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Ex1 Page 78 – Matrices & System of Equations   

 

1.         
𝑅1

𝑅2

𝑅3

 
1 1 1
3 3 1
3 2 2

  
⋮
⋮
⋮
   

1
4
7
     →  

𝑅1

3𝑅1 − 𝑅2

𝑅3

 
1 1 1
0 0 2
3 2 2

  
⋮
⋮
⋮
  

1
−1
7

   →  
𝑅1

𝑅2

3𝑅1 − 𝑅3

 
1 1 1
0 0 2
0 1 1

  
⋮
⋮
⋮
  

1
−1
−4

            

 

 
𝑅1

𝑅2

𝑅3

 
1 1 1
0 1 1
0 0 2

  
⋮
⋮
⋮
   

1
−4
−1

           

 

𝑅3   ∶   2𝑧 = −1  ;   𝑧 = −
1

2
       ;    𝑅2 ∶    𝑦 + 𝑧 = −4  ;   𝑦 =  −

7

2
        𝑅1 ∶   𝑥 + 𝑦 + 𝑧 = 1  ;   𝑥 =  5    

 

 

 

2.         
𝑅1

𝑅2

𝑅3

 
1 −2 1
3 1 −2
7 −6 −1

  
⋮
⋮
⋮
   

6
4

10
     →  

𝑅1

3𝑅1 − 𝑅2

7𝑅1 − 𝑅3

 
1 −2 1
0 −7 5
0 −8 8

  
⋮
⋮
⋮
  

6
14
32

   →  
𝑅1

𝑅2

8𝑅2 − 7𝑅3

 
1 −2 1
0 −7 5
0 0 −16

  
⋮
⋮
⋮
  

6
14

−112
          

 

          
𝑅1

𝑅2

𝑅3

 
1 −2 1
0 −7 5
0 0 −16

  
⋮
⋮
⋮
  

6
14

−112
    

 

𝑅3   ∶  −16𝑧 = −112  ;   𝑧 = 7       ;    𝑅2 ∶  −7 𝑦 + 5𝑧 = 14  ;   𝑦 =  3        𝑅1 ∶   𝑥 − 2𝑦 + 𝑧 = 6  ;   𝑥 =  5    
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3.         
𝑅1

𝑅2

𝑅3

 
5 −1 2
3 2 −3
2 −1 1

  
⋮
⋮
⋮
   

25
16
9

     →  

𝑅1

3𝑅1 − 5𝑅2

2𝑅1 − 5𝑅3

 
5 −1 2
0 −13 21
0 3 −1

  
⋮
⋮
⋮
  

25
−5
5

   →  
𝑅1

𝑅2

3𝑅2 + 13𝑅3

 
5 −1 2
0 −13 21
0 0 50

  
⋮
⋮
⋮
  

25
−5
50

          

 

          
𝑅1

𝑅2

𝑅3

 
5 −1 2
0 −13 21
0 0 50

  
⋮
⋮
⋮
  

25
−5
50

    

 

𝑅3   ∶  50𝑧 = 50  ;   𝑧 = 1       ;    𝑅2 ∶  −13 𝑦 + 21𝑧 = −5  ;   𝑦 =  2        𝑅1 ∶   5𝑥 − 𝑦 + 2𝑧 = 25  ;   𝑥 =  5    

 

 

4.         
𝑅1

𝑅2

𝑅3

 
1 1 1
3 −1 2
2 3 1

  
⋮
⋮
⋮
   

2
4
7
     →  

𝑅1

3𝑅1 − 𝑅2

2𝑅1 − 𝑅3

 
1 1 1
0 4 1
0 −1 1

  
⋮
⋮
⋮
  

2
2

−3
   →  

𝑅1

𝑅2

𝑅2 + 4𝑅3

 
1 1 1
0 4 1
0 0 5

  
⋮
⋮
⋮
  

2
2

−10
          

 

          
𝑅1

𝑅2

𝑅3

 
1 1 1
0 4 1
0 0 5

  
⋮
⋮
⋮
  

2
2

−10
    

 

𝑅3   ∶  5𝑧 = −10  ;   𝑧 = −2       ;    𝑅2 ∶  4 𝑦 + 𝑧 = 2  ;   𝑦 = 1        𝑅1 ∶   𝑥 + 𝑦 + 𝑧 = 2  ;   𝑥 =  3    

 

 

5.         
𝑅1

𝑅2

𝑅3

 
5 −3 6
1 5 2

−1 2 5
  
⋮
⋮
⋮
   

0
0
0
     →  

𝑅1

𝑅1 − 5𝑅2

𝑅1 + 5𝑅3

 
5 −3 6
0 −28 −4
0 7 31

  
⋮
⋮
⋮
   

0
0
0
   →  

𝑅1

𝑅2

𝑅2 + 4𝑅3

 
5 −3 6
0 −28 −4
0 0 120

  
⋮
⋮
⋮
   

0
0
0
          

 

          
𝑅1

𝑅2

𝑅3

 
5 −3 6
0 −28 −4
0 0 120

  
⋮
⋮
⋮
   

0
0
0
    

 

𝑅3   ∶  120𝑧 = 0  ;   𝑧 = 0       ;    𝑅2 ∶  4 𝑦 + 𝑧 = 0  ;   𝑦 = 0        𝑅1 ∶   𝑥 + 𝑦 + 𝑧 = 0  ;   𝑥 =  0    
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Ex2 Page 79 – Ill Conditioning   

 

1.  𝑎 (𝑖)     
𝑅1

𝑅2
 
1 1
1 1.0001

   
⋮
⋮
    

2
2.0001

 → 
𝑅1

𝑅1 − 𝑅2
 
1 1
0 −0.0001

   
⋮
⋮
    

2
−0.0001

      

          

𝑅2 ∶   −0.0001𝑦 = −0.0001     ;       𝑦 =  1        𝑅1 ∶   𝑥 + 𝑦 = 2  ;   𝑥 =  1    

 

 𝑖𝑖      
𝑅1

𝑅2
 
1 1
1 1.0001

   
⋮
⋮
    

2
1.9999

 →  
𝑅1

𝑅1 − 𝑅2
 
1 1
0 −0.0001

   
⋮
⋮
    

2
0.0001

      

          

𝑅2 ∶   −0.0001𝑦 = 0.0001     ;       𝑦 =  −1        𝑅1 ∶   𝑥 + 𝑦 = 2  ;   𝑥 =  3      ;          𝐻𝑒𝑛𝑐𝑒 𝑖𝑙𝑙 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑 

 

 

b.  𝑖      
𝑅1

𝑅2
 

1 0.99
0.99 0.98

   
⋮
⋮
    

1.99
1.97

    →     
𝑅1

0.99𝑅1 − 𝑅2
 
1 0.99
0 0.0001

   
⋮
⋮
    

1.99
0.0001

      

          

𝑅2 ∶   0.0001𝑦 = 0.0001     ;       𝑦 =  1        𝑅1 ∶   𝑥 + 0.99𝑦 = 1.99  ;   𝑥 =  1    

 

 𝑖𝑖      
𝑅1

𝑅2
 

1 0.99
0.99 0.98

   
⋮
⋮
    

2.00
1.97

    →     
𝑅1

0.99𝑅1 − 𝑅2
 
1 0.99
0 0.0001

   
⋮
⋮
    

2.00
0.01

      

          

𝑅2 ∶   0.0001𝑦 = 0.01     ;       𝑦 =  100        𝑅1 ∶   𝑥 + 0.99𝑦 = 2  ;   𝑥 =  −97      ;          𝐻𝑒𝑛𝑐𝑒 𝑖𝑙𝑙 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑 
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Ex 1 – Matrices 

1.  𝑎       
3 1 4
5 4 0

    
2
7
  𝑂𝑟𝑑𝑒𝑟 2 × 4           𝑏       

2 −1
4 8
1 −2

    𝑂𝑟𝑑𝑒𝑟 3 × 2           𝑐     

1 2
3 4
5 6
7 8

   𝑂𝑟𝑑𝑒𝑟 4 × 2 

 

 

2.   𝐴  𝑂𝑟𝑑𝑒𝑟 1 × 3           𝐵  𝑂𝑟𝑑𝑒𝑟 1 × 3            𝐶  𝑂𝑟𝑑𝑒𝑟 1 × 3          𝑨 𝒂𝒏𝒅 𝑪 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍 

 

  𝐷  𝑂𝑟𝑑𝑒𝑟 2 × 1           𝐸  𝑂𝑟𝑑𝑒𝑟 2 × 1            𝐹  𝑂𝑟𝑑𝑒𝑟 2 × 1         𝐺  𝑂𝑟𝑑𝑒𝑟 2 × 1     𝑭 𝒂𝒏𝒅 𝑮 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍 

 

 𝐻  𝑂𝑟𝑑𝑒𝑟 2 × 2           𝐽  𝑂𝑟𝑑𝑒𝑟 2 × 2            𝐾  𝑂𝑟𝑑𝑒𝑟 2 × 2         𝐿  𝑂𝑟𝑑𝑒𝑟 2 × 2     𝑯 𝒂𝒏𝒅 𝑳 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍 

 

 

3.  𝑎      3𝑥 −𝑦 =  12 3      ;     𝑥 = 4   𝑎𝑛𝑑 𝑦 = −3   

 

 𝑏      
𝑥 +
4 −

   
3
𝑦
 =  

7
5
      ;     𝑥 = 4   𝑎𝑛𝑑 𝑦 = −1   

 

 𝑐      
𝑥 +

2𝑥 −
   

2𝑦
𝑦

 =  
9
8
      ;     𝑥 + 2𝑦 = 9   𝑎𝑛𝑑 2𝑥 − 𝑦 = 8      ;      𝑥 = 5   𝑎𝑛𝑑   𝑦 = 2   

 

