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Advanced Higher - Unit 2.4 Properties of Functions - Solutions

Computer Task -

1. f(x)= % Vertical Asymptote x = 0 0

2. f(x) = ﬁ Vertical Asymptote x = 3

3. f(x) = ﬁ Vertical Asymptote x = —2
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2x+3
3—x

4, f(x) =

Vertical Asymptote x = 3

30

20

1
5. f(x) = (x—1)(x+3)

Vertical Asymptotes x = =3 and x = 1

20

X

6. f(x)= D)

Vertical Asymptote x

Il
—_

-20
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X .
7. f(x)= e Vertical Asymptotes x = =2 and x =3
2
X .
8. f(x) = Ty Vertical Asymptotes x = —2 and x = 3
9. f(x) = xx;zl Vertical Asymptote x = 0
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2
10. f(x) = xle Vertical Asymptote x = 1
3
11. f(x) = x:_l Vertical Asymptote x = —1 and x =1
12. f(x) = x21+1 Vertical Asymptote = none

-08 0.4 03 -02 01 <] 01 02 03 04
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Ex1 - Vertical Asymptotes

1. f(x)= x4T2 ; Vertical Asymptote x = 2 ;

3x-1 3x-1 , _ _ .
2. f(x)= 3 - Ge D Vertical Asymptotesx = -3 and x =1 ;
_3- = (9 — .3+ = (D . = —
=(G5) vo e s 3 =(En) voe s k=3
- _(_( _ . +_ (D ) _ —
U =(mg) vo D U =(G) yoe 5 x=1
12 12 .
3. f(x) = pra vl s yorer il Vertical Asymptotesx = —1 and x =3 ;
1-=(D . 1= (D - . - -
U=(G5) voe s U= (G) oo s v=m1 T
- _(_( _ . +_ (D ) _ —
=(Gm) v =) v s x=1
4 x+4 .
. fx) = — Vertical Asymptote x = 2
- (¥ _ . +_ (D) . _ —
2" = ((—)) y= oo 2 ((+)) yo>® 5 x=2 -l
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2 2

x x . _ — .
5. f(x) = - aoam Vertical Asymptotes x = —2 and x =2 ;
- ) (GD) —
-2 :( ) - — 0 ; —2+=(—) - 00 ; x=-2 N |
o) Y wmm/ Y
- _({ (D . + _( (B _ . _ —
2= ((+)(+)) y= e ;2T = ((—)(+)) y= = poox=1 L
_ ox(x+1) . . _ _ .
6. f(x)= GDotD Vertical Asymptotesx = —2 and x =1 ;
- — (232 Y (6] _ D= — -
2 =(Go) yo e i 2 =(EE) vome sz T
- = (O - - + - (DD : _ —
1= ((—><+>) yo-e 5o 1T= ((+)(+)) yoeoo poox=1
7. f(x) = w ; Vertical Asymptote x =0 ;
- _ (OO e r_ (OO o —
0_((—))3’_)00 ’ 0 ((+))y—>oo pox=0 I
2
8. f(x)= xx_+13 ; Vertical Asymptote x = 1 ;
-_(® _ . +_ (D) . _ —
= ((—)) yo T 1 ((+)) y= e pox=0 I
3
9. f(x) =x§? ; Vertical Asymptote none ;
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10. f(x) = xzxﬁ ; Vertical Asymptote none ;
2
11, f(x) = xle ; Vertical Asymptote x = 1 ;
- (¥ _ . + - (B C = —
1 _((—)) y= T 1 _((+)) y—® ;ox=0 -l
12. f(x) = 2t 2 ; Vertical Asymptotesx = -1 and x =1
’ x2-1 (x=1)(x+1) '’
- (D .1t (D _ T T
U=(G5) voe 5 U=(gg) vo e s k=2
- _ (. _ . +_( (D . _
1= (<—)(+)) yo oo "= ((+)(+)) yooeoo 5 x=1
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Ex2 - Non Vertical Asymptote

