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Ex7 Page 20 – Motion   

 

1. 𝐺𝑖𝑣𝑒𝑛     𝑥 = 𝑓 𝑡 = 3 − 4𝑡 + 𝑡2         

    

 𝑎    𝑡 = 0𝑠 ;   𝑓 0 = 3 − 4 × 0 + 02 = 3𝑚 

 

 𝑏    𝑡 = 4𝑠 ;    𝑓 4 = 3 − 4 × 4 + 42 = 3𝑚 

 

 𝑐    𝑡 = 3𝑠  ;    𝑓 ′ 𝑡 = −4 + 2𝑡     ;      𝑓 ′(3) = −4 + 2 × 3 = 2𝑚𝑠−1 

 

 𝑑    𝑡 = 0𝑠  ;    𝑓 ′′  𝑡 = 2     ;      𝑓 ′′ (0) = 2𝑚𝑠−2 

___________________________________________________________________________ 

2. 𝐺𝑖𝑣𝑒𝑛     𝑥 = 𝑓 𝑡 = 4𝑡3 − 3𝑡2 − 2𝑡 − 1         

    

 𝑎    𝑡 = 3𝑠 ;   𝑓 ′(𝑡) = 12𝑡2 − 6𝑡 − 2   ;   𝑓 ′(3) = 12 3 2 − 6 × 3 − 2 = 88𝑚𝑠−1 

 

         𝑡 = 4𝑠 ;  𝑓 ′(4) = 12 4 2 − 6 × 4 − 2 = 166𝑚𝑠−1 

 

 𝑏    𝑡 = 3𝑠  ;    𝑓 ′′  𝑡 = 24𝑡 − 6     ;      𝑓 ′′  3 = 24 × 3 − 6 = 66𝑚𝑠−2 

 

         𝑡 = 4𝑠  ;   𝑓 ′′  3 = 24 × 4 − 6 = 90𝑚𝑠−2 

 

 𝑐    𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑑𝑢𝑟𝑖𝑛𝑔 4𝑡𝑕 𝑠𝑒𝑐𝑜𝑛𝑑    𝑣 = 𝑡 =
88 + 166

2
= 127𝑚𝑠−1 

 

 𝑑    𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑢𝑟𝑖𝑛𝑔 4𝑡𝑕 𝑠𝑒𝑐𝑜𝑛𝑑    𝑣 = 𝑡 =
66 + 90

2
= 78𝑚𝑠−1 
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3. 𝐺𝑖𝑣𝑒𝑛     𝑥 = 𝑓 𝑡 =
1

6
𝑡3 +

1

4
𝑡2         

    

 𝑎    𝑡 = 0𝑠 ;   𝑓 ′ 𝑡 =
1

2
𝑡2 +

1

2
𝑡   ;   𝑓 ′′  𝑡 = 𝑡 +

1

2
   ;    𝑓 ′(0) = 0 +

1

2
=

1

2
𝑚𝑠−2 

 

         𝑡 = 2𝑠 ;  𝑓 ′′  2 = 2 +
1

2
 =

5

2
𝑚𝑠−1 

 

 

4. 𝐺𝑖𝑣𝑒𝑛     𝑥 = 𝑓 𝑡 = 9𝑡 + 3𝑡2 − 𝑡3         

 

 𝑎       𝑡 = 0𝑠    ;     𝑓 0 = 9 × 0 + 3 0 2 − 𝑡 0 3 = 0 

 

           𝑡 = 0𝑠 ;   𝑓 ′ 𝑡 = 9 + 6𝑡 − 3𝑡2   ;   𝑓 ′ 0 = 9 + 6 × 0 − 3 0 2 = 9𝑚𝑠−1 

 

           𝑡 = 0𝑠 ;   𝑓 ′′  𝑡 = 6 − 6𝑡   ;   𝑓 ′′  0 = 6 − 6 × 0 = 6𝑚𝑠−2 

 

 𝑏   𝐴𝑡 𝑟𝑒𝑠𝑡 𝑤𝑕𝑒𝑛 𝑓 ′ 𝑡 = 0    ;     9 + 6𝑡 − 3𝑡2 = 0   ;   3 + 2𝑡 − 𝑡2 = 0  ;   (3 − 𝑡)(1 + 𝑡) = 0 

 

         3 − 𝑡  1 + 𝑡 = 0  ;    𝑡 = −1𝑠   𝑎𝑛𝑑   𝑡 = 3𝑠    ;     𝑜𝑛𝑙𝑦 𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 3 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. 

