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Advanced Higher - Unit 3.1 Matrices & Systems of Equations - Solutions

Ex1 Page 78 - Matrices & System of Equations

Rif1 1 1:1 Ry 1 1 1: 1 Ry 1 1 1: 1
1 RyI3 3 1: 4 - 3R —R;|0 0 2: —-1| - R, 0 0 2:-1
R;13 2 2: 7 R; 3 2 2: 7 3Ry —R3l0 1 1: -4
Rif1 1 1: 1
RyJO0 1 1: —4
R;10 0 2: -1
1 7
R3 : Zz=—1;z=—§ ; Ry: y+z=—4;y=—§ Ri: x+y+z=1; x=5
Rif1 -2 1 : 6 Ry 1 -2 1: 6 Ry 1 -2 1 i 6
2. Ry|13 1 -2: 4| ->3Ri—Ry|0 =7 5: 14| - R, 0 -7 5 : 14
R;17 -6 —1: 10 7R, —R;l0 -8 8:32 8R,—7R;l0 0 —-16:—-112
Rif1 -2 1 i 6
R,J0 =7 5 : 14
R;l0 0 —-16: —112

Ry :+ =16z=-112; z=7 ; Ry: =7y+5z=14; y=3 Ri: x—2y+z=6; x=15
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Ri[5 -1 2 : 25 Ry 5 —1 2 :25 Ry 5 —1 2 :i25
3. Ry|3 2 -3: 16| - 3R;—5R;[0 —-13 21 : -5 - R, 0 —13 21: -5
R;l2 -1 1 : 9 2Ry —5R3;l0 3 —-1: 5 3R, +13R;10 0 50 : 50
Ri[5 -1 2 :25
Ry[0 —13 21: -5
R;l0 0 50: 50
Rz :50z=50; z=1 ; Ry: =13y+21z=-5; y=2 Ri: S5x—y+2z=25; x=5
Rt 1 1: 2 Ry 1 1 1: 2 Ry 1 1 1: 2
4, Ry3 =1 2: 4] - 3R —R|0 4 1: 2| > R 0 4 1: 2
R;l2 3 1:7 2Ry —R3l0 -1 1: -3 R, +4R;10 0 5: —10
Rij1 1 1: 2
R0 4 1: 2
R;l0 0 5: —10
Ry :52=-10; z=-2 ; Ry:4y+z=2; y=1 Ri: x+y+z=2; x=3
R[5 -3 6:0 Ry 5 -3 6 :0 Ry 5 -3 6 :0
5 RyJ]1 5 2:0| - R —5R|l0 -28 —-4: 0| » R 0 —28 —4:0
R;l-1 2 5:0 Ry +5R31l0 7 31:0 R,+4R310 0 120: 0
Rif5 -3 6 :0
RyJo0 —28 —4: 0
R;l0 0 120: 0
Ry + 120z=0; z=0 ; Ry: 4y+z=0,; y=0 Ri: x+y+z=0; x=0
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Ex2 Page 79 - Ill Conditioning

1

. Rin 1 : 2 Ry 1 : 2
L (@@ R, [1 1.0001 : 2.0001]_>R1—R2 [o —0.0001 : —0.0001]

R,: —0.0001y =—0.0001 ; y=1 Ry: x+y=2;x=1

(i) Rl[l 1 2 ]_> R, [1 1 : 2 ]
R, 11 1.0001 : 1.9999 R{—R,10 -0.0001 : 0.0001

R,: —0.0001y =0.0001 ; y= —1 Ri: x+y=2; x=3 ; Hence ill — conditioned

b. (i) Rl[ 1099 i 199 _ Ry [1 099 : 1.99]
: R, 1099 098 : 197 0.99R; — R, L0 0.0001 : 0.0001

R,: 0.0001y =0.0001 ; y=1 Ri: x+099y=199; x=1

(if) Rir1 099 : 2.00] N Ry [1 099 : 2.00
R, 1099 098 : 197 0.99R; — R, L0 0.0001 : 0.01

R, : 0.0001y =0.01 ; y= 100 Ri: x+099y=2; x= -97 ; Hence ill — conditioned
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Ex 1 - Matrices

1 2
2 -1
1. (a) (3 L4 2) Order 2 X 4 (b) 4 8 Order 3 X 2 (¢) 3 4 Order4x2
5 4 0 7 L 5 6
7 8

2. (A)Order1x3 (B) Order 1 x 3 (C)Order1x 3 A and C are equal
(D) Order 2 x 1 (E)Order2x1 (F)Order2x1 (G)Order 2x1 F and G are equal