 𝑑      
𝑥2 𝑦2

𝑦3 𝑥3 =  
4 9

−27 8
      ;      𝑥 = 2   𝑎𝑛𝑑   𝑦 = −3   

 

 

4.  𝑎   𝐴𝑇 =  

3 5
1 4
4 0
2 7

  𝑂𝑟𝑑𝑒𝑟 4 × 2     𝑏      𝐴𝑇 =  
2 4 1

−1 8 −2
    𝑂𝑟𝑑𝑒𝑟 2 × 3 

 

 𝑐   𝐴𝑇 =  
1 3 5
2 4 6

    
7
8
   𝑂𝑟𝑑𝑒𝑟 2 × 4 

 

5. 𝐴 =  
3 1 4
5 4 0

    
2
7
 → 𝐴𝑇  

3 5
1 4
4 0
2 7

  →  𝐴𝑇 𝑇 =  
3 1 4
5 4 0

    
2
7
  

 

6. 𝑃 =  
𝑥 9

−3 𝑦
 → 𝑃𝑇  

𝑥 −3
9 𝑦

 = 𝑄  
5 −3
9 −4

                         𝑥 = 5   𝑎𝑛𝑑   𝑦 = −4 
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Ex 2 – Addition of Matrices 

1.  𝑎     
3
1
 +  

4
5
 =  

7
6
             𝑏           

2
4
 +  

−1
3

 =  
1
7
              𝑐            

2𝑎
𝑏

 +  
7𝑎

−3𝑏
 =  

9𝑎
−2𝑏

  

 

 𝑑     
2𝑢

−3𝑣
 +  

−2𝑢
3𝑣

 =  
0
0
        𝑒       2 5 +  1 4 =  3 9              𝑓         2 −3 +  −5 8 =  −3 5  

 

 𝑔     
1 0
0 1

 +  
2 3
4 5

 =  
3 3
4 6

              𝑕     
2 3
5 1

     
1
0
 +  

1 −2
−7 1

     
3

−4
 =  

3 1
−2 2

     
4

−4
      

 

2.  𝑎     
3 2
1 −1

 +  
1 4
5 2

 =  
4 6
6 1

                    𝑏           
1 4
5 2

 +  
−2 3
1 −4

 =  
−1 7
6 −2

  

 

 𝑐     
4 6
6 1

  +  
−2 3
1 −4

 =  
2 9
7 −3

            (𝑑)          
3 2
1 −1

 +  
−1 7
6 −2

 =  
2 9
7 −3

   

 

𝑇𝑟𝑢𝑒 ∶  𝐴 + 𝐵 + 𝐶 = 𝐴 + (𝐵 + 𝐶) 

 

 

3.  𝑎     
3 −4

−5 1
 +  

−3 4
5 −1

 =  
0 0
0 0

                    𝑏           
−3 4
5 −1

 +   
3 −4

−5 1
 =  

0 0
0 0

  

 

𝐴 = −𝐵   𝑜𝑟 𝐵 = −𝐴 

 

4.  𝐴 + 𝐵 =    
3 1
5 4

    
4 2
0 7

 +  
2 −1
3 8

    
3 −2
1 0

 =  
5 0
8 12

    
7 0
1 7

        (𝐴 + 𝐵)𝑇 =  

5 8
0 12
7 1
0 7

  

 

𝐴𝑇 + 𝐵𝑇 =    

3 5
1 4
4 0
2 7

 +  

2 3
−1 8
3 1

−2 0

 =  

5 8
0 12
7 1
0 7

            ;             𝐻𝑒𝑛𝑐𝑒 (𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇  
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Ex3 – Subtraction of Matrices 

 

1.  𝑎     
3
1
 −  

4
5
 =  

−1
−4

                  𝑏           
2
4
 −  

−1
3

 =  
3
1
          𝑐            

2𝑎
𝑏

 −  
7𝑎

−3𝑏
 =  

−5𝑎
4𝑏

  

 

 𝑑     
2𝑢

−3𝑣
 −  

−2𝑢
3𝑣

 =  
4𝑢

−6𝑣
        𝑒           2 5 −  1 4 =  1 1         𝑓      2 −3 −  −5 8 =  7 −11  

 

 𝑔     
1 0
0 1

 −  
2 3
4 5

 =  
−1 −3
−4 −4

              𝑕       
4 7
2 3

 −  
8 0
3 9

 =  
−4 7
−1 −6

   

 

 𝑖  
2 3
5 1

     
1
0
 −  

1 −2
−7 1

     
3

−4
 =  

1 5
12 0

     
−2
4

      

 

 

2.  𝑎     
1 2
3 4

 +  
−2 3
0 1

 =  
−1 5
3 5

                   𝑏           
1 2
3 4

 +  
5 2

−1 0
 =  

6 4
2 4

  

 

 𝑐     
−1 5
3 5

  +  
5 2

−1 0
 =  

4 7
2 5

                  𝑑          
1 2
3 4

 −  
−2 3
0 1

 =  
3 −1
3 3

   

 

 𝑒     
5 2

−1 0
 −  

−2 3
0 1

 =  
7 −1

−1 −1
             𝑓          

5 2
−1 0

 −  
1 2
3 4

 =  
4 0

−4 −4
  

 

 𝑔     
6 4
2 4

 +  
−1 5
3 5

 =  
5 9
5 9

                       𝑕          
6 4
2 4

 −  
−1 5
3 5

 =  
7 −1

−1 −1
  

 

 

3.  𝑎   𝑋 +  
1 0
0 1

 =  
0 2
2 1

         ;           𝑋 =  
0 2
2 1

 −  
1 0
0 1

 =  
−1 2
2 0

  

 

 𝑏   𝑋 +  
2 3
4 5

 =  
4 −1
3 2

      ;           𝑋 =  
4 −1
3 2

 −  
2 3
4 5

 =  
2 −4

−1 −3
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4.   𝑎    𝐴 + 𝐵 =    
1 2
3 4
5 6

 +  
3 −2
1 5
4 6

 =  
4 0
4 9
9 12

   

 

 𝑏    𝐵 − 𝐶 =    
3 −2
1 5
4 6

 −  
4 2
1 0

−3 5
 =  

−1 −4
0 5
7 1

  

 

 𝑐     𝐴 + 𝐵 − 𝐶 =    
4 0
4 9
9 12

 −  
4 2
1 0

−3 5
 =  

0 −2
3 9

12 7
  

 

 𝑑    𝐴 +  𝐵 − 𝐶 =    
1 2
3 4
5 6

 +  
−1 −4
0 5
7 1

 =  
0 −2
3 9

12 7
  

 

 𝑐 𝑎𝑛𝑑  𝑑  𝑡𝑒𝑙𝑙𝑠 𝑢𝑠      𝐴 + 𝐵 − 𝐶 =  𝐴 +  𝐵 − 𝐶   
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Ex 4 – Multiplication of a Matrix 

 

1.  𝑎      2𝐴 =   2  
3 4

−1 −2
 =  

6 8
−2 −4

                   𝑏          3𝐴 =   3  
3 4

−1 −2
 =  

9 12
−3 −6

  

 

 𝑐     − 5𝐴 =  −5  
3 4

−1 −2
 =  

−15 −20
5 10

        𝑑         − 𝐴 =  − 
3 4

−1 −2
 =  

−3 −4
1 2

  

 

 

2.  𝑎      𝐴 − 𝐵 =    
3 4 1
2 0 3

 −  
2 −1 3
4 5 0

 =  
1 5 −2

−2 −5 3
  

 

 𝑏     2 𝐴 + 𝐵 =   2   
3 4 1
2 0 3

 +  
2 −1 3
4 5 0

  = 2  
5 3 4
6 5 3

 =  
10 6 8
12 10 6

  

 

 𝑐     2𝐴 =   2  
3 4 1
2 0 3

 =  
6 8 2
4 0 6

  

 

 𝑑     2𝐵 =   2  
2 −1 3
4 5 0

 =  
4 −2 6
8 10 0

  

 

 𝑒     2𝐴 + 2𝐵 =    
6 8 2
4 0 6

 +  
4 −2 6
8 10 0

 =  
10 6 8
12 10 6

  

 

 𝑓     6𝐴 =   6  
3 4 1
2 0 3

 =  
18 24 6
12 0 18

  

 

 𝑔     3(2𝐴) =   3  
6 8 2
4 0 6

 =  
18 24 6
12 0 18

  

 

 𝑕     8𝐵 =   8  
2 −1 3
4 5 0

 =  
16 −8 24
32 40 0

  

 

 𝑖     4(2𝐵) =   4  
4 −2 6
8 10 0

 =  
16 −8 24
32 40 0

  

 

 

𝑅𝑢𝑙𝑒𝑠:      𝑘 𝐴 ± 𝐵 = 𝑘𝐴 ± 𝑘𝐵      𝑎𝑛𝑑         𝑘 𝑡𝐴 =  𝑘𝑡 𝐴 
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3.  𝑎      3𝐴 + 2𝐵 = 3  
2 −3
4 1

 + 2  
−4 1
3 −2

 =  
6 −9

12 3
 +  

−8 2
6 −4

 =  
−2 −7
18 −1

  

 

 𝑏      4𝐴 − 3𝐵 = 4  
2 −3
4 1

 − 3  
−4 1
3 −2

 =  
8 −12

16 4
 −  

−12 3
9 −6

 =  
20 −15
7 10

  

 

 𝑐      5𝐴 − 4𝐵 = 5  
2 −3
4 1

 − 4  
−4 1
3 −2

 =  
10 −15
20 5

 −  
−16 4
12 −8

 =  
26 −19
8 13

  