Non Vertical Asymptote y =0

4
4 x
1. f(X) = E = 1_% ;
X —> — y— 07 ;X —> 0 y—>0+ ; y:O_)—(_
3x—1 25
X— x x . _
2. f(x) = T 1+%_x_32 ; Non Vertical Asymptote y =0
_ -_ (2 _ ) + - (& ) - _—
X > —00 0 _((+)) y = — ;X > 00 0 ((+)) y—> o0 ; y=0 N
12 12
3. f(x)= e 1_2_32 ; Non Vertical Asymptote y =0 ;
X - —0o0 y-> 0t ; x> y-=0t ; y=0 T-7
x+4 6 % .
4, f(x) = — = 1+—==1+ “7 Non Vertical Asymptote y =1
X = — y—-> 1" ; x> o y-> 1t ; y=1 =

Page 8
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4
x? 4 %2 .
5. f(x) = o= itz = -1+ X_A{Z_l ; Non Vertical Asymptotes y = —1
X —> —00 y—- —1" ; X — 00 y—- —1" y=-1 =
2
_ ox(x+1) (x2+x) _ (x2+x) _ A . . _
6. f(x)= DD - WD D) _;zz) ; NonVertical Asymptotes y =1
X — —co y->1t ;x>0 y- 17 y=1 -
(x—1)(x—4)  (x2—5x+4) 2 2
7. f(x)= = =x-3)— (x—3) ——7; Non Vertical Asymptote y = (x —3);

(x=2) (x=2)

(x-2)

a-o

X

x—>-—o y-o (x-3)t ;
X — 0 y=o (x=3)" ;5 y=(x=-3); o/7
_x2+3_ _ 4
8. f(x)= — = (x 1)+(x_1)—(x+1)+
X > —oo y- x+1)~
X — 00 y- (x+1D7F ;

)

y=(x+1)

Non Vertical Asymptotey = (x + 1)

/e

1]
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9. f(x) = % =x— (;—;) =x— (15;32) ; Non Vertical Asymptotey = x ;
x> — y-xt
X — 00 y—> x~ ;oy=x /7

10. f(x) = xZXm = lffz ; Non Vertical Asymptote y =0 ;
xs>—-0 y—> 0 ;x-0 y- 0F ; y=0 -7

11, f(x) = XXTZl =(x+1)+ (xil) =(x+1)+ (12) ; Non Vertical Asymptote y = (x+ 1) ;
xo—e Yo (DT
X — 00 y- (x+1D7F ; y=(x+1) _)/<_

3 2

12. f(x) = x22x_1 =2+ x22—1 =2+ 1{; ; Non Vertical Asymptote y =2 ;

xo>—0  y-2T s xow y-o 2V y=2 T-<
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Ex3 - Curve Sketching

Process: 1. Find where curve crosses x and y axis.
2. Find all asymptotes.

3. Find stationary points and their nature.

ERES

1L f@=5=27;

X

x —axis wheny =0 ; None ; y—axiswhen x=0 >y=-2
2. Asymptotes : Vertical: x—2=0 ; x=2
- (+)> + ((+)> -
27 = —= y = — ; 27 = —= y > ;o x=0 _}I
<(—) (+)
4 4
Non Vertical : y=5= 12 NonVertical y=0
x—> -0 y-0 ;X > 00 y—)OJr ; y=0 _)—‘_
3. Stationarypoints: f (x)=0 ; f(x)=4(x—-2)"1 ; f (x)=—4(x—2)"2
' —4 —4 . . .
f (x) = 7 b G 0 ; mno solution so no stationary points
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1

-2 1

x —axiswheny =0 ; x=2; (200 y—axiswhen x=0=>y=2 (0,2)

2. Asymptotes : Vertical: x—1=0 ; x=1

- (-)) + <(—)> -

1 =(—=) y—o o ; 1"=(—<] y»> —>© ; x=1 I_
<(—) (+)
1
Non Vertical : y=1- 11 NonVertical y=1