(H) Order 2 x 2 () Order 2 x 2 (K)Order 2 x 2 (L) Order2x2 HandLare equal

3. (@ Bx —=y)=(12 3) ; x=4 andy =-3

(b) (Z t;)=(g) ; x=4 andy=-1

X +2y)_ 9 _ B o . ~ ~
(©) (Zx -y _(8) ; x+2y=9 and2x—-y=8 ; x=5 and y=2

X2 y? 4 9
(d) <y3 3 —(_27 8) ; x=2 and y=-3

3 5
T_[1 4 r_(2 4 1
4. (a) A" = 4 0 Order4x2 (b) A —(_1 8 _2) Order 2 x 3
2 7
r_(1 3 5 7
(c) A ( 8) Order 2 X 4
3 5
(31 2 T[1 4 ~ro_ (31 4 2
5. 4=(5 4 9 2)=44 o) 2@ =6 4 o 7)
2 7
_(x 9 r(x =3\ _ 5 -3 _ _
6. P—<_3 y)—)P <9 y>_Q(9 _4) x=5 and y=-4
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Advanced Higher - Unit 3.1 Matrices & Systems of Equations - Solutions

Ex 2 - Addition of Matrices

Lo (+O-0 © O«D-0 © -

() (Zu)+(—3§]“)=(8) (e 2 5+1 =6 9 () @ -3)+(-5 8=(-3 5)

—3v

(9) (é 2)+(421 ;):(z 2) (h) (é i (1))+(—17 _12 —34):(—32 % —44)

@ (5 79+ D=0 o & 2H+C D=0

A=—-B orB=-4

5
4 avp= (31 E L2 13 (5 070 (A+B)r=<g
0

—_
NR D o
v

) ; Hence (A+ B)T = AT + BT
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Ex3 - Subtraction of Matrices

Lo (-0-C) o O-D-0 o €-CL-

@ (Z)-(F=(") © @ 9-a v=0a 1D O @ -H-(5 =F -11)

2@ (G )G 1=G ) G P+ 9=G )
© G DG D=G) @ GG DG
© 5 D-F V0D o Ca-Gh=(4 5

@ ¢ H+(F H=C ) w (5 )-G D=0 2D

. @x+(; =63 + x=(G D-6 V=G

wx+(; =G 3)  x=G 3)-G J=(4 3
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1 2 3 -2 4 0
4, (@) A+B= (3 4)+(1 5>=<4 9)
5 6 4 6 9 12
3 -2 4 2 -1 —4
(b) B—C = <1 5)—(1 0>=<0 5)
4 6 -3 5 7 1
4 0 4 2 0 -2
(c) (A+B)—C= <4 9)—(1 0>=<3 9)
9 12 -3 5 12 7
1 2 —1 —4 0 -2
(d A+(B-C)= (3 4>+(0 5)=(3 9)
5 6 7 1 12 7

(c)and (d) tellsus (A+B)—C= A+ (B—-0C)
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Ex 4 - Multiplication of a Matrix

1. (a)

(©)

24 = 2(—31 —42):(—62 —84) (b) 34= 3(_
Ssam () G)-(F W) @ -

(b)

(©)

(@)

(e)

)

9)

(h)

)

amp= (g 3G 5 0= 5 F)

2a+m=2[G g P+G 5 Jl=2( 5 3)-
w2 5 D=0 )

=20 D=t 2 9

2a+28= (3 5 9+ 10 =Gz 10 o

64 = 6(2 3 é):(g 2o4 168)

3(24) = 3(2 3 2)=(1§ 2o4 168)

=80 5 0)=(Gz 20 o)

wem =g 1 0)=(2 20 o)

Rules: k(A+B)=kA+kB and k(tA) = (kt)A

12 10 6
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3@ sav2p=3(y P)r2(3 B)=(3 )+ 2)=0Gs 2D
@ aa-3p=4(; 7)-3(3 L)=(% -G D=3 D)
@ sa-as=5(3 P)-4(3" L=y T H=GF %)
@ 2a-spy=2(G 7P)-s(3 Ll=2G -5 =20 1)
=(% %)
4 @ w=(5 )=
) 2x+(y )= o) o 2= -G )=(5 ¢ :x=(3 3)
@ x=(; 2)=( 13 + =0 )G =0 2 *=G 3
@ (7, P-w=(5 ) =3 -0, 9= 2 »=C )
5. @ 2(; T 9+r=3(p K 0 G 3 =6 G
X=(g —615 _;2)_(421 —_124 160)2@ —81 _—178)
® s(; )-3x=2(3 §) ¢ (5 20-%=(3 )
= (T - (% 0= D) 1= )
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6. 20 D+ =G D 20 9D=G D-, =G L)