 

 𝑑      2(𝐴 − 5𝐵) = 2   
2 −3
4 1

 − 5  
−4 1
3 −2

  = 2   
2 −3
4 1

 −  
−20 5
15 −10

  = 2  
22 −8

−11 11
  

                                                       =  
44 −16

−22 22
  

 

 

4.  𝑎      3𝑋 =  
6 −3

12 9
 =  

2 −1
4 3

  

 

 𝑏      2𝑋 +  
3 1
4 2

 =  
9 5
2 8

        ;      2𝑋 =  
9 5
2 8

 −  
3 1
4 2

 =  
6 4

−2 6
      ;   𝑋 =  

3 2
−1 3

  

 

 𝑐      4𝑋 −  
3 1
4 7

 =  
5 3
0 13

        ;      4𝑋 =  
5 3
0 13

 +  
3 1
4 7

 =  
8 4
4 20

      ;   𝑋 =  
2 1
1 5

  

 

 𝑑     
7 1

−4 3
 − 3𝑋 =  

−5 10
8 9

     ;    −3𝑋 =  
−5 10
8 9

 −  
7 1

−4 3
 =  

−12 9
12 6

      𝑋 =  
3 −3

−4 −2
  

 

 

5.  𝑎      2  
1 −1 3
2 −7 5

 + 𝑋 = 3  
1 2 −4
3 −5 1

      ;       
2 −2 6
4 −14 10

 + 𝑋 =  
3 6 −12
9 −15 3

  

 

                                             𝑋 =  
3 6 −12
9 −15 3

 −  
2 −2 6
4 −14 10

 =  
1 8 −18
5 −1 −7

  

 

 𝑏      5  
1 2
3 4

 − 3𝑋 = 4  
−4 7
3 8

      ;       
5 10

15 20
 − 3𝑋 =  

−16 28
12 32

  

 

           −3𝑋 =  
−16 28
12 32

 −  
5 10

15 20
 =  

−21 18
−3 12

         ;      𝑋 =  
7 −6
1 4
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6.      2  
𝑝 𝑞
𝑟 𝑠

 +  
7 −2

−4 5
 =  

5 6
2 1

    ;      2  
𝑝 𝑞
𝑟 𝑠

 =  
5 6
2 1

 −  
7 −2

−4 5
 =  

−2 8
6 −4

  

 

     2  
𝑝 𝑞
𝑟 𝑠

 =  
−2 8
6 −4

    ;       
𝑝 𝑞
𝑟 𝑠

 =  
−1 4
3 −2
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Ex5 – Matrix Products 

 

1.  𝑎     1 2  
3
4
 =  11                    𝑏          3 4  

2
5
 =  26                  𝑐            5 −2  

1
−2

 =  9  

 

 𝑑     3 1 2  
2
1
3
 =  13            𝑒        2 −3 4  

5
1
2
 =  15        

 

 𝑓         8 −5 −1  
𝑥
𝑦
𝑧
 =  8𝑥 − 5𝑦 − 𝑧                 𝑔     

3 1
1 2

  
2
3
 =  

9
8
   

 

 𝑕         
2 1
0 1

  
3
4
 =  

10
4

                 𝑖     
2 −1
1 2

  
2
3
 =  

1
8
             𝑗     

1 −1
1 0

  
5

−2
 =  

7
5
  

 

 𝑘         
2 3
1 −2

  
1

−3
 =  

−7
7

         𝑙     
0 −1
1 0

  
6

−4
 =  

4
6
             𝑚     

1 −1
2 3

  
5
4
 =  

1
22

  

 

 𝑛         
1

−3
  

2 3
1 −2

 = 𝑁/𝐴          𝑜     3 4  
2
5
 =  26            𝑝     

2 1 3
3 0 1
1 2 3

  
4
0
1
 =  

11
13
7

  

 

 𝑞         
2 1
3 0
1 2

  
4
0
1
 = 𝑁/𝐴              𝑟     

1 −2 3
−1 4 2
3 1 0

  
2
1
3
 =  

9
8
7
            

 

 𝑠     𝑐𝑜𝑠𝑎 𝑠𝑖𝑛𝑎  
𝑐𝑜𝑠𝑎 −𝑠𝑖𝑛𝑎
𝑠𝑖𝑛𝑎 𝑐𝑜𝑠𝑎

 =  𝑐𝑜𝑠2𝑎 + 𝑠𝑖𝑛2𝑎
−𝑠𝑖𝑛𝑎𝑐𝑜𝑠𝑎 + 𝑠𝑖𝑛𝑎𝑐𝑜𝑠𝑎

 =  
1
0
  

 

 

 

2.  𝑎         
3 0
0 −2

  
𝑥
𝑦 =  

12
8

       ;     3𝑥 = 12    ,    − 2𝑦 = 8     ;     𝑥 = 4    𝑦 = −4 

 

 𝑏         
𝑥 0
1 𝑦

  
2
3
 =  

6
−1

       ;       2𝑥 = 6    ,    2 + 3𝑦 = −1     ;  𝑥 = 3    𝑦 = −1 

 

 𝑐         
2 −1
1 −3

  
𝑥
𝑦 =  

11
−7

       ;       2𝑥 − 𝑦 = 11    ,    𝑥 − 3𝑦 = −7     ;  𝑥 = 8    𝑦 = 5 

 

 𝑑         
𝑥 𝑦
𝑦 𝑥  

3
1
 =  

5
−1

       ;       3𝑥 + 𝑦 = 5    ,    3𝑦 + 𝑥 = −1     ;  𝑥 = 2    𝑦 = −1 
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3.  𝑎    𝐴𝐵 =  
1 2
3 1

  
4 5
2 0

 =  
8 5

14 15
     ;     𝐵𝐴 =  

4 5
2 0

  
1 2
3 1

 =  
19 13
2 4

   ;    𝐴𝐵 ≠ 𝐵𝐴    

 

 𝑏    𝐴 𝐵𝐶 =  
1 2
3 1

   
4 5
2 0

  
4

−3
  =  

1 2
3 1

  
1
8
 =  

17
11

  

          𝐴𝐵 𝐶 =   
1 2
3 1

  
4 5
2 0

   
4

−3
 =  

8 5
14 15

  
4

−3
 =  

17
11

           ;         𝐴 𝐵𝐶 =  𝐴𝐵 𝐶 

 

 𝑐     𝐴𝐵 𝑇 =   
1 2
3 1

  
4 5
2 0

  
𝑇

=  
8 5

14 15
 

𝑇

=  
8 14
5 15

  

 𝐵 𝑇 =  
4 2
5 0

     ;       𝐴 𝑇 =  
1 3
2 1

     ;       𝐵𝑇𝐴𝑇 =  
4 2
5 0

  
1 3
2 1

 =  
8 14
5 15

     ;    𝐴𝐵 𝑇 = 𝐵𝑇𝐴𝑇    

 

 

4. 𝐴2 = 𝐴𝐴 =  
3 −1
5 2

  
3 −1
5 2

 =  
4 −5

25 −1
     ;     𝐴3 = 𝐴𝐴𝐴 =  

4 −5
25 −1

  
3 −1
5 2

 =  
−13 −14
70 −27

     

 

 

5. 𝑃𝑄 =  
1 −2

−3 6
  

2 2
1 1

 =  
0 0
0 0

     ;     𝑄𝑃 =  
2 2
1 1

  
1 −2

−3 6
 =  

−4 8
−2 4

     

 

 

6.  𝑎    
1 −2

−3 6
  

1 0
0 1

 =  
1 −2

−3 6
          𝑏     

1 0
0 1

  
1 −2

−3 6
 =  

1 −2
−3 6

  

 𝑐    
𝑎 𝑏
𝑐 𝑑

  
1 0
0 1

 =  
𝑎 𝑏
𝑐 𝑑

                       𝑑     
1 0
0 1

  
𝑎 𝑏
𝑐 𝑑

 =  
𝑎 𝑏
𝑐 𝑑

  

 𝑒    
1 0
0 1

  
0 1
1 0

 =  
0 1
1 0

                       𝑓     
0 1
1 0

  
1 0
0 1

 =  
0 1
1 0

  

 

7.  
3 1
2 1

  
𝑎 𝑏
𝑐 𝑑

 =  
1 0
0 1

   ;     3𝑎 + 𝑐 = 1   , 3𝑏 + 𝑑 = 0  ,   2𝑎 + 𝑐 = 0   ,   2𝑏 + 𝑑 = 1 

 

 
𝑎 𝑏
𝑐 𝑑

 =  
1 −1

−2 3
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8.  
𝑝 𝑞
𝑟 𝑠

  
2 1
4 3

 =  
1 0
0 1

   ;     2𝑝 + 4𝑞 = 1   , 𝑝 + 3𝑞 = 0  ,   2𝑟 + 4𝑠 = 0   ,   𝑟 + 3𝑠 = 1 

 

 
𝑝 𝑞
𝑟 𝑠

 =  
3

2
−

1

2
−2 1

  

 

 

 

9. 𝐴2 =  
1 2
3 4

  
1 2
3 4

 =  
7 10

15 22
    

 

 𝑝𝐴 + 4𝐼 = 𝑝  
1 2
3 4

 + 𝑞  
1 0
0 1

 =  
𝑝 2𝑝

3𝑝 4𝑝
 +  

𝑞 0
0 𝑞

 =  
𝑝 + 𝑞 2𝑝

3𝑝 4𝑝 + 𝑞
  

 