X = — y—>1+ ;x> 00 y—=>1 ; y=2 _>—(_

3. Stationarypoints: f(x)=0 ; f(x)=1- xlj ;o f)=—-(x-171
' 1 1 . . .

f (x) = G v 0 ; no solution so no stationary points
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3.
4
_ x%+x—2 _ (e+2)(x-1) 4 _ )
1 f(x) T x24x-6 (x+3)(x—2) =1+ (x+3)(x—-2) =1+ 1+% ;62
x—axiswheny=0 ;x> +x—-2=0 ; (x+2)(x—1)=0 ; x=-21 (-2,0)(1,0)
1 1

y—axiswhen x=0 >y =

x=-3 andx =2

Vertical: (x+3)(x—2)=0 ;

2. Asymptotes :
- LR = IR

R

() v

4
Non Vertical : y=1+ ? 5 NonVertical y=1
Iz
x>—-0 y-1" ; x-» y->1" ; y=1 -
3. Stationary points : f’(x) =0 ;i fx)=1+ 2+x c
(x2+x=6)0-4.2x+1) _ (=8x=4) _ .~ . . o 4\ _ . _ 1
f () = (x2+x—6)? T (x24x—6)2 0; (=8x—-4=0; x= 2
1 4 4 4
For x=- y=1+ =1+—= =14+—m =5 T.P.=\—->5,>=
2 x2+x—6 (_%) +(_%)_6 _(T) 25 ( 5)

Page 13
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Nature Table :

X

f'(x)

Shape

Hence Max.T.P.at (—%,21

(0, 0.33)
—4
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4,
24 2x+ :
x x P
1 = =(x+1)+ =(x+1)+—=
x
x —axis wheny = 0 i x24x—-2=0 ; b? —4ac <0 ; no real roots
y—axiswhen x=0 =2y=5 (0,5)
2. Asymptotes : Vertical: (x+1)=0 ; x=-1
- (+)> + <(+)> —
1 =<— y > — ; 1"=(—<]) y> o0 ; x=-1 R |
=) (+)
ki
Non Vertical : y=(x+1)+1:l NonVertical y=(x+1)
x—>—-0 y->((x+1)" ; x-om® y- (x+Dt ;5 y=(x+1) /_
3. Stationary points : f’(x)=0 ; f(x)=(x+1)+(le) ;
' _ (x+1D0-41 _ . 4 (x+D*-4  x*42x-3 2 o
fe)=1+ (x+1)2 (x+1)2 T (+1)?2 T (x+1)2 =05 X" +2x=3=0
x2+2x-3=(x+3)(x-1)=0 ; x=1 and x=-3
4
For x=1 y—(x+1)+(x+1)—2+2—4 T.P.=(1,4)
For x=-3 y=x+1+ =-2-2=-4 T.P.=(-3,—-4)

(x+1)
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Nature Table :

X - -3 > 1 N
f'(x) + 0 - 0 _
Shape 2 - \ - 7

Hence Max.T.P.at (—3,—4) and Mini.TP.at (1,4)
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5.
1 1
L f) = x+1  (x+1) _(}"‘ﬁ)
' x_x2+2x+5_x2+2x+5_1+3+£
2
X X
x —axiswheny=0; x+1=0 ; x=-1 (-1,0)
] 1 1
y — axis when x =0 =y=c (0,5)
2. Asymptotes : Vertical: x> 4+2x+5=0 ; b®—4ac<0 ; no real roots
NO Vertical asymptotes
1.1
ol s ) _ ) : _
NonVertical : = zes 1y NonVertical y =10
X > —co y—>0" ;X > 0 y—-> 0" ; y=0 _)—‘_
. . ' x+1
3. Stationarypoints: f (x)=0 ; s
, _ (2?42x45)1-2(x+1) (x+1) _ (x2+2x+5)—2(x2+2x+1) _ —x?—2x+3 _ 2 o
f)= (x242x45)? - (x242x45)2 T (x242x45)2 05 x°+2x—3=0
x2+2x-3=((x+3)(x-1)=0 ; x=1 and x=-3
x+1 2 1 1
Forx=1 y= X2+2x+5 8 4 r.p (LZ)
F — _3 _ x+1 _—2_ 1 TP—(B 1)
orx= Y S X2y 2x+5 8 4 T "4
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Nature Table :