20 9=0s 5% ¢ 9-G 5
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Ex5 - Matrix Products

L @ a 2()=an ®» 6 9(%)=co © 6 -2(1)=9
2 5
@ @3 1 2)<1>=(13) (e) (2 -3 4)(1)=(15)
3 2

H @ -5 —1)®=<8x—5y—z) @ ¢ =)
® (G )W=0) o qNE=6 oG D=0
® (§ HH)=G) oG DE)=E ™G 3E=()

2 1 3\ /4 11

(n) (_13)@ _32)=N/A ) (3 4)@:(26) ) (3 0 1)(0)=(13>

1 2 3/\1 7
2 1\ /4 1 -2 3\/2 9
@ (3 o)(o)=N/A o <_1 s 2><1>=<8)
1 2/\1 3 1 0/\3 7

: 2 )
, cosa —sina cos“a + sin“a 1
(s) (cosa sma)( . ) = ( . . ) = (
sina cosa —sinacosa + sinacosa 0

2@ 0 s, —nmn s xms s
© EYO=(5)  wee. 2emt iams yoc
© € DO & moyor sz xmn o
(d) (; i)(i’):(_sl) ; 3x+y=5, 3y+x=-1 ;x=2 y=-1
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Advanced Higher - Unit 3.1 Matrices & Systems of Equations - Solutions

3. (0 AB:@ i)(g (5)):(184 155) ; BA:(LZL g)(é 3)2(129 143); AB 7 BA

® 460 = (3 )G o))
(AB)C = [(é i) (g (5))] (—43) - (184 155) (—43) - (ﬂ) ;o ABO) =(4B)C

T T
o wor=[ DG I =(h 5= 1

R R I G A R IR

7. D@ =" 9 sa+c=1,3b+d=0, 2a+c=0, 2p+d=1
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8. (¥ Z)(i é)=(é 2); 2p+4qg=1,p+3q=0, 2r+4s=0 , r+3s=1
31
¢ 9-(z 3
201

9. #=(; DG D=05 2)
pa+al=p(} H+q(; 2)= (322 i§)+(3 2) B (p;;oq 4102261)

p+q2p)_710 oo o
<3P 4p+q =({5 2p) P+a4=7; =10 ;3p=15 ; 4p+q=22: p=5q=2

10. 4% = G :é) (3 :513) - (—74 223)
rvar=eG ZeaG D= )6 97 5%
<3p tq -p ) _ ( 7 2

2p  —5p+q —4 23)‘3P+q=7:—p=2;2p=—4;—5p+q=23

p=-2q=13

11, AB:(; %)(g _11 §)=<152 (1) 153) ;BA=(§ _11 2)(; %):(%23 150)

1 2 8 -1 7 1 2

1 0 2\/2 -1 3 4 1 5
12. AB = (1 -1 1) (0 1 —1) = (3 -1 5)
2 1 3/\1 1 1 7 2 8
2 -1 3 1 0 2 7 4 12
BA = (0 1 —1) <1 -1 1) = (—1 -2 —2)
1 1 1 2 1 3 4 0 6
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1 V3 1 V3 1 3
2 _ (€0os60 sin60Y( cos60 sin60\_[ 2 2 2 2 || 2 2
13. M _(—sin60 cos60)(—sin60 cos60) V3 o1\ v o1 V31
2 2 2 2 2
/ 1 x/i\/1 \/§\
2 2 2 2 -1 0
M3 = | 2 2 [ 2 2 | =
V3 1 YER! (0 —1)
2 2 2 2
14, B2=6B—91 ; B3=6BB—9IB=6B?>—9IB (Note:IB = B)
=6(6B—91)—9B=36B—541—9B=27B—541 ; p=27 q=-54
15. A2 =34—-41 ; A>=3AA—4IA=3A?—-4IA (Note:IA=A)
=3BA—4)—4A=9A—- 121 —4A=5A-121 ; p=5 q=-12
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Ex 6 Determinant

