2) =3 r?+Iir=1nm+Dn+2)(n+3)

n
Z:zlr(r+ D(r+2)= Z:zlr(rz +3r+2) = Z 1r3 +3 Z:zlrz +230 1
r=

=n?(n+1)? +3 (%n(n +1)(2n + 1)) + 220D

= %nz(n +1)% + %n(n +1D)2n+1D+nn+1)

1 1
=n(n+1) [;nt+ 1) +5@n+1) +1]

1 1 1 1 5 3
=n(n+1) [an tont+nt+o+ 1]:n(n+ 1) [an +Zn+5]
= %n(n +1)[n? + 5n + 6]

= %n(n +1)[n?>+5n+6] = %n(n +1D(n+2)(n+3)
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6. Prove by Induction that n® + 3n? — 10n is divisible by 3

Part Ain=1 ; n3 +3n%2 —10n = (1)3 +3(1)2 —10(1) = —6 = —2(3) ; Hencetrue forn =1

Part B : Assume true for n = k, where k > 1
Prove true for n=k +1
n=k+1 (k+1)3+3(k+1)>-10(k+1)
= (k3+3k?>+3k+1)+3k?+6k+3—10k —10
=k3+6k’—k—-6=k3—k+6k?—6=k3—k+6k’—6
= k(k?—1)+6(k?—1)
=(k? -1k +6)
=k -1k +1)(k+6) (Multiple of three terms hence divisible by 3!)
Hence true also forn=k +1
True forn=1= True forn=2 since k21

True for n= 3= True for n = 4 and so on for all values of n.
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7. Prove by Induction that 7" + 4™ 4+ 1" is divisible by 6

Part Ain=1 ; 7"+ 4" + 1" =71+ 41 + 11 = 12 =6(2) ; Hencetrue forn=1

Part B : Assume true for n = k, where k > 1
Prove true forn=k+1
n=k+1 7(k+1) + 4_(k+1) + 1(k+1)
=7Fx7+4kx4+1Fx1
From assumptionn = k true; 7 +4+1* =6p ; 7 = (6p — 4k — 1K)
=7(6p — 4K — 1%) + 4(4%) + 1¥
=42p —7(4%) — 7(1%) + 4(4%) + 1¥
= 42p — 3(4F) — 6(1%)
= 42p — 3 x 4(4*"1) — 6(1%)
= 42p — 12(4*"1) — 6(1%)

= 6(7p — 2(4* 1) — 1)

Hence true also forn=k +1
True forn=1= True forn=2 since k21

True for n = 3= True for n = 4 and so on for all values of n.

Adv. Higher Unit 2.3 Summation & Mathematical Proof Solutions Page 13



Advanced Higher - Unit 2.3 Summation & Mathematical Proof Solutions

8. Prove by Induction that for all integersn >2, 2" >2n

Part A:n=3 ; 25>2x%x3 8>6 ; Hence true forn = 3

Part B : Assume true for n = k, where k > 3
2k > 2k
Prove true forn=k +1
n=k+1 26D >2k+1)
=220 >2(k+1)
=228 > 2k +2

=2 >2k=k+k+2>k+1 fork

Hence true also forn=k +1
True forn=3 = True forn=4since k>3

True for n = 5= True for n = 6 and so on for all values of n.
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