 

 

 

5. 𝐺𝑖𝑣𝑒𝑛     𝑥 = 𝑓 𝑡 = 3𝑡2 3 − 𝑡 = 9𝑡2 − 3𝑡3         

 

 

         𝑎    𝑡 = 0𝑠 ;   𝑓 ′ 𝑡 = 18𝑡 − 9𝑡2   ;   𝑓 ′ 0 = 18 × 0 − 9 0 2 = 0𝑚𝑠−1 

 

           𝑡 = 0𝑠 ;   𝑓 ′′  𝑡 = 18 − 18𝑡   ;   𝑓 ′′  0 = 18 − 18 × 0 = 18𝑚𝑠−2 

 

 𝑏   𝐴𝑡 𝑡 = 3𝑠    ;      𝑓 ′ 3 = 18 3 − 9 3 2   ;   𝑓 ′ 0 = 54 − 81 = −27𝑚𝑠−1   (𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 !) 

 

             𝑡 = 3𝑠    ;     𝑓 ′′  3 = 18 − 18 3 = −36𝑚𝑠−2    ( 𝑑𝑒𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑛𝑔 ! ) 
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Ex8 Stationary Points & Nature 

 

1.       𝐺𝑖𝑣𝑒𝑛     𝑦 = 𝑥 − 𝑙𝑛𝑥                    
𝑑𝑦

𝑑𝑥
=  1 − 

1

𝑥
=

(𝑥−1)

𝑥
= 1 − 𝑥−1 

 

      𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡𝑠 𝑤𝑕𝑒𝑛 
𝑑𝑦

𝑑𝑥
= 0 

 

      
(𝑥 − 1)

𝑥
= 0    ;        𝑥 − 1 = 0       ;       𝑥 = 1     ;              𝐹𝑜𝑟 𝑥 = 1      𝑦 = 1 − 𝑙𝑛(1) = 1    ;      𝑆𝑃  (1,1) 

 

     
𝑑2𝑦

𝑑𝑥2
=  𝑥−2 =

1

𝑥2
     ;        𝑥 = 1           

𝑑2𝑦

𝑑𝑥2
=

1

𝑥2
=

1

12
> 0     ;       𝐻𝑒𝑛𝑐𝑒  𝑆𝑃   1,1  𝑖𝑠 𝑎 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 

 

 

2.       𝐺𝑖𝑣𝑒𝑛     𝑦 = 𝑥𝑙𝑛𝑥                    
𝑑𝑦

𝑑𝑥
=  𝑙𝑛𝑥. 1 + 𝑥.

1

𝑥
= 𝑙𝑛𝑥 + 1 

 

      𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡𝑠 𝑤𝑕𝑒𝑛 
𝑑𝑦

𝑑𝑥
= 0 

 

      𝑙𝑛𝑥 + 1 = 0    ;        𝑙𝑛𝑥 = −1       ;       𝑥 = 𝑒−1 =
1

𝑒
     ;      𝐹𝑜𝑟 𝑥 =

1

𝑒
      𝑦 =

1

𝑒
. (−1)    ;      𝑆𝑃   

1

𝑒
, −

1

𝑒
  

 

     
𝑑2𝑦

𝑑𝑥2
=

1

𝑥
     ;        𝑥 =

1

𝑒
           

𝑑2𝑦

𝑑𝑥2
=

1

1
𝑒 

= 𝑒 > 0     ;       𝐻𝑒𝑛𝑐𝑒  𝑆𝑃   
1

𝑒
, −

1

𝑒
  𝑖𝑠 𝑎 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 
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3.       𝐺𝑖𝑣𝑒𝑛     𝑦 = 𝑥𝑒−𝑥                     
𝑑𝑦