3 2| _ B 1 3|_, N _
L @ [ 5|_3><5 2x1=13 (b) |2 _1|_( Dx(-1)—2x1=-5
2 -1 2 -1
© |5 T=zxn-Cuxn=-6 @ [} |=@x(2)-(-Dx4=0
2. () |A|:|_12 §|:1><1—3x(—2):7 ; |B|=|_21 ‘5L|=2><5—4><(—1)=14
|A||B] = 7 x 14 = 98
1 3Z\(2 4y _ (-1 19 _ VI ey =
AB—(_Z 1)(_1 5)_(_5 _3) . |AB| = (=1) x (=3) — 19 x (—5) = 98
Hence |AB| = |A||B|
(i) |A|=|_12 i|=1x1—3><(—2)=7 ; |B|=|_21 §|=2x5—4x(—1)=14
IB||A] = 14 x 7 = 98
(2 M1 3\_[-6 10 _ _ 0 (11 —
sa= (45 ), D=1 %) ; |AB| = (=6) x (2) — 10 X (—11) = 98

Hence |BA| = |B||A]|

3. (@ cosf  sin@

2 . 2
) = cos“0 + sin“0 =1
—sin6 c059|

cos20 sin26

_ 290 — <in290 — . ) _ 2p 2
(b) Sin20 c0529| = c0s“20 — sin“20 = cos40 (Using Higher cos26 = cos“0 — sin“0)
() Zlé Z:g| = In2 X In6 — In4 X In5 = In2 x In6 — In22 X In5 = In2 x In6 — 2In2 x In5

6
= [n2(In6 — 2In5) = In2(In6 — In25) = In2 X In (ﬁ)
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4 (a)Det:<_(3)2 _12 ;5L>:_2|—12 g|_1|g §|+4|8 —12|:_2(_11)_1(9)_|_4(3):25
§ _:1 —22):0|_61 —42|_1|g —42|+3|g _61|=0(—8)—1(—8)+3(2)=14

(c) Det = T -4 é>=—2|:;‘ 1-02, J+13 T =—2m-0en+109) =51
7 -3 2

(d) Det=<41} é 2>=1|£53 g|—2|‘; 8|+3|‘7* g|=1(—3)—2(—6)+3(—3)=0
7 8 9

(&) (_27 i Z ) =7 |:§ 162| ~ 14 |g 162| +7 |S :§| = —7(~78) — 14(~30) + 7(66) = 1428

(e) (% Z _15150> =1 |142 155| ~8 |f 155| ~ 10 |i 142| = 1(~160) — 8(—5) — 10(20) = —320

1 2 3
5. W]Al=[0 1 3 =1|1 3|—20 3|+3|O 1|=1(8)—2(—6)+3(—2)=14
> 1 : 1 5 2 5177 1

|B|=<; (1) §>=1|§ §|—0|i f|+1|i ;|=1(—5)—0(—10)+1(0)=—5
4 2 1

|A||B] = 14 x (—=5) = =70

1 2 3\/1 0 1 17 8 10
|AB| = (0 1 3) <2 1 3) = (14 7 6)
2 -1 5/\4 2 1 20 9 4

14 6

—17 |; i| _8 |20 4| +10 |§g ;| — 17(=26) — 8(—64) + 10(=14) = —70

Hence |AB| = |A||B|
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5. (ii) |B||A] = (=5)%x 14 =-70

1 0 1\N/1 2 3 31 8
|IBA|=(2 1 3]0 1 3|=(8 2 24
4 2 1/\2 -1 5 6 9 23

2 24| -1 |8 24| +8 |2 §| = 3(=170) — 1(40) + 8(60) = —70

=3|9 23 6 23

Hence |BA| = |B||A]|

1 1 1
6. Show |x y z|=(@x-y@-2)(z—x)
yz zZx Xy
B 11 Ly oz x z X oy
LHS = |x y z _1|Zx xy_1|yZ xy|+1|yZ le
yz zx Xy

= 1(xy? — xz%) — 1(x?y — yz?) + 1(x*z — y?2)

=xy? —xz? —x*y + yz? + x?z — y*z

RHS = (x =y)(y = 2)(z —x) = (x = y)(yz + xz — 2* — x)
RHS = (xyz + zx? — xz% — x%*y) — (y%z + yzx — yz® — xy?)