 
𝑝 + 𝑞 2𝑝

3𝑝 4𝑝 + 𝑞
 =  

7 10
15 22

       𝑝 + 𝑞 = 7   ;    2𝑝 = 10     ;   3𝑝 = 15    ;    4𝑝 + 𝑞 = 22 ∶   𝑝 = 5  𝑞 = 2 

 

 

 

10. 𝐴2 =  
3 −1
2 −5

  
3 −1
2 −5

 =  
7 2

−4 23
    

 

 𝑝𝐴 + 4𝐼 = 𝑝  
3 −1
2 −5

 + 𝑞  
1 0
0 1

 =  
3𝑝 −𝑝
2𝑝 −5𝑝

 +  
𝑞 0
0 𝑞

 =  
3𝑝 + 𝑞 −𝑝

2𝑝 −5𝑝 + 𝑞
  

 

 
3𝑝 + 𝑞 −𝑝

2𝑝 −5𝑝 + 𝑞
 =  

7 2
−4 23

 ;   3𝑝 + 𝑞 = 7   ;   −𝑝 = 2   ;   2𝑝 = −4  ;  −5𝑝 + 𝑞 = 23  

 

 𝑝 = −2  𝑞 = 13 

 

 

11. 𝐴𝐵 =  
1 1
3 2
1 2

  
2 1 3
3 −1 2

 =  
5 0 5

12 1 13
8 −1 7

       ;   𝐵𝐴 =  
2 1 3
3 −1 2

  
1 1
3 2
1 2

 =  
8 10
2 5

  

 

 

12. 𝐴𝐵 =  
1 0 2
1 −1 1
2 1 3

  
2 −1 3
0 1 −1
1 1 1

 =  
4 1 5
3 −1 5
7 2 8

        

 

 𝐵𝐴 =  
2 −1 3
0 1 −1
1 1 1

  
1 0 2
1 −1 1
2 1 3

 =  
7 4 12

−1 −2 −2
4 0 6
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13. 𝑀2 =  
𝑐𝑜𝑠60 𝑠𝑖𝑛60

−𝑠𝑖𝑛60 𝑐𝑜𝑠60
  

𝑐𝑜𝑠60 𝑠𝑖𝑛60
−𝑠𝑖𝑛60 𝑐𝑜𝑠60

 =  

1

2

 3

2

−
 3

2

1

2

   

1

2

 3

2

−
 3

2

1

2

 =  
−

1

2

 3

2

−
 3

2
−

1

2

   

 

𝑀3 =

 

 
 −

1

2

 3

2

−
 3

2
−

1

2 

 
 

 

 

 
 

1

2

 3

2

−
 3

2

1

2  

 
 

=  
−1 0
0 −1

  

 

 

14.    𝐵2 = 6𝐵 − 9𝐼    ;     𝐵3 = 6𝐵𝐵 − 9𝐼𝐵 = 6𝐵2 − 9𝐼𝐵       (𝑁𝑜𝑡𝑒 ∶ 𝐼𝐵 = 𝐵) 

 

                                             = 6 6𝐵 − 9𝐼 − 9𝐵 = 36𝐵 − 54𝐼 − 9𝐵 = 27𝐵 − 54𝐼         ;       𝑝 = 27    𝑞 = −54    

 

 

15. 𝐴2 = 3𝐴 − 4𝐼    ;     𝐴3 = 3𝐴𝐴 − 4𝐼𝐴 = 3𝐴2 − 4𝐼𝐴       (𝑁𝑜𝑡𝑒 ∶ 𝐼𝐴 = 𝐴) 

 

                                         = 3 3𝐴 − 4𝐼 − 4𝐴 = 9𝐴 − 12𝐼 − 4𝐴 = 5𝐴 − 12𝐼         ;       𝑝 = 5    𝑞 = −12    
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Ex 6 Determinant 

 

1.  𝑎       
3 2
1 5

 = 3 × 5 − 2 × 1 = 13                          𝑏            
−1 3
2 −1

 =  −1 ×  −1 − 2 × 1 = −5   

 

 𝑐       
2 −1

−4 −1
 = 2 ×  −1 −  −1 ×  −4 = −6            𝑑        

2 −1
4 −2

 =  2 ×  −2 − (−1) × 4 = 0   

 

 

2.  𝑖      𝐴 =   
1 3

−2 1
 = 1 × 1 − 3 ×  −2 = 7       ;            𝐵 =  

2 4
−1 5

 = 2 × 5 − 4 ×  −1 = 14 

 

 𝐴  𝐵 = 7 × 14 = 98 

 

𝐴𝐵 =   
1 3

−2 1
  

2 4
−1 5

 =  
−1 19
−5 −3

                ;       𝐴𝐵 =  −1 ×  −3 − 19 ×  −5 = 98 

 

𝐻𝑒𝑛𝑐𝑒  𝐴𝐵 =  𝐴  𝐵   

 

 

 𝑖𝑖      𝐴 =   
1 3

−2 1
 = 1 × 1 − 3 ×  −2 = 7       ;            𝐵 =  

2 4
−1 5

 = 2 × 5 − 4 ×  −1 = 14 

 

 𝐵  𝐴 = 14 × 7 = 98 

 

𝐵𝐴 =   
2 4

−1 5
  

1 3
−2 1

 =  
−6 10
−11 2

                ;       𝐴𝐵 =  −6 ×  2 − 10 ×  −11 = 98 

 

𝐻𝑒𝑛𝑐𝑒  𝐵𝐴 =  𝐵  𝐴  

 

 

3.  𝑎       
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃

−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃
 = 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 = 1       

 

 𝑏       
𝑐𝑜𝑠2𝜃 𝑠𝑖𝑛2𝜃
𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃

 = 𝑐𝑜𝑠22𝜃 − 𝑠𝑖𝑛22𝜃 = 𝑐𝑜𝑠4𝜃        (𝑈𝑠𝑖𝑛𝑔 𝐻𝑖𝑔𝑕𝑒𝑟  𝑐𝑜𝑠2𝜃 = 𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃)    

 

 𝑐       
𝑙𝑛2 𝑙𝑛4
𝑙𝑛5 𝑙𝑛6

 = 𝑙𝑛2 × 𝑙𝑛6 − 𝑙𝑛4 × 𝑙𝑛5 = 𝑙𝑛2 × 𝑙𝑛6 − 𝑙𝑛22 × 𝑙𝑛5 = 𝑙𝑛2 × 𝑙𝑛6 − 2𝑙𝑛2 × 𝑙𝑛5 

 

           = 𝑙𝑛2 𝑙𝑛6 − 2𝑙𝑛5 = 𝑙𝑛2 𝑙𝑛6 − 𝑙𝑛25 = 𝑙𝑛2 × 𝑙𝑛  
6

25
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4.  𝑎  𝐷𝑒𝑡 =   
−2 1 4
3 −2 5
0 1 3

 = −2  
−2 5
1 3

 − 1  
3 5
0 3

 + 4  
3 −2
0 1

 = −2 −11 − 1 9 + 4 3 = 25 

 

 𝑏  𝐷𝑒𝑡 =   
0 1 3
0 −1 4
2 6 −2

 = 0  
−1 4
6 −2

 − 1  
0 4
2 −2

 + 3  
0 −1
2 6

 = 0 −8 − 1 −8 + 3 2 = 14 

 

 𝑐  𝐷𝑒𝑡 =   
−2 0 1
3 −4 5

−7 −3 2
 = −2  

−4 5
−3 2

 − 0  
3 5

−7 2
 + 1  

3 −4
−7 −3

 = −2 7 − 0 41 + 1 19 = −51 

 

 𝑑   𝐷𝑒𝑡 =  
1 2 3
4 5 6
7 8 9

 = 1  
5 6
8 9

 − 2  
4 6
7 9

 + 3  
4 5
7 8

 = 1 −3 − 2 −6 + 3 −3 = 0 

 

 𝑒   
−7 14 7
2 −8 6
9 −3 12

 = −7  
−8 6
−3 12

 − 14  
2 6
9 12

 + 7  
2 −8
9 −3

 = −7 −78 − 14 −30 + 7 66 = 1428 

 

 𝑒   
1 8 −10
2 4 15
1 12 5

 = 1  
4 15

12 5
 − 8  

2 15
1 5

 − 10  
2 4
1 12

 = 1 −160 − 8 −5 − 10 20 = −320 

 

 

5.  𝑖   𝐴 =   
1 2 3
0 1 3
2 −1 5

 = 1  
1 3

−1 5
 − 2  

0 3
2 5

 + 3  
0 1
2 −1

 = 1 8 − 2 −6 + 3 −2 = 14 

 

       𝐵 =   
1 0 1
2 1 3
4 2 1

 = 1  
1 3
2 1

 − 0  
2 3
4 1

 + 1  
2 1
4 2

 = 1 −5 − 0 −10 + 1 0 = −5 

 

 𝐴  𝐵 = 14 ×  −5 = −70 

 

 

        𝐴𝐵 =  
1 2 3
0 1 3
2 −1 5

  
1 0 1
2 1 3
4 2 1

 =  
17 8 10
14 7 6
20 9 4

  

 

                 = 17  
7 6
9 4

 − 8  
14 6
20 4

 + 10  
14 7
20 9

 = 17 −26 − 8 −64 + 10 −14 = −70 

 

𝐻𝑒𝑛𝑐𝑒  𝐴𝐵 =   𝐴  𝐵  
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5.  𝑖𝑖     𝐵  𝐴 =  −5 × 14 = −70 

    

        𝐵𝐴 =  
1 0 1
2 1 3
4 2 1

  
1 2 3
0 1 3
2 −1 5

 =  
3 1 8
8 2 24
6 9 23

  

 