𝑑𝑥
=  𝑒−𝑥 . 1 − 𝑥. 𝑒−𝑥 = 𝑒−𝑥(1 − 𝑥) 

 

      𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡𝑠 𝑤𝑕𝑒𝑛 
𝑑𝑦

𝑑𝑥
= 0 

 

      𝑒−𝑥 1 − 𝑥 = 0    ;      1 − 𝑥 = 0       ;       𝑥 = 1     ;      𝐹𝑜𝑟 𝑥 = 1      𝑦 = 1𝑒−1 =
1

𝑒
   ;      𝑆𝑃   1,

1

𝑒
  

 

     
𝑑2𝑦

𝑑𝑥2
=   1 − 𝑥 .−𝑒−𝑥 + 𝑒−𝑥 . −1 =  −𝑒−𝑥 + 𝑥𝑒−𝑥 − 𝑒−𝑥 =   𝑥 − 2 𝑒−𝑥   ;        

 

𝑥 = 1           
𝑑2𝑦

𝑑𝑥2
=  1 − 2 𝑒−1 = −

1

𝑒
< 0     ;       𝐻𝑒𝑛𝑐𝑒  𝑆𝑃   1,

1

𝑒
  𝑖𝑠 𝑎 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 
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Ex9 Optimisation 

1.  

 

 

 

(𝑎)    𝑙𝑒𝑛𝑔𝑡𝑕 =  16 − 2𝑠     ;      𝑏𝑟𝑒𝑎𝑑𝑡𝑕 =   16 − 2𝑠   ;       𝑕𝑒𝑖𝑔𝑕𝑡 = 𝑠    ;      𝑉 = 𝑙𝑏𝑕 = 𝑠 16 − 2𝑠 2 

  

    𝑉 = 𝑠(256 − 64𝑠 + 4𝑠2) 

    𝑉 = 4𝑠3 − 64𝑠2 + 256𝑠 

 

  𝑏    𝐹𝑜𝑟 𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑃𝑜𝑖𝑛𝑡𝑠 
𝑑𝑉

𝑑𝑠
= 0    ;    

𝑑𝑉

𝑑𝑠
= 12𝑠2 − 128𝑠 + 256 = 0    

                                                                                = 3𝑠2 − 32𝑠 + 64 = 0    

                                                                                                 =  3𝑠 − 8 (𝑠 − 8) = 0    

                                                                                                        𝑠 =
8

3
    𝑎𝑛𝑑   𝑠 = 8       𝑟𝑢𝑙𝑒 𝑜𝑢𝑡 8      

𝑁𝑎𝑡𝑢𝑟𝑒 ∶   
𝑑2𝑉

𝑑𝑠2
= 24𝑠 − 128    ;     

𝐹𝑜𝑟 𝑠 =
8

3
          

𝑑2𝑉

𝑑𝑠2
= 24 

8

3
 − 128 < 0    ;       

𝐻𝑒𝑛𝑐𝑒 𝑠 =
8

3
 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 
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2.  

 

 

 

 𝑎    𝐴𝑟𝑒𝑎 𝑜𝑓 𝑆𝑒𝑐𝑡𝑜𝑟 =
𝜃

360 
𝜋𝑟2 = 16    ;      𝜃 =  

5760

𝜋𝑟2
  ;       𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 = 𝑟 + 𝑟 + 𝐴𝑟𝑐 𝑙𝑒𝑛𝑔𝑡𝑕 

 

   𝑃 = 𝑟 + 𝑟 +
𝜃

360 
𝜋𝐷 = 2𝑟 +

5760

360𝜋𝑟2
𝜋 2𝑟 = 2𝑟 +

32

𝑟
 

 

    𝑃 = 2  𝑟 +
16

𝑟
  

 