RHS = (x%z — xz* — x%y) — (y?z — yz? — xy?) = xy? — xz? — x’y + yz? + x*z2 — y?z = LHS
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Ex 7 - Inverse Matrix

1. (a) AB= (2 i)(_ll

(b) AB = (

(c) AB= (g g)(_3

(@)

% G 9

8

3

AB:(_4

3G 3

; Hence Ais inverse of B and vice versa

; Hence A is inverse of B and vice versa

; Hence Ais inverse of B and vice versa

; Hence Ais inverse of B and vice versa

2. Pattern M= (* ") 5 mt=(?
@ M= (7 7)) m=( 5
®» wm=(3 5 s ur=(3 7
© m=(5 3) s mi=(% 7
@ m=(2 7) s mr=(
@ mM=(3 ) mi=(T5 &
D M= (g cose) M= (

cosf —sinf
sin@  cos@

)
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Ex 8 - Find Inverse Matrix if it exists

2 1

1. (a) A:(4 3

3 1
) s lAl=ad—bc=6—4=2 A lexists : A_1=%(3 _1)=<E _E)

7 4

(b) B:(16 9

) . |B| = ad — bc = 63 — 64 = —1 B~ lexists ;

(c)c=(140 g) S |Cl=ad—bc=20—20=2 ; C~'DOESNOT exists
(d) D = (2 g) . ID|=ad—bc=45—42=3 D lexists
, 7
1,9 -7 3
-1 = —
b _3(—6 5) » 5
3
(e) E = (_12 _41) ; |[E|=ad —bc=2—4=-2 E lexists
L
1 /-1 —4 2
-1 _ _— —
E __2(—1 —2) 1 "
2

(f) F= G (1)) ; [Fl=ad —bc=0—-1=-1 F lexists
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2. (o) P= ((2) i) ; |[Pl=ad —bc=2—-0=2 P lexists

5

®e=(} 3

(c) PQ= (g i) (i g) - (Z 139) S |PQl= ad—bc=21-19=2 ; Q lexists

SSU
lPQl_l:E(—31 _719) 4 7
2 2
1 a3 sy 13 -y (3 -1
o et B0 2 D )
3.0
© Q_1P_1=%(—31 _25)((1) _23)=%(—31 _719)= 21 :

" er=(2 2 =G ) l1ePl= ad-bc=24-22=2 ; (QP)exists

11
4 _1lre -11 3
1 —
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Ex 9 - Inverse 3x3 Matrix

Ri/3 4 5:1 0 0 Ri/1 0 3:0 0 1
1. Rp(4 3 11:0 1 0|->Ry[4 3 11:0 1 0
0 0 1

R

1 0 3:0 01 1 0 3:0 0 1
4 3 11:0 1 O0|—4R;—R;|(O0 1:0 -1 4
4:

-3
0 -4 4:-1 0 3 0 -4 -1 0 3

1 0 3:0 0 1 8 0 0:9 —12 29
4R, —3R;|0 -3 1:0 -1 4|-8R +3R3(0 -3 1:00 -1 4

0O 0 -83 -4 7

0 0 -83 —4 7

)

8 0 099 —12 29 -8 /1 0 0:8/9 -3/2 29/8
8R2+R3<O —24 0:3 -12 39>—>+—24(0 1 0:=1/8 1/2 —13/8)
0 0 -83 —4 7 -8 \0 0 -8:-3/8 —-1/2 -7/8
Ri/4 8 311 0 0 Ri/1 4 3:0 0 1
2 R2<3 5 1:0 1 0)—>R2<3 5 1:0 1 0)
Rz3\1 4 3:0 0 1 Rz3\4 8 3:1 0 0

1 4 0:—21 24 13 1 4 0:=21 24 13
R1—3R3<0 8 9:—1 0 4)—>R2—9R3<0 8 0i—64 72 40)
0

1:'7 -8 -4 0 0 1:7 -8 —4

N

=]

et

I

o]

O
R

o N

o O

o o

|

(o)

S

122 =24 -14 ~2/1 0 0:11 -12 -7
: 72 40 |- +810 1 0:=8 9 5
: 0 0 1:

-8 -4

o
o
[E=N
~
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Ris0 2 331 0 0 Ri/1 -1 00 0 1
3. R2<z 0 00 1 0>—>R2(0 2 311 0 0)
R;\1 =1 0:0 0 1/ R3\2 0 00 1 0

1 -1 00 0 1 1 -1 0:0 0

<o 2 311 0 o)—> (0 2 311 0

2R; —R3\0 -2 00 —-1 2 R,+R3\0 0 31 -1

1 -1 00 0 1 2R +Ry, /2 0 00 1
R,—R;|0 2 00 1 -2]|- 0 2 00 1

0 0 31 -1 2 0 0 311 -1

+=2/2 0 00 1 0 1 0 O
+2|10 2 00 1 -2)—-(0 1 O
0 0 1

0 0 31 -1 2 11/3 —1/3 2/3

Ri/4 2 1:1 0 0 4 2 11 0 0
4. R,(3 1 210 1 0)—» 3 1 201 0
R, — R3

3 5 10 0 1 0 -4 1:0 1 -1

4 2 1:1 0 0 4 2 11
0 2 -53 -4 0 |- (0 2 —5i3
3Ry —4R, \0 —4 1:0 1 -1 2R, +R3\0 0 -9:6