                 = 3  
2 24
9 23

 − 1  
8 24
6 23

 + 8  
8 2
6 9

 = 3 −170 − 1 40 + 8 60 = −70 

 

𝐻𝑒𝑛𝑐𝑒  𝐵𝐴 =   𝐵  𝐴  

 

 

6.  𝑆𝑕𝑜𝑤   
1 1 1
𝑥 𝑦 𝑧
𝑦𝑧 𝑧𝑥 𝑥𝑦

 =  𝑥 − 𝑦  𝑦 − 𝑧 (𝑧 − 𝑥) 

 

 

 𝐿𝐻𝑆 =   
1 1 1
𝑥 𝑦 𝑧
𝑦𝑧 𝑧𝑥 𝑥𝑦

 = 1  
𝑦 𝑧
𝑧𝑥 𝑥𝑦 − 1  

𝑥 𝑧
𝑦𝑧 𝑥𝑦 + 1  

𝑥 𝑦
𝑦𝑧 𝑧𝑥  

 

                                            = 1 𝑥𝑦2 − 𝑥𝑧2 − 1 𝑥2𝑦 − 𝑦𝑧2 + 1 𝑥2𝑧 − 𝑦2𝑧  

 

                                            = 𝑥𝑦2 − 𝑥𝑧2 − 𝑥2𝑦 + 𝑦𝑧2 + 𝑥2𝑧 − 𝑦2𝑧 

 

 

 

𝑅𝐻𝑆 =  𝑥 − 𝑦  𝑦 − 𝑧  𝑧 − 𝑥 =  𝑥 − 𝑦  𝑦𝑧 + 𝑥𝑧 − 𝑧2 − 𝑥𝑦  

 

𝑅𝐻𝑆 =  𝑥𝑦𝑧 + 𝑧𝑥2 − 𝑥𝑧2 − 𝑥2𝑦 −  𝑦2𝑧 + 𝑦𝑧𝑥 − 𝑦𝑧2 − 𝑥𝑦2  

 

𝑅𝐻𝑆 =  𝑥2𝑧 − 𝑥𝑧2 − 𝑥2𝑦 −  𝑦2𝑧 − 𝑦𝑧2 − 𝑥𝑦2 = 𝑥𝑦2 − 𝑥𝑧2 − 𝑥2𝑦 + 𝑦𝑧2 + 𝑥2𝑧 − 𝑦2𝑧 = 𝐿𝐻𝑆 
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Ex 7 – Inverse Matrix 

 

1.  𝑎      𝐴𝐵 =   
3 2
1 1

  
1 −2

−1 3
 =  

1 0
0 1

 = 𝐼               ;    𝐻𝑒𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐵 𝑎𝑛𝑑 𝑣𝑖𝑐𝑒 𝑣𝑒𝑟𝑠𝑎 

 

 𝑏      𝐴𝐵 =   
5 −7

−2 3
  

3 7
2 5

 =  
1 0
0 1

 = 𝐼               ;    𝐻𝑒𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐵 𝑎𝑛𝑑 𝑣𝑖𝑐𝑒 𝑣𝑒𝑟𝑠𝑎 

 

 𝑐      𝐴𝐵 =   
2 5
3 8

  
8 −5

−3 2
 =  

1 0
0 1

 = 𝐼               ;    𝐻𝑒𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐵 𝑎𝑛𝑑 𝑣𝑖𝑐𝑒 𝑣𝑒𝑟𝑠𝑎 

 

 𝑑      𝐴𝐵 =   
3 −2

−4 3
  

3 2
4 3

 =  
1 0
0 1

 = 𝐼               ;    𝐻𝑒𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐵 𝑎𝑛𝑑 𝑣𝑖𝑐𝑒 𝑣𝑒𝑟𝑠𝑎 

 

 

2. 𝑃𝑎𝑡𝑡𝑒𝑟𝑛     𝑀 =   
𝑎 𝑏
𝑐 𝑑

     ;    𝑀−1 =  
𝑑 −𝑏
−𝑐 𝑎

  

 

(𝑎)     𝑀 =   
2 1
1 1

     ;    𝑀−1 =  
1 −1

−1 2
      

              

(𝑏)     𝑀 =   
2 3
3 5

     ;    𝑀−1 =  
5 −3

−3 2
  

 

(𝑐)     𝑀 =   
4 3
9 7

     ;    𝑀−1 =  
7 −3

−9 4
  

 

(𝑑)     𝑀 =   
9 −5

−7 4
     ;    𝑀−1 =  

4 5
7 9

  

 

(𝑒)     𝑀 =   
5 −7
3 −4

     ;    𝑀−1 =  
−4 7
−3 5

  

 

(𝑓)     𝑀 =   
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

     ;    𝑀−1 =  
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃
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Ex 8 – Find Inverse Matrix if it exists 

 

1.  𝑎     𝐴 =  
2 1
4 3

     ;    𝐴 = 𝑎𝑑 − 𝑏𝑐 = 6 − 4 = 2    𝐴−1𝑒𝑥𝑖𝑠𝑡𝑠  ;    𝐴−1 =
1

2
 

3 −1
−4 2

 =  
3

2
−

1

2

−2 1
  

 

 𝑏     𝐵 =  
7 4

16 9
  ;   𝐵 = 𝑎𝑑 − 𝑏𝑐 = 63 − 64 = −1  𝐵−1𝑒𝑥𝑖𝑠𝑡𝑠  ;   

 

                                        𝐵−1 =
1

−1
 

9 −4
−16 7

 =  
−9 4
16 −7

  

 

 

 𝑐   𝐶 =   
4 2

10 5
     ;    𝐶 = 𝑎𝑑 − 𝑏𝑐 = 20 − 20 = 2        ;       𝐶−1 𝐷𝑂𝐸𝑆 𝑁𝑂𝑇 𝑒𝑥𝑖𝑠𝑡𝑠   

 

 𝑑   𝐷 =   
5 7
6 9

   ;    𝐷 = 𝑎𝑑 − 𝑏𝑐 = 45 − 42 = 3    𝐷−1𝑒𝑥𝑖𝑠𝑡𝑠   

 

                                      𝐷−1 =
1

3
 

9 −7
−6 5

 =  
3 −

7

3

−2
5

3

  

 

 𝑒   𝐸 =   
−2 4
1 −1

   ;    𝐸 = 𝑎𝑑 − 𝑏𝑐 = 2 − 4 = −2    𝐸−1𝑒𝑥𝑖𝑠𝑡𝑠   

 

                                            𝐸−1 =
1

−2
 
−1 −4
−1 −2

 =  

1

2
2

1

2
1

  

 

 𝑓   𝐹 =   
1 1
1 0

   ;    𝐹 = 𝑎𝑑 − 𝑏𝑐 = 0 − 1 = −1    𝐹−1𝑒𝑥𝑖𝑠𝑡𝑠   

 

                                            𝐹−1 =
1

−1
 

0 −1
−1 1

 =  
0 1
1 −1
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2.  𝑎   𝑃 =   
2 3
0 1

   ;    𝑃 = 𝑎𝑑 − 𝑏𝑐 = 2 − 0 = 2    𝑃−1𝑒𝑥𝑖𝑠𝑡𝑠   

 

                                            𝑃−1 =
1

2
 

1 −3
0 2

 =  
1

2
−

3

2
0 1

  

 

 𝑏   𝑄 =   
2 5
1 3

   ;    𝑄 = 𝑎𝑑 − 𝑏𝑐 = 6 − 5 = 1    𝑄−1𝑒𝑥𝑖𝑠𝑡𝑠   

 

                                            𝑄−1 =
1

1
 

3 −5
−1 2

 =  
3 −5

−1 2
  

 

 𝑐      𝑃𝑄 =   
2 3
0 1

  
2 5
1 3

 =  
7 19
1 3

      ;    𝑃𝑄 =   𝑎𝑑 − 𝑏𝑐 = 21 − 19 = 2    ;    𝑄−1𝑒𝑥𝑖𝑠𝑡𝑠 

 

                                             𝑃𝑄 −1 =
1

2
 

3 −19
−1 7

 =  

3

2
−

19

2

−
1

2

7

2

  

 

 𝑑      𝑃−1𝑄−1 =  
1

2
 

1 −3
0 2

  
3 −5

−1 2
 =

1

2
 

3 −11
−2 4

 =   
3

2
−

11

2
−1 2

   

 

 

 𝑒      𝑄−1𝑃−1 =  
1

2
 

3 −5
−1 2

  
1 −3
0 2

 =
1

2
 

3 −19
−1 7

 =   

3

2
−

19

2

−
1

2

7

2

  

 

 

 𝑓      𝑄𝑃 =   
2 5
1 3

  
2 3
0 1

 =  
4 11
2 6

      ;    𝑄𝑃 =   𝑎𝑑 − 𝑏𝑐 = 24 − 22 = 2    ;     𝑄𝑃 −1𝑒𝑥𝑖𝑠𝑡𝑠 

 

                                             𝑄𝑃 −1 =
1

2
 

6 −11
−2 4

 =  3 −
11

2
−1 2
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Ex 9 – Inverse 3x3 Matrix 

 

1. 
𝑅1

𝑅2

𝑅3

 
3 4 5
4 3 11
1 0 3

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
𝑅1

𝑅2

𝑅3

 
1 0 3
4 3 11
3 4 5

⋮
⋮
⋮

0 0 1
0 1 0
1 0 0

  

 

3𝑅1 − 𝑅3

 
1 0 3
4 3 11
0 −4 4

⋮
⋮
⋮

0 0 1
0 1 0

−1 0 3
 → 4𝑅1 − 𝑅2  

1 0 3
0 −3 1
0 −4 4

⋮
⋮
⋮

0 0 1
0 −1 4

−1 0 3
  

 