  𝑏    𝐹𝑜𝑟 𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑃𝑜𝑖𝑛𝑡𝑠 
𝑑𝑃

𝑑𝑟
= 0    ;    𝑃 = 2𝑟 + 32𝑟−1   

                                                                         
𝑑𝑃

𝑑𝑟
= 2 − 32𝑟−2 = 0    

                                                                                           
𝑑𝑃

𝑑𝑟
= 2 −

32

𝑟2 = 0          

                                                                      
𝑑𝑃

𝑑𝑟
= 2𝑟2 − 32 = 2 𝑟2 − 16 =  𝑟 − 4  𝑟 + 4 = 0    

                                                                                             𝑟 = 4    𝑎𝑛𝑑   𝑟 = −4      ( 𝑟𝑢𝑙𝑒 𝑜𝑢𝑡 − 4   𝑟 > 0 )     

𝑁𝑎𝑡𝑢𝑟𝑒 ∶   
𝑑2𝑃

𝑑𝑟2
=

64

𝑟3
    ;     

𝐹𝑜𝑟 𝑠 = 4          
𝑑2𝑃

𝑑𝑟2
=

64

43
> 0    ;       

𝐻𝑒𝑛𝑐𝑒 𝑟 = 4 𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚           𝐹𝑜𝑟 𝑟 = 4     𝑃 = 2  𝑟 +
16

𝑟
 = 2  4 +

16

4
 = 16𝑐𝑚 

 

  

16cm2 
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3.   

 

 

 

 

 

 𝑎   𝐺𝑖𝑣𝑒𝑛  𝑟 + 𝑕 = 2  ;    𝑕 =  2 − 𝑟   ; 

 

   𝑉 = 𝜋𝑟2𝑕 = 𝜋𝑟2 2 − 𝑟  

 

  𝑏    𝐹𝑜𝑟 𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑃𝑜𝑖𝑛𝑡𝑠 
𝑑𝑉

𝑑𝑟
= 0    ;    𝑉 = 𝜋𝑟2 2 − 𝑟 = 2𝜋𝑟2 − 𝜋𝑟3  

                                                                         
𝑑𝑉

𝑑𝑟
= 4𝜋𝑟 − 3𝜋𝑟2 = 0    

                                                                                           
𝑑𝑉

𝑑𝑟
= 𝜋𝑟(4 − 3𝑟) = 0          

               
𝑑𝑉

𝑑𝑟
= 𝑟(4 − 3𝑟) = 0      

                                                                                             𝑟 = 0    𝑎𝑛𝑑   𝑟 =
4

3
      ( 𝑟𝑢𝑙𝑒 𝑜𝑢𝑡 0   𝑟 > 0 )     

𝑁𝑎𝑡𝑢𝑟𝑒 ∶   
𝑑2𝑉

𝑑𝑟2
= 4𝜋 − 6𝜋𝑟    ;     

𝐹𝑜𝑟 𝑟 =
4

3
          

𝑑2𝑉

𝑑𝑟2
= 4𝜋 − 6𝜋  

4

3
 < 0    ;       

𝐻𝑒𝑛𝑐𝑒 𝑟 =
4

3
 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚           𝐹𝑜𝑟 𝑟 =

4

3
     𝑉 = 𝜋  

4

3
 

2

 2 −
4

3
 = 𝜋  

16

9
  

2

3
 =

32𝜋

27
𝑚3 

 

  

r 

h 



 Advanced Higher - Unit 2.5 Motion & Optimisation - Solutions 

Adv. Higher Unit 2.5 Motion and Optimisation Solutions.docx Page 8 
 

 

4.  

 

 

 

 

 

 

 𝑎   𝐴𝑟𝑒𝑎 𝑜𝑓 𝐵𝐶𝐷 =
1

2
𝑎𝑏𝑠𝑖𝑛𝑐 =

1

2
 𝐵𝐶  𝐷𝐶 𝑠𝑖𝑛𝐶 =  

1

2
 20  20 𝑠𝑖𝑛2𝜃 = 200𝑠𝑖𝑛2𝜃  

 

 

 

 

 

                                  𝐵𝑦 𝑆𝑂𝐻𝐶𝐴𝐻𝑇𝑂𝐴   ;        
1

2
𝐵𝐷 = 20𝑠𝑖𝑛𝜃        ;      𝐵𝐷 = 40𝑠𝑖𝑛𝜃      ;      𝐵𝐷 2 = 1600𝑠𝑖𝑛2𝜃  

 