0
—4
-7

S5Ri+R, /20 12 0:8 —4 0 20 12 0:8
<0 2 =53 -4 0 |>9R,—5R3| 0 18 0:-3

0 0 -9 -7 -1

0 18 0:=3 -1 5 0 18 0:-3

2710 6 0:4 -2 0 3Ry —R, /30 0 0:15
_) (
0 0 -96 -7 -1 0 0 -96

+18({0 1 0:-1/6 -1/18 5/18

+30<1 0 0:1/2 -1/6 —1/6>
+—9\0 0 1:=2/3 7/9 1/9

0 0 -9:6

-5
-1
-7
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Ri/1 2 31 0 0 1 2 31 0 0
5. R,12 3 1:0 1 0]~ 2 3 1:0 1 0
3R, — R;

R;\3 2 1:0 0 1 0 4 83 0 -1

—_

1231 0 0 12 311 0 0
2R, — R, (0 52 -1 0 |- 01 52 -1 0
4R, — Ry :5

0 4 83 0 -1

—_

4R, —R; /4 8 0:i-1 4 -1 4 8 0:i-1 4 -1
0 5:2 -1 0 |>12R,—5R3(0 12 0:-1 8 =5

0 0 12:5 -4 1 0 0 12:5 -4 1

0 12 0:-1 8 =5 0 12 0:-1 8 -5

12R; — 8R, <48 0 0:=4 -16 28) - 4(12 0 0:-1 -4 7 >
%
0 0 1225 -4 1 0 0 12:5 -4 1

+12/1 0 0:-1/12 -1/3 7/12
+12<0 1 0:-1/12 2/3 —5/12)
+12\0 0 1:5/12 -1/3 1/12

Ri/1 8 51 0 0 1 8 5i1
6. R;[2 10 7:0 1 0]~ 2 10 7:0
9R; — R; 9

0 O
1 0
R3\9 7 30 0 1 0 65 4219 0 -1

1 8 51 0 0 18 5:1 0 0
2R1—R2<0 6 312 -1 0)—» 06 3:2 -1 o)
65R, — 6R;

0 65 429 0 -1 0 0 -57i76 —-65 6

3R —5R, /3 —6 0 i=7 5 0 3 =6 0:=7 5 0
<0 6 3:2 -1 0)—>19R2+R3<0 114 0 :114 -84 6)

0 0 -=57:76 —-65 6 0 0 -=57:76 —65 6

19Ry +R, /57 0 0i-19 11 6 ~57 /1 0 0:-1/3 11/57 2/19
<o 114 0 :114 -84 6)—>+114 0 1 0: 1 —14/19 1/19)
0 0 -57:76 —-65 6/ +=-57\0 0 1i—-4/3 65/57 —2/19
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Ex 10 - Solving Sim. Equations using 2x2 Matrix
x—y=5 1 —1\(*\_/(5
L x+y=11 ~’ (1 1)(3/)_(11)

H _11|=1><1—(—1)><1=2 ; A_lzé(_l 1)

2 D¢ DG =5 HE)

2 s G D6)=0)
E §=3x2—1x3=3 ; A-1=1(2 _ﬂ

24 DEHE)=3E DO

vt o G GE)=0C)
; §=2x3—1x2=4 ; A4=%Li ;ﬂ
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LI @ ey (i

|§ _14|=3><1—(—4)><5=23 ? A_lzi(l 4)

55 DC 0 -5 D)

S. 42xx—+ 53; _ 251 ‘ (i _35) (;C/) = (251)

|i _35|=2><(—5)—3><4:—22 : A—1:__(

o S o o G200
|§ :2|=5x(—6)—(—3)x7=—9 ; A_1=_%(:§ g)
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Ex 11 - Solving Sim. Equations using 3x3 Matrix

x—2y+z=6 1 -2 1 v 6
1. 3x+y—-2z=4 ; <3 1 —2><y>=<4>
7x—6y—2z=10 7 —6 =1/ \z 10
1 -2 1
301 —2(=1|1 422 41l ll=1x-13)+2x11+1x(-25) =16
> o g T e <l T e

Inverse exists Nl we will assume this from now on.