4𝑅2 − 3𝑅3  
1 0 3
0 −3 1
0 0 −8

⋮
⋮
⋮

0 0 1
0 −1 4
3 −4 7

 → 8𝑅1 + 3𝑅3  
8 0 0
0 −3 1
0 0 −8

⋮
⋮
⋮

9 −12 29
0 −1 4
3 −4 7

  

 

8𝑅2 + 𝑅3  
8 0 0
0 −24 0
0 0 −8

⋮
⋮
⋮

9 −12 29
3 −12 39
3 −4 7

 →
÷ 8

÷ −24
−8

 
1 0 0
0 1 0
0 0 −8

⋮
⋮
⋮

8/9 −3/2 29/8
−1/8 1/2 −13/8
−3/8 −1/2 −7/8

  

 

 

 

2. 
𝑅1

𝑅2

𝑅3

 
4 8 3
3 5 1
1 4 3

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
𝑅1

𝑅2

𝑅3

 
1 4 3
3 5 1
4 8 3

⋮
⋮
⋮

0 0 1
0 1 0
1 0 0

  

 

4𝑅1 − 𝑅3

 
1 4 3
3 5 1
0 8 9

⋮
⋮
⋮

0 0 1
0 1 0

−1 0 4
 → 3𝑅1 − 𝑅2  

1 4 3
0 7 8
0 8 9

⋮
⋮
⋮

0 0 1
0 −1 3

−1 0 4
  

 

8𝑅2 − 7𝑅3  
1 4 3
0 0 1
0 8 9

⋮
⋮
⋮

0 0 1
7 −8 −4

−1 0 4
 →

𝑅1

𝑅2

𝑅3

 
1 4 3
0 8 9
0 0 1

⋮
⋮
⋮

0 0 1
−1 0 4
7 −8 −4

  

 

𝑅1 − 3𝑅3  
1 4 0
0 8 9
0 0 1

⋮
⋮
⋮

−21 24 13
−1 0 4
7 −8 −4

 → 𝑅2 − 9𝑅3  
1 4 0
0 8 0
0 0 1

⋮
⋮
⋮

−21 24 13
−64 72 40

7 −8 −4
  

 

2𝑅1 − 𝑅2  
2 0 0
0 8 0
0 0 1

⋮
⋮
⋮

22 −24 −14
−64 72 40

7 −8 −4
 →

÷ 2
÷ 8  

1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

11 −12 −7
−8 9 5
7 −8 −4
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3. 
𝑅1

𝑅2

𝑅3

 
0 2 3
2 0 0
1 −1 0

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
𝑅1

𝑅2

𝑅3

 
1 −1 0
0 2 3
2 0 0

⋮
⋮
⋮

0 0 1
1 0 0
0 1 0

  

 

2𝑅1 − 𝑅3

 
1 −1 0
0 2 3
0 −2 0

⋮
⋮
⋮

0 0 1
1 0 0
0 −1 2

 →
𝑅2 + 𝑅3

 
1 −1 0
0 2 3
0 0 3

⋮
⋮
⋮

0 0 1
1 0 0
1 −1 2

  

 

𝑅2 − 𝑅3  
1 −1 0
0 2 0
0 0 3

⋮
⋮
⋮

0 0 1
0 1 −2
1 −1 2

 →
2𝑅1 + 𝑅2

 
2 0 0
0 2 0
0 0 3

⋮
⋮
⋮

0 1 0
0 1 −2
1 −1 2

  

 

÷ 2
÷ 2
÷ 3

 
2 0 0
0 2 0
0 0 3

⋮
⋮
⋮

0 1 0
0 1 −2
1 −1 2

 →  
1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

0 1/2 0
0 1/2 −1

1/3 −1/3 2/3
  

 

 

4. 
𝑅1

𝑅2

𝑅3

 
4 2 1
3 1 2
3 5 1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
𝑅2 − 𝑅3

 
4 2 1
3 1 2
0 −4 1

⋮
⋮
⋮

1 0 0
0 1 0
0 1 −1

  

 

3𝑅1 − 4𝑅2

 
4 2 1
0 2 −5
0 −4 1

⋮
⋮
⋮

1 0 0
3 −4 0
0 1 −1

 →
2𝑅2 + 𝑅3

 
4 2 1
0 2 −5
0 0 −9

⋮
⋮
⋮

1 0 0
3 −4 0
6 −7 −1

  

 

5𝑅1 + 𝑅2

 
20 12 0
0 2 −5
0 0 −9

⋮
⋮
⋮

8 −4 0
3 −4 0
6 −7 −1

 → 9𝑅2 − 5𝑅3  
20 12 0
0 18 0
0 0 −9

⋮
⋮
⋮

8 −4 0
−3 −1 5
6 −7 −1

  

 

÷ 2
 

10 6 0
0 18 0
0 0 −9

⋮
⋮
⋮

4 −2 0
−3 −1 5
6 −7 −1

 →
3𝑅1 − 𝑅2

 
30 0 0
0 18 0
0 0 −9

⋮
⋮
⋮

15 −5 −5
−3 −1 5
6 −7 −1

  

 

÷ 30
÷ 18
÷ −9

 
1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

1/2 −1/6 −1/6
−1/6 −1/18 5/18
−2/3 7/9 1/9
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5. 
𝑅1

𝑅2

𝑅3

 
1 2 3
2 3 1
3 2 1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
3𝑅1 − 𝑅3

 
1 2 3
2 3 1
0 4 8

⋮
⋮
⋮

1 0 0
0 1 0
3 0 −1

  

 

2𝑅1 − 𝑅2  
1 2 3
0 1 5
0 4 8

⋮
⋮
⋮

1 0 0
2 −1 0
3 0 −1

 →
4𝑅2 − 𝑅3

 
1 2 3
0 1 5
0 0 12

⋮
⋮
⋮

1 0 0
2 −1 0
5 −4 1

  

 

4𝑅1 − 𝑅3

 
4 8 0
0 1 5
0 0 12

⋮
⋮
⋮

−1 4 −1
2 −1 0
5 −4 1

 → 12𝑅2 − 5𝑅3  
4 8 0
0 12 0
0 0 12

⋮
⋮
⋮

−1 4 −1
−1 8 −5
5 −4 1

  

 
12𝑅1 − 8𝑅2

 
48 0 0
0 12 0
0 0 12

⋮
⋮
⋮

−4 −16 28
−1 8 −5
5 −4 1

 →
÷ 4

 
12 0 0
0 12 0
0 0 12

⋮
⋮
⋮

−1 −4 7
−1 8 −5
5 −4 1

  

 

÷ 12
÷ 12
÷ 12

 
1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

−1/12 −1/3 7/12
−1/12 2/3 −5/12
5/12 −1/3 1/12

  

 

 

6. 
𝑅1

𝑅2

𝑅3

 
1 8 5
2 10 7
9 7 3

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
9𝑅1 − 𝑅3

 
1 8 5
2 10 7
0 65 42

⋮
⋮
⋮

1 0 0
0 1 0
9 0 −1

  

 

2𝑅1 − 𝑅2  
1 8 5
0 6 3
0 65 42

⋮
⋮
⋮

1 0 0
2 −1 0
9 0 −1

 →
65𝑅2 − 6𝑅3

 
1 8 5
0 6 3
0 0 −57

⋮
⋮
⋮

1 0 0
2 −1 0

76 −65 6
  

 

3𝑅1 − 5𝑅2

 
3 −6 0
0 6 3
0 0 −57

⋮
⋮
⋮

−7 5 0
2 −1 0

76 −65 6
 → 19𝑅2 + 𝑅3  

3 −6 0
0 114 0
0 0 −57

⋮
⋮
⋮

−7 5 0
114 −84 6
76 −65 6

  

 

19𝑅1 + 𝑅2

 
57 0 0
0 114 0
0 0 −57

⋮
⋮
⋮

−19 11 6
114 −84 6
76 −65 6

 →
÷ 57

÷ 114
÷ −57

 
1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

−1/3 11/57 2/19
1 −14/19 1/19

−4/3 65/57 −2/19
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Ex 10 – Solving Sim. Equations using 2x2 Matrix 

 

1.  
𝑥 − 𝑦 = 5
𝑥 + 𝑦 = 11

        ;            
1 −1
1 1

  
𝑥
𝑦 =  

5
11

  

 

 
1 −1
1 1

 = 1 × 1 −  −1 × 1 = 2      ;           𝐴−1 =
1

2
 

1 1
−1 1

  

 
1

2
 

1 1
−1 1

  
1 −1
1 1

  
𝑥
𝑦 =

1

2
 

1 1
−1 1

  
5

11
       ;       

𝑥
𝑦 =

1

2
 

1 1
−1 1

  
5

11
 =  

8
3
       ;   𝑥 = 8    𝑦 = 3 

 

 

 

2. 
3𝑥 + 𝑦 = 7

3𝑥 + 2𝑦 = 5
        ;            

3 1
3 2

  
𝑥
𝑦 =  

7
5
  

 

 
3 1
3 2

 = 3 × 2 − 1 × 3 = 3      ;           𝐴−1 =
1

3
 

2 −1
−3 3

  

 
1

3
 

2 −1
−3 3

  
3 1
3 2

  
𝑥
𝑦 =

1

3
 

2 −1
−3 3

  
7
5
       ;       

𝑥
𝑦 =

1

3
 

2 −1
−3 3

  
7
5
 =  

3
−2

       ;   𝑥 = 3    𝑦 = −2 

 

 

 

3. 
2𝑥 + 𝑦 = 5

2𝑥 + 3𝑦 = −1
        ;            