Advanced Higher - Unit 2.4 Properties of Functions - Solutions

X -3
f'(x) 0
Shape -

Hence Max.T.P.at (1,%) and

Mini.TP. at (—3, —%)

05

Adv. Higher Unit 2.4 Properties of functions

Page 18




Advanced Higher - Unit 2.4 Properties of Functions - Solutions

6.
2
Lofe=2 g gy 2 B
RAC Cx2—-1 (x2—-1) (x+Dx—-1) 11
xZ
) 2x? )
x —axis wheny =0 ; x2—1=0 ;0 2x=0 ;x=0
y—axiswhen x=0 =2y=-1 (0,0)
2. Asymptotes : Vertical: (x+1)(x—-1)=0 ; x=—-1land x=1
- (+)> + <(+)) -
-1 =|—=<) y—> o ; -1"=|—] y>» -0 ; x=-1 I_
<(+) (=)
- (+)> + ((+)) -
1 =(—=<) yo - ; 1"=|—<]) yo> o0 ; x=1 R |
<(—) (+)
2
Non Vertical : y=2+fz1 NonVertical y =2
X2
X - —0 y-2t ; x-o y->2t ; y=2 T
3. Stationarypoints: f (x)=0 ; f(x)=2+(xzz—_l) ;
' _(*-1).0-22x) _ —4x o _
fx)= 1) _(x2—1)2_0 ;0 x=0
Forx=0 y=22—0¢ T.P.= (0,0)
or x = Y= P.=(0,
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Nature Table :

X x4 0 -
£(x) + 0 -
Shape 2 - N

Hence Max.T.P.at (0,0)

(0.0)
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7.
) 20
1 ()_x —10x+9_1 20x —1 20x —1 x
= s e x0T GA DG 1009
x " xZ

x?—10x+9

X axis wheny x2+10x+9

0 ; x—1Dx—-9)=0;x=1andx=9 (1,0),(9,0)

y—axiswhen x=0 =>y=1 (0,1)

2. Asymptotes : Vertical: (x+1)(x+9)=0 ; x=-1and x=-9
- (+)> + <(+)) —
-1 ={—= - -0 -1"=|—= —» o ; x=-1 _1
((—) g ) 7
- (+)> + ((+)> -
-9 =|—= -0 9" =(—<= - —oo0 ; x=-9 I
<<+> Y =) 7
Non Vertical : C1- By NenVertical y=1
on Vertical : y = DTS i onVertical y =
x—>-0o y->1t ; x> y->1 ; y=1 _)—(_
3. Stationarypoints: f (x)=0 ; f(x)=1- x2+210—02+9 ;

(x? + 10x + 9).(=20) — (—20x)(2x + 10) _ (—20x% — 200x — 180) + (40x% + 200x)

f= (x% + 10x + 9)2 (x2 + 10x + 9)2
_ (—20x% —200x — 180) + (40x% + 200x) _ 20x*>—180
B (x2 + 10x + 9)2 (k2 +10x+9)2
20x* — 180 5
0 ;o 20c—9)=0 ; (x—-3)x+3)=0; x=3andx=-3

T (Z+10x+9)2
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_ 4 20x . 203 _ . 60 12 _ 1 (2 1
For x=3 y=1 x24+10x+9 1 (3)2+10(3)+9 1 48~ 48 4 T.p.= (3’ 4)
; C s oy 20x _ 20(—3) e 3-8)
o x= Y T X 10x+9 T (=3)2+10(-3)+9 = -12 E AT
Nature Table :
X 2 -3 > 3 >
f() + 0 , 0 N
Shape 2 - N - 7

Hence Max.T.P.at (—3,—4) and Mini.T.P. at (3, —i)

1,0
o \_ (9,0)