Ri/1 =2 1:1 0 O 1 -2 11 0 0
Ry{3 1 —-2:0 1 0~ 3 1 =201 0
7R, — R4

R;\7 -6 —-1i0 0 1 0 -8 8:7 0 -1

1 -2 111 0 0 1 -2 1:1 0 0
3R, —R,[0 =7 53 -1 0 |- (0 -7 5:3 -1 0
8R, — 7R;

0 -8 87 0 -1 0 0 -—-16i-25 -8 7

5Ri—R, /5 -3 0 i 2 1 0 5 =3 0: 2 1 0
0 -7 5:3 -10 —>16R2+5R3<0 -112 0 (=77 =56 35

0 0 -—-16i-25 -8 7 0 0 -16:-25 -8 7

0 -112 0 =77 =56 35 0 -112 0 =77 —-56 35

112R; — 3R, <560 0 0 :455 280 —105) <560 0 0 :455 280 —105)
-
0 0 —-16:—25 -8 7 0 0 —-16:i—25 -8 7

+-1121 0 -112 0 =77 —-56 35
+~—=16 \ 0 0 —-16i—-25 -8 7

0 1 0:11/16 1/2 —-5/16

+ 560 (560 0 0 455 280 —105)
0 0 1:i25/16 1/2 -7/16

(1 0 0:13/16 1/2 —3/16)

11/16 1/2 -5/16

13/16 1/2 -3/16
o )
25/16 1/2 —7/16

13/16 1/2 =3/16\ /1 -2 1\ /x 13/16 1/2 —=3/16\ /6
<11/16 1/2 —5/16) (3 1 —2)<y>=<11/16 1/2 —5/16)(4)
25/16 1/2 -7/16/ \7 -6 -1/ \z 25/16 1/2 —7/16/ \10

<x> 1(13 8 —3)(6) 1(78+32—30) 1(80) (5)
y)=—(11 8 —5|{ 4 |=—(66+32-50 |=—(48|=(3]; x=1y=32=7
2/ 10\25 g _7/\10/ 1°\150+32-70/ 10\112 7
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S5x —y+2z=25 5 —1 2\ ,x 25
2. 3x+2y—-3z=16 ; (3 2 —3)<y>=<16)

2x—y+z=9 2 -1 1 z 9

Ri/5 -1 2:1 0 O 5 —1 2:i1 0 0
R,I3 2 =30 1 0]~- 3 2 =30 1 0
2R, — 5R;4

Rz\2 -1 1:0 0 1 0 3 -—-1:2 0 -5

5 -1 2:1 0 0 5 -1 2:i1 0 0
3R, —5R,(0 —-13 2113 -5 0 |- 0 —13 21:3 -5 0
0 3 -12 0 -5/ 3R, +13R3\0 0 50:35 —15 —65

0 -13 21: 3 =5 0

25R1—R3<125 —25 0:i-10 15 65)
0 0 50:35 —15 —65

125 -25 0:-10 15 65
50R, —21R3( 0 —650 0:=585 65 1365
0 0 50: 35 —-15 —65

0 —650 0:-585 65 1365

26R; — R, <3250 0 0:325 325 325)
0 0 50¢ 35 —-15 —65

+—6501 O —650 0:-585 65 1365 1 0:9/10 -1/10 -21/10

+3250<3250 0 0:325 325 325) (1 0 0:1/10 1/10 1/10>
+50 0 0 50: 35 —15 —65 0 0 1:7/10 —3/10 —13/10

1/10 1/10  1/10 1/1 1 1
A—1:<9/10 -1/10 _21/10>=E<9 ~1 —21)
7/10 -3/10 —13/10 7 -3 —13

1/1 1 1\/5 -1 2\, /1 1 1)\/25
5o )2 2)e)=nls -1 -2 )
xy 1/l 1 1\/25\ 1/ 25+16+9 1 /50\ /5
(2)=ma(s =1 -21)(16) {2z 10100 ) - (an) =
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x+y+z=2 1 1 1\ /x 2
3. 3x—y+2z=4 ; (3 -1 2><y>:<4>
2x+3y+z=7 2 3 1/ \z 7

Ri/1 1 111 0 0 1 1 11 0 0
Ry;[3 -1 200 1 0]~ 3 -1 20 1 0
2R; — Ry

R;\2 3 1:0 0 1 0 -1 1:2 0 -1

1 1 1:21 0 0 1 1 1:1 0 0
3Ri —R,{0 4 13 -1 O |- 0 4 1:3 -1 O
0 -1 112 0 -1 R, +4R3;\0 0 511 -1 —4

Ri—Ry/1 -3 0i=2 1 0 1 =3 0:=2 1 0
(0 1:3 -1 0>—>5R2—R3<0 20 0:4 —4 4)