2 1
2 3

  
𝑥
𝑦 =  

5
−1

  

 

 
2 1
2 3

 = 2 × 3 − 1 × 2 = 4      ;           𝐴−1 =
1

4
 

3 −1
−2 2

  

 
1

4
 

3 −1
−2 2

  
2 1
2 3

  
𝑥
𝑦 =

1

3
 

2 −1
−3 3

  
5

−1
    ;       

𝑥
𝑦 =

1

4
 

3 −1
−2 2

  
5

−1
 =  

4
−3

    ;   𝑥 = 4    𝑦 = −3 
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4. 
3𝑥 − 4𝑦 = 18

5𝑥 + 𝑦 = 7
        ;            

3 −4
5 1

  
𝑥
𝑦 =  

18
7

  

 

 
3 −4
5 1

 = 3 × 1 − (−4) × 5 = 23      ;           𝐴−1 =
1

23
 

1 4
−5 3

  

 
1

23
 

1 4
−5 3

  
3 −4
5 1

  
𝑥
𝑦 =

1

23
 

1 4
−5 3

  
18
7

    ;       
𝑥
𝑦 =

1

23
 

1 4
−5 3

  
18
7

 =  
2

−3
    ;   𝑥 = 2    𝑦 = −3 

 

 

 

5. 
2𝑥 + 3𝑦 = 5

4𝑥 − 5𝑦 = 21
        ;            

2 3
4 −5

  
𝑥
𝑦 =  

5
21

  

 

 
2 3
4 −5

 = 2 ×  −5 − 3 × 4 = −22      ;           𝐴−1 = −
1

22
 
−5 −3
−4 2

  

 

−
1

22
 
−5 −3
−4 2

  
2 3
4 −5

  
𝑥
𝑦 = −

1

22
 
−5 −3
−4 2

  
5

21
    ;      

 

 
𝑥
𝑦 = −

1

22
 
−5 −3
−4 2

  
5

21
 =  

4
−1

    ;   𝑥 = 4    𝑦 = −1 

 

 

 

6. 
5𝑥 − 3𝑦 = 9
7𝑥 − 6𝑦 = 9

        ;            
5 −3
7 −6

  
𝑥
𝑦 =  

9
9
  

 

 
5 −3
7 −6

 = 5 ×  −6 − (−3) × 7 = −9      ;           𝐴−1 = −
1

9
 
−6 3
−7 5

  

 

−
1

9
 
−6 3
−7 5

  
5 −3
7 −6

  
𝑥
𝑦 = −

1

9
 
−6 3
−7 5

  
9
9
    ;      

 

 
𝑥
𝑦 = −

1

9
 
−6 3
−7 5

  
9
9
 =  

4
−1

    ;   𝑥 = 3    𝑦 = 2 
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Ex 11 – Solving Sim. Equations using 3x3 Matrix 

 

1. 
𝑥 − 2𝑦 + 𝑧 = 6

3𝑥 + 𝑦 − 2𝑧 = 4
7𝑥 − 6𝑦 − 𝑧 = 10

       ;             
1 −2 1
3 1 −2
7 −6 −1

  
𝑥
𝑦
𝑧
 =  

6
4

10
  

 

 
1 −2 1
3 1 −2
7 −6 −1

 = 1  
1 −2

−6 −1
 + 2  

3 −2
7 −1

 + 1  
3 1
7 −6

 = 1 ×  −13 + 2 × 11 + 1 ×  −25 = −16 

 

𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 ‼‼  𝑤𝑒 𝑤𝑖𝑙𝑙 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡𝑕𝑖𝑠 𝑓𝑟𝑜𝑚 𝑛𝑜𝑤 𝑜𝑛. 

 

𝑅1

𝑅2

𝑅3

 
1 −2 1
3 1 −2
7 −6 −1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
7𝑅1 − 𝑅3

 
1 −2 1
3 1 −2
0 −8 8

⋮
⋮
⋮

1 0 0
0 1 0
7 0 −1

  

 

3𝑅1 − 𝑅2  
1 −2 1
0 −7 5
0 −8 8

⋮
⋮
⋮

1 0 0
3 −1 0
7 0 −1

 →
8𝑅2 − 7𝑅3

 
1 −2 1
0 −7 5
0 0 −16

⋮
⋮
⋮

1 0 0
3 −1 0

−25 −8 7
  

 

5𝑅1 − 𝑅2

 
5 −3 0
0 −7 5
0 0 −16

⋮
⋮
⋮

2 1 0
3 −1 0

−25 −8 7
 → 16𝑅2 + 5𝑅3  

5 −3 0
0 −112 0
0 0 −16

⋮
⋮
⋮

2 1 0
−77 −56 35
−25 −8 7

  

 
112𝑅1 − 3𝑅2

 
560 0 0

0 −112 0
0 0 −16

⋮
⋮
⋮

455 280 −105
−77 −56 35
−25 −8 7

 →  
560 0 0

0 −112 0
0 0 −16

⋮
⋮
⋮

455 280 −105
−77 −56 35
−25 −8 7

  

 

÷ 560
÷ −112
÷ −16

 
560 0 0

0 −112 0
0 0 −16

⋮
⋮
⋮

455 280 −105
−77 −56 35
−25 −8 7

 =  
1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

13/16 1/2 −3/16
11/16 1/2 −5/16
25/16 1/2 −7/16

  

 

 

𝐴−1 =  

13/16 1/2 −3/16
11/16 1/2 −5/16
25/16 1/2 −7/16

  

 

 

13/16 1/2 −3/16
11/16 1/2 −5/16
25/16 1/2 −7/16

   
1 −2 1
3 1 −2
7 −6 −1

  
𝑥
𝑦
𝑧
 =  

13/16 1/2 −3/16
11/16 1/2 −5/16
25/16 1/2 −7/16

  
6
4

10
  

 

 
𝑥
𝑦
𝑧
 =

1

16
 

13 8 −3
11 8 −5
25 8 −7

  
6
4

10
 =

1

16
 

78 + 32 − 30
66 + 32 − 50

150 + 32 − 70
 =

1

16
 

80
48

112
 =  

5
3
7
   ;     𝑥 = 1  𝑦 = 3  𝑧 = 7 
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2. 
5𝑥 − 𝑦 + 2𝑧 = 25

3𝑥 + 2𝑦 − 3𝑧 = 16
2𝑥 − 𝑦 + 𝑧 = 9

       ;             
5 −1 2
3 2 −3
2 −1 1

  
𝑥
𝑦
𝑧
 =  

25
16
9

  

 

𝑅1

𝑅2

𝑅3

 
5 −1 2
3 2 −3
2 −1 1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
2𝑅1 − 5𝑅3

 
5 −1 2
3 2 −3
0 3 −1

⋮
⋮
⋮

1 0 0
0 1 0
2 0 −5

  

 

3𝑅1 − 5𝑅2  
5 −1 2
0 −13 21
0 3 −1

⋮
⋮
⋮

1 0 0
3 −5 0
2 0 −5

 →
3𝑅2 + 13𝑅3

 
5 −1 2
0 −13 21
0 0 50

⋮
⋮
⋮

1 0 0
3 −5 0

35 −15 −65
  

 
25𝑅1 − 𝑅3

 
125 −25 0

0 −13 21
0 0 50

⋮
⋮
⋮

−10 15 65
3 −5 0

35 −15 −65
  

 

50𝑅2 − 21𝑅3  
125 −25 0

0 −650 0
0 0 50

⋮
⋮
⋮

−10 15 65
−585 65 1365

35 −15 −65
  

 
26𝑅1 − 𝑅2

 
3250 0 0

0 −650 0
0 0 50

⋮
⋮
⋮

325 325 325
−585 65 1365

35 −15 −65
  

 

÷ 3250
÷ −650

÷ 50
 

3250 0 0
0 −650 0
0 0 50

⋮
⋮
⋮

325 325 325
−585 65 1365

35 −15 −65
 =  

1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

1/10 1/10 1/10
9/10 −1/10 −21/10
7/10 −3/10 −13/10

  

 

𝐴−1 =  

1/10 1/10 1/10
9/10 −1/10 −21/10
7/10 −3/10 −13/10

 =
1

10
 

1 1 1
9 −1 −21
7 −3 −13

  

 

1

10
 

1 1 1
9 −1 −21
7 −3 −13

   
5 −1 2
3 2 −3
2 −1 1

  
𝑥
𝑦
𝑧
 =

1

10
 

1 1 1
9 −1 −21
7 −3 −13

  
25
16
9

  

 

 
𝑥
𝑦
𝑧
 =

1

10
 

1 1 1
9 −1 −21
7 −3 −13

  
25
16
9

 =
1

10
 

25 + 16 + 9
225 − 16 − 189
175 − 48 − 117

 =
1

10
 

50
20
10

 =  
5
2
1
  

 

 

𝑥 = 5    𝑦 = 2   𝑧 = 1 
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3. 
𝑥 + 𝑦 + 𝑧 = 2

3𝑥 − 𝑦 + 2𝑧 = 4
2𝑥 + 3𝑦 + 𝑧 = 7

       ;             
1 1 1
3 −1 2
2 3 1

  
𝑥
𝑦
𝑧
 =  

2
4
7
  

 

𝑅1

𝑅2

𝑅3

 
1 1 1
3 −1 2
2 3 1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
2𝑅1 − 𝑅3

 
1 1 1
3 −1 2
0 −1 1

⋮
⋮
⋮

1 0 0
0 1 0
2 0 −1

  

 

3𝑅1 − 𝑅2  
1 1 1
0 4 1
0 −1 1

⋮
⋮
⋮

1 0 0
3 −1 0
2 0 −1

 →
𝑅2 + 4𝑅3

 
1 1 1
0 4 1
0 0 5

⋮
⋮
⋮

1 0 0
3 −1 0

11 −1 −4
  

 