22 -20 -1 -18

Adv. Higher Unit 2.4 Properties of functions
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8.
3 7
. ()_2x2—3x—3_2+ 37 _ .37 . x5
- S« Cox2-3x+2 x2—3x+2 (x—1D(x-2) 1_§+2
x ' xZ
swheny =0 ; 2330 o dificult to find roots so
x—oaxiswheny =0 ; —F————= ; too dificult to find roots so leave
_ 3 3
y—axiswhen x =0 2 y=—= (O,——)
2 2
2. Asymptotes : Vertical: (x—1)(x—2)=0 ; x=1and x=2
= I
(+) (=)
- (—)) + <(—)) -
2 =(—=<]| y—> o ; 2"=(—=<] y—> —o00 ; x=2 I_
<(—) (+)
3x~7 iz
, . _ x— _ * x , _
Non Vertical : y—2+—(x_1)(x_2) 2+1—%+;Zz NonVertical y =2
x—>—0 y-o2 ; x> y—=>2t ; y=2 -

. , . ' _ . _ 3x=7 .
3. Stationarypoints: f (x)=0 ; f(x)=2+ il

oo (2 =3x+2).3)—(Bx—-7)(2x —3) (3x* —9x +6) — (6x* — 23x + 21)
f )= (xZ — 3x + 2)2 - (x? — 3x + 2)?

_ (—3x% + 14x — 15) _
T (x2+10x+9)2

5
=3x2—-14x+15=0 ; (Bx—-5)x-3)=0 ; Bx-5x-3)=0; x=—andx =

3
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3x—7 9-7
For x =3 y—2+m— m—s TP—(3,3)
5
For x = =2 3(§)—7_2 2 _11 rp=(211
or x=—- y= +§)(_1)— +_—Z— —(5; )
3 3 9
Nature Table :
5
X - — - -
3
fi(x) - 0 + _
Shape N - 2 \
. 5
Hence Max.T.P.at (3,3) and Mini.T.P.at (5,11)
144
12 4
T7.11)
10 4
5l
"B
ol
5]
a
| g8 —Iﬁ 4 [u] é 4 1‘0
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Ex 5 - Inverse, Odd and Even Functions

1. (@) f(x)=2x ; y=2x ; x=%y ; f‘l(x)zéx
) (fx)=2—-x; y=2—-x ; x=2-y ; flx)=2-x
© (o=2;y=%2;x=; f'@=2
(d) (fx)=2%; y=2° ; logyy=10g,2* ; log,y=x ; log,y=x ; f~1(x)=Ilog,x
(€ (f=1-2x; y=1-2x ; 2x=1-y ; x==-X ; fl@="
) (fx)=ln(x-2); y=In(x—=2) ; e?+2=x ; x=e’+2 ; flx)=e*+2
2. (@) sin™! (\?)=§ (b) tan7! (%)=% (c) tan_1(1)=% (@) sin~! G)=%
(e) cos™! <—§>=%ﬂ (b) tan‘l(\/a_’)zg
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3. (a)

(b)

(©

Advanced Higher - Unit 2.4 Properties of Functions - Solutions

| y=f(x)

- y=f(x-3)

(-6.0)

| y=f() - y=f(x+3) |
3 6
«—
(-4.3) (13
AY
(32) 0
K 20% -
’ N ”’
~
! -11) (-Z'.IP’
‘:’”).’
4 2 0 2 4
’
2
-4
6

-6

Adv. Higher Unit 2.4 Properties of functions
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(d)
- s
-4
-6
[ y=f0 = y=-fx |
(e) .
r; s
-6
) REOERECE
GFIi|:>
X
8/
-2
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(b)

05

(©
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(d)
[
) = |3z —
4
2
0
4 2 0 2 4 8
2
flr)|= 3x—2
-
(e)
a 2 1 2

-1

2

3

flr) |= @ +1

4

(" J
2z
K] T o K] 4 a 2 M o i 2 3

fay =12
N

-a

Adv. Higher Unit 2.4 Properties of functions Page 29



Advanced Higher - Unit 2.4 Properties of Functions - Solutions

5. (@) f(x)=(x+4)(x—2)=x?>+2x—8 ; Since powers both odd and even : Neither

(b) f(x)=3x*+5 ; Evenpowersonly; f(—x)=3x?>+5=f(x); Even function

(©) f(x)=2x+x3 ; Oddpowersonly; f(—x)=—-2x—x3=—f(x) ; 0dd function

(d) f(x)=sin2x ; f(—x)=sin(—2x) = —sin2x = —f(x) ; 0dd function
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