4
0 0 511 -1 -4 0 0 511 -1 -4

20R; +3R, /20 0 0:—28 8 12 +~4/5 0 0:=7 2 3
< 20 0: 4 -4 4>—>+4<0 5 0: -1 1)
5011 -1 -4 0 0 5i

+5/5 0 0:=7 2 3 1 0 0:=7/5 2/5 3/5
+5<o 5 0 -1 1>=(o 1 0:1/5 -1/5 1/5)
0 0 5

11 -1 —4 0 0 1:11/5 -1/5 —4/5
-7/5 2/5 3/5
A1 =< 1/5 -1/5 1/5 ) =

-7 2 3
(1 ~1 1)
11/5 -1/5 —4/5 11 -1 —4

1/~7 2 3\ /1 1 1\x q1/~7 2 3\/2
§<1 -1 1)(3 -1 2)(y>=§(1 -1 1)(4)
11 -1 -4/ \2 3 1/\z 11 -1 -4/\7
1/-7 2 3\/2\ q/-14+8+21\ /15 3
(1 -1 1><4)=§( 2-4+7 >=§< 5 )=<1)
11 -1 -4/\7 22— 4-28 ~10/ \-2

ul| =

N
N < R
N———
Il
U]
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2x+4y+5z=-3 2 4 5 X -3
4. 4x—y—-T7z=6 ; <4 -1 —7)<y>=<6>
6x+3y—z=3 6 3 -—-1/‘z 3

Ri/s2 4 5:1 0 0 2 4 51 0 0
R[4 -1 =730 1 0|~ 4 -1 =7:0 1 0
3R, — R;3

R3\6 3 —1:0 0 1 0 9 163 0 -1
2 4 511 0 0 2 4 5:1 0 0
2R, —R,(0 9 1722 -1 0 |- 0 9 17:2 -1 0
0 9 1633 0 -1/ R,—R3\0 0 1:-1 -1 1

Ri—5R3/2 4 0:6 5 =5 2 4 0:6 5 =5
0 9 1722 -1 0 )= R;,—17R; (0 9 0:19 16 -17
0 0

0 1:(-1 -1 1 0 1:i-1 -1 1

18 0 0i—22 —-19 23 ~18/1 0 0:—11/9 —19/18 23/18
9R1—4R2<0 9 0:19 16 —17>—> +9<0 1 0:19/9  16/9 —17/9)
0 0 1:-1 -1 1 0 0 1: —1 -1 1

19/9  16/9 —17/9

-11/9 -19/18 23/18
-1 -1 1

-11/9 —19/18 23/18\ /2 4 5\ /x -11/9 -19/18 23/18\ /-3
< 19/9  16/9 —17/9) <4 —1 —7) <y> = ( 19/9  16/9 —17/9)( 6 )
-1 -1 1 6 3 -1/\z —1 -1 1 3

33 —114 69 7
x ~11/9 —19/18 23/18\ /-3 CREETIRET 6
<y>=<19/9 16/9 —17/9><6>= —-57 96 —51|=|-4
z 1 -1 1 /\3/ 9 *t9t9 | |3
3-6+3 0
7 4
x—6 y = 3 z=0
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Ex 12 - 2x2 Matrices to Represent Geometrical Transformation

1. (a) Reflectioniny —axis (x,y) = (—x,y)

o D6)=G) o mawrix= (g )

(b) Reflectioninliney =x (x,y) = (y,x)

()= G IDG)=0) 5 mare= (T )

(¢) Reflectioninliney = —x (x,y) = (v,—x)

()= () (G 06 =) 5 mami=(0

[E
N—

T
(d) Rotationof > radians clockwise (x,y) - (y,—x)

()= () (5 0G)=C) o mar=(D )

T
(e) Rotation of > radians anti — clockwise (x,y) = (y,x)

()= () G D6)=C) ¢ mare=(G )

(f) Adilatation, about O,where the scale factor is k.

0-ls) G DG=(5)  mas= )
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2. x =rcosa y = rsina ; x =rcos(a+6) y =rsin(a+6)

x = rcos(a + 0) ; rcosacosf — rsinasing = xcosf — ysinf
y' =rsin(a +0) ; rsinacosd + rcosasing = ycos6 + xsinf

8 0 R i) T L ) R el
(i) Rotationof m : (g‘l’sz —Cf)isr;n):(—ol _01)

iy T
T cos—= —sin— _
(ii) Rotation of — anti — clockwise : 72r n2 = (0 1)
2 . 1 0
sing  cos—

T
(ii) Rotation of > clockwise :
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