𝑅1 − 𝑅2

 
1 −3 0
0 4 1
0 0 5

⋮
⋮
⋮

−2 1 0
3 −1 0

11 −1 −4
 → 5𝑅2 − 𝑅3  

1 −3 0
0 20 0
0 0 5

⋮
⋮
⋮

−2 1 0
4 −4 4

11 −1 −4
  

 
20𝑅1 + 3𝑅2

 
20 0 0
0 20 0
0 0 5

⋮
⋮
⋮

−28 8 12
4 −4 4

11 −1 −4
 →

÷ 4
÷ 4  

5 0 0
0 5 0
0 0 5

⋮
⋮
⋮

−7 2 3
1 −1 1

11 −1 −4
  

 

÷ 5
÷ 5
÷ 5

 
5 0 0
0 5 0
0 0 5

⋮
⋮
⋮

−7 2 3
1 −1 1

11 −1 −4
 =  

1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

−7/5 2/5 3/5
1/5 −1/5 1/5

11/5 −1/5 −4/5
  

 

𝐴−1 =  

−7/5 2/5 3/5
1/5 −1/5 1/5

11/5 −1/5 −4/5
 =

1

5
 
−7 2 3
1 −1 1

11 −1 −4
  

 

1

5
 
−7 2 3
1 −1 1

11 −1 −4
   

1 1 1
3 −1 2
2 3 1

  
𝑥
𝑦
𝑧
 =

1

5
 
−7 2 3
1 −1 1

11 −1 −4
  

2
4
7
  

 

 

 
𝑥
𝑦
𝑧
 =

1

5
 
−7 2 3
1 −1 1

11 −1 −4
  

2
4
7
 =

1

5
 
−14 + 8 + 21

2 − 4 + 7
22 − 4 − 28

 =
1

5
 

15
5

−10
 =  

3
1

−2
  

 

 

 

𝑥 = 3    𝑦 = 1   𝑧 = −2 
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4. 
2𝑥 + 4𝑦 + 5𝑧 = −3

4𝑥 − 𝑦 − 7𝑧 = 6
6𝑥 + 3𝑦 − 𝑧 = 3

       ;             
2 4 5
4 −1 −7
6 3 −1

  
𝑥
𝑦
𝑧
 =  

−3
6
3

  

 

𝑅1

𝑅2

𝑅3

 
2 4 5
4 −1 −7
6 3 −1

⋮
⋮
⋮

1 0 0
0 1 0
0 0 1

 →
3𝑅1 − 𝑅3

 
2 4 5
4 −1 −7
0 9 16

⋮
⋮
⋮

1 0 0
0 1 0
3 0 −1

  

 

2𝑅1 − 𝑅2  
2 4 5
0 9 17
0 9 16

⋮
⋮
⋮

1 0 0
2 −1 0
3 0 −1

 →
𝑅2 − 𝑅3

 
2 4 5
0 9 17
0 0 1

⋮
⋮
⋮

1 0 0
2 −1 0

−1 −1 1
  

 

𝑅1 − 5𝑅3

 
2 4 0
0 9 17
0 0 1

⋮
⋮
⋮

6 5 −5
2 −1 0

−1 −1 1
 → 𝑅2 − 17𝑅3  

2 4 0
0 9 0
0 0 1

⋮
⋮
⋮

6 5 −5
19 16 −17
−1 −1 1

  

 

9𝑅1 − 4𝑅2  
18 0 0
0 9 0
0 0 1

⋮
⋮
⋮

−22 −19 23
19 16 −17
−1 −1 1

 →
÷ 18
÷ 9  

1 0 0
0 1 0
0 0 1

⋮
⋮
⋮

−11/9 −19/18 23/18
19/9 16/9 −17/9
−1 −1 1

  

 

 

𝐴−1 =  
−11/9 −19/18 23/18
19/9 16/9 −17/9
−1 −1 1

  

 

 

 

 
−11/9 −19/18 23/18
19/9 16/9 −17/9
−1 −1 1

   
2 4 5
4 −1 −7
6 3 −1

  
𝑥
𝑦
𝑧
 =  

−11/9 −19/18 23/18
19/9 16/9 −17/9
−1 −1 1

  
−3
6
3

  

 

 

 
𝑥
𝑦
𝑧
 =  

−11/9 −19/18 23/18
19/9 16/9 −17/9
−1 −1 1

  
−3
6
3

 =

 

 
 

33

9
+

−114

18
+

69

18
−57

9
+

96

9
+

−51

9
3 − 6 + 3  

 
 

=

 

 
 

7

6
−4

3
0  

 
 

 

 

 

 

𝑥 =
7

6
    𝑦 = −

4

3
   𝑧 = 0 
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Ex 12 – 2x2 Matrices to Represent Geometrical Transformation 

 

1.  𝑎   𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑦 − 𝑎𝑥𝑖𝑠      𝑥, 𝑦 →  −𝑥, 𝑦  

 

 
𝑥
𝑦 →  

−𝑥
𝑦             ;             

−1 0
   0 1

  
𝑥
𝑦 =  

−𝑥
𝑦                 ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  

−1 0
   0 1

    

 

 

 

 𝑏   𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑦 = 𝑥      𝑥, 𝑦 →  𝑦, 𝑥  

 

 
𝑥
𝑦 →  

𝑦
𝑥
            ;             

0 1
1 0

  
𝑥
𝑦 =  

𝑦
𝑥
                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  

0 1
1 0

    

 

 

 

 𝑐   𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑦 = −𝑥      𝑥, 𝑦 →  𝑦, −𝑥  

 

 
𝑥
𝑦 →  

𝑦
−𝑥

            ;             
0 1

−1 0
  

𝑥
𝑦 =  

−𝑦
−𝑥

                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  
0 1

−1 0
    

 

 

 

 𝑑   𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 
𝜋

2
 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 𝑐𝑙𝑜𝑐𝑘𝑤𝑖𝑠𝑒    𝑥, 𝑦 →  𝑦, −𝑥  

 

 
𝑥
𝑦 →  

𝑦
−𝑥

            ;             
0 1

−1 0
  

𝑥
𝑦 =  

𝑦
−𝑥

                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  
0 1

−1 0
    

 

 

 

 𝑒   𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 
𝜋

2
 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 𝑎𝑛𝑡𝑖 − 𝑐𝑙𝑜𝑐𝑘𝑤𝑖𝑠𝑒    𝑥, 𝑦 →  𝑦, 𝑥  

 

 
𝑥
𝑦 →  

−𝑦
𝑥

            ;             
0 −1
1 0

  
𝑥
𝑦 =  

−𝑦
𝑥

                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  
0 −1
1 0

    

 

 

 

 𝑓   𝐴 𝑑𝑖𝑙𝑎𝑡𝑎𝑡𝑖𝑜𝑛, 𝑎𝑏𝑜𝑢𝑡 𝑂, 𝑤𝑕𝑒𝑟𝑒 𝑡𝑕𝑒 𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑘. 

 

 
𝑥
𝑦 →  

𝑘𝑥
𝑘𝑦

            ;             
𝑘 0
0 𝑘

  
𝑥
𝑦 =  

𝑘𝑥
𝑘𝑦

                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  
𝑘 0
0 𝑘
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2. 𝑥 = 𝑟𝑐𝑜𝑠𝛼           𝑦 = 𝑟𝑠𝑖𝑛𝛼                      ;                         𝑥′ = 𝑟𝑐𝑜𝑠 𝛼 + 𝜃         𝑦′ = 𝑟𝑠𝑖𝑛(𝛼 + 𝜃) 

 

𝑥′ = 𝑟𝑐𝑜𝑠 𝛼 + 𝜃    ;    𝑟𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝜃 − 𝑟𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝜃 = 𝑥𝑐𝑜𝑠𝜃 − 𝑦𝑠𝑖𝑛𝜃 
𝑦′ = 𝑟𝑠𝑖𝑛 𝛼 + 𝜃    ;    𝑟𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝜃 + 𝑟𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝜃 = 𝑦𝑐𝑜𝑠𝜃 + 𝑥𝑠𝑖𝑛𝜃 

 

 
𝑥
𝑦 →  

𝑥′
𝑦′

            ;             
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

  
𝑥
𝑦 =  

𝑥′
𝑦′

                ;          𝑚𝑎𝑡𝑟𝑖𝑥 =  
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

    

 

 

 𝑖    𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝜋 ∶            
𝑐𝑜𝑠𝜋 −𝑠𝑖𝑛𝜋
𝑠𝑖𝑛𝜋 𝑐𝑜𝑠𝜋

 =  
−1 0
0 −1

       

 

 

 𝑖𝑖    𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 
𝜋

2
 𝑎𝑛𝑡𝑖 − 𝑐𝑙𝑜𝑐𝑘𝑤𝑖𝑠𝑒 ∶            

𝑐𝑜𝑠
𝜋

2
−𝑠𝑖𝑛

𝜋

2

𝑠𝑖𝑛
𝜋

2
𝑐𝑜𝑠

𝜋

2

 =  
0 −1
1 0

       

 

 

 𝑖𝑖    𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 
𝜋

2
 𝑐𝑙𝑜𝑐𝑘𝑤𝑖𝑠𝑒 ∶            

𝑐𝑜𝑠  −
𝜋

2
 −𝑠𝑖𝑛  −

𝜋

2
 

𝑠𝑖𝑛  −
𝜋

2
 𝑐𝑜𝑠  −

𝜋

2
 

 =  
0 1

−1 0
       

 

 

 

 

 

 

 

 

 

 

 