  𝑏    𝑁𝑜𝑡𝑖𝑛𝑔 𝐴𝐵 = 𝐴𝐷 , 𝑏𝑦 𝑃𝑦𝑡𝑕𝑎𝑔𝑜𝑟𝑎𝑠 𝑇𝑕𝑒𝑜𝑟𝑒𝑚  𝐴𝐵 2 +  𝐴𝐵 2 = 1600𝑠𝑖𝑛2𝜃  

                                                                                                                 2 𝐴𝐵 2 = 1600𝑠𝑖𝑛2𝜃 

                                                                                                                    𝐴𝐵 2 = 800𝑠𝑖𝑛2𝜃 

  𝐴𝑟𝑒𝑎 𝑜𝑓 𝐵𝐴𝐷 =
1

2
𝑏𝑕 =

1

2
 𝐴𝐵  𝐴𝐷 =

1

2
 𝐴𝐵 2 =  

1

2
800𝑠𝑖𝑛2𝜃 = 400𝑠𝑖𝑛2𝜃  

 

𝑈𝑠𝑖𝑛𝑔 𝑐𝑜𝑠2𝜃 = 1 − 2𝑠𝑖𝑛2𝜃    ;        𝑠𝑖𝑛2𝜃 =
1

2
 1 − 𝑐𝑜𝑠2𝜃   ;       𝐴𝑟𝑒𝑎 = 400 

1

2
 1 − 𝑐𝑜𝑠2𝜃  = 200 − 200𝑐𝑜𝑠2𝜃 

  𝑇𝑜𝑡𝑎𝑙 𝐴𝑟𝑒𝑎 ∶   𝐴 𝜃 = 200𝑠𝑖𝑛2𝜃 +  200 − 200𝑐𝑜𝑠2𝜃   

 

  𝑇𝑜𝑡𝑎𝑙 𝐴𝑟𝑒𝑎 ∶    𝐴 𝜃 = 200(1 − 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃)  

θ 

D 

B 

20 
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  𝑐    𝐹𝑜𝑟 𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑃𝑜𝑖𝑛𝑡𝑠 
𝑑𝐴

𝑑𝜃
= 0    ;       𝐴 𝜃 = 200 1 − 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 = 200 − 200𝑐𝑜𝑠2𝜃 + 200𝑠𝑖𝑛2𝜃   

        
𝑑𝐴

𝑑𝜃
= 400𝑠𝑖𝑛2𝜃 + 400𝑐𝑜𝑠2𝜃 = 0   

= 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 0    

= 𝑡𝑎𝑛2𝜃 = −1    

 

 𝐻𝑖𝑔𝑕𝑒𝑟 𝑤𝑜𝑟𝑘 ∶        2𝜃 = 𝑡𝑎𝑛−1 −1 =
3𝜋

4
,

7𝜋

4
,

11𝜋

4
,

15𝜋

4
           ;       𝜃 =

3𝜋

8
,

7𝜋

8
,

11𝜋

8
,

15𝜋

8
              

 

                                𝑓𝑟𝑜𝑚 𝑑𝑖𝑎𝑔𝑟𝑎𝑚     𝜃 <
𝜋

2
        𝜃 =

3𝜋

8
             

 

𝑁𝑎𝑡𝑢𝑟𝑒 ∶   
𝑑2𝐴

𝑑𝜃2
= 800𝑐𝑜𝑠2𝜃 − 800𝑠𝑖𝑛2𝜃    ;     

𝐹𝑜𝑟 𝜃 =
3𝜋

8
          

𝑑2𝐴

𝑑𝜃2
= 800 𝑐𝑜𝑠  

3𝜋

4
 − 𝑠𝑖𝑛  

3𝜋

4
  = 800  −

1

 2
−

1

 2
 < 0    ;       

𝐻𝑒𝑛𝑐𝑒 𝜃 =
3𝜋

8
 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚           𝐹𝑜𝑟 𝑟 =

𝜋

8
     𝐴  

𝜋

8
 = 200 1 − 𝑐𝑜𝑠  

3𝜋

4
 + 𝑠𝑖𝑛  

3𝜋

4
  = 200 1 +  2  𝑐𝑚2 

 

 


