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Ex 1 Revision Higher of 3D Vectors 

 

1.  𝑎       𝑏. 𝑐 + 𝑐. 𝑎 + 𝑎. 𝑏         

 

𝑏. 𝑐 = 1 × 0 + 1 × 2 + 2 × 1 = 4  ;   𝑐. 𝑎 = 0 × 1 + 2 × 0 + 1 × 1 = 1  ;  𝑎. 𝑏 = 1 × 1 + 0 × 1 + 1 × 2 = 3 

 

𝑏. 𝑐 + 𝑐. 𝑎 + 𝑎. 𝑏 = 4 + 1 + 3 = 8  ;  𝑆𝑐𝑎𝑙𝑎𝑟 

 

 

 𝑏        𝑏. 𝑐 𝑎 +  𝑐. 𝑎 𝑏 +  𝑎. 𝑏 𝑐         

 

 𝑏. 𝑐 𝑎 = 4 𝑖 + 𝑘 = 4𝑖 + 4𝑘  ;       

 

 𝑐. 𝑎 𝑏 = 1  𝑖 + 𝑗 + 2𝑘 = 𝑖 + 𝑗 + 2𝑘  ; 

 

 𝑎. 𝑏 𝑐 = 3  2𝑗 + 𝑘 = 6𝑗 + 3𝑘 

 

 𝑏. 𝑐 𝑎 +  𝑐. 𝑎 𝑏 +  𝑎. 𝑏 𝑐 =  4𝑖 + 4𝑘 +  𝑖 + 𝑗 + 2𝑘 +  6𝑗 + 3𝑘 = 5𝑖 + 7𝑗 + 9𝑘      ;      𝑉𝑒𝑐𝑡𝑜𝑟 

 

 

 𝑐         𝑏. 𝑐  𝑐. 𝑎  𝑎   ;      𝑏. 𝑐  𝑐. 𝑎 = 4 × 1 = 4     ;         𝑏. 𝑐  𝑐. 𝑎  𝑎 = 4 𝑖 + 𝑘 =  4𝑖 + 4𝑘      ;   𝑉𝑒𝑐𝑡𝑜𝑟 

 

 

 𝑑         𝑏. 𝑐 𝑐 +  𝑏. 𝑎 𝑎 . (𝑏 + 2𝑎)         

 

 𝑏. 𝑐 𝑐 = 4  2𝑗 + 𝑘 = 8𝑗 + 4𝑘       ;           𝑏. 𝑎 = 1 × 1 + 1 × 0 + 2 × 1 = 3       𝑏. 𝑎 𝑎 = 3𝑖 + 3𝑘 

 

    𝑏. 𝑐 𝑐 +  𝑏. 𝑎  𝑎 =  8𝑗 + 4𝑘 +  3𝑖 + 3𝑘 = 3𝑖 + 8𝑗 + 7𝑘 

 

 𝑏 + 2𝑎 =  𝑖 + 𝑗 + 2𝑘 +  2𝑖 + 2𝑘 = 3𝑖 + 𝑗 + 4𝑘 

 

  𝑏. 𝑐 𝑐 +  𝑏. 𝑎 𝑎 .  𝑏 + 2𝑎 =  3𝑖 + 8𝑗 + 7𝑘 .  3𝑖 + 𝑗 + 4𝑘  

 

=  3𝑖 + 8𝑗 + 7𝑘 .  3𝑖 + 𝑗 + 4𝑘 = 3 × 3 + 8 × 1 + 7 × 4 = 45   ;    𝑆𝑐𝑎𝑙𝑎𝑟 
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2.     𝐴 1,6, −2  , 𝐵 2,5,4  , 𝐶(4,6, −3)        

 

𝐿𝑒𝑛𝑔𝑡 𝐴𝐵 =  (2 − 1)2 + (5 − 6)2 + (4 − (−2))2 =  1 + 1 + 36 =  38       

 

𝐿𝑒𝑛𝑔𝑡 𝐵𝐶 =  (4 − 2)2 + (6 − 5)2 + (−3 − 4)2 =  4 + 1 + 49 =  54 = 3 6      

 

𝐿𝑒𝑛𝑔𝑡 𝐴𝐶 =  (4 − 1)2 + (6 − 6)2 + (−3 − (−2))2 =  9 + 0 + 1 =  10      

 

 

𝐴𝐵      =  
2
5
4
 −  

1
6

−2
 =  

1
−1
6

       ;     𝐴𝐶      =  
4
6

−3
 −  

1
6

−2
 =  

3
0

−1
       

 

 𝐴𝐵      . 𝐴𝐶      = 1 × 3 +  −1 × 0 + 6 ×  −1 = 3 + 0 +  −6 = −3  

 

𝑐𝑜𝑠𝐴 =
𝐴𝐵      . 𝐴𝐶      

 𝐴𝐵        𝐴𝐶       
=

−3

 38 ×  10
= −

3

2 95
           ;        ∠𝐴 = 98.85° 

 

 

𝐵𝐴      =  
1
6

−2
 −  

2
5
4
 =  

−1
1

−6
       ;     𝐵𝐶      =  

4
6

−3
 −  

2
5
4
 =  

2
1

−7
       

 

 𝐵𝐴      . 𝐵𝐶      =  −1 × 2 + 1 × 1 +  −6 ×  −7 = −2 + 1 + 42 = 41  

 

𝑐𝑜𝑠𝐵 =
𝐵𝐴      . 𝐵𝐶      

 𝐵𝐴        𝐵𝐶       
=

41

 38 × 3 6
=

41

6 57
            ;        ∠𝐵 = 25.16° 

 

 

 

𝐶𝐵      =  
2
5
4
 −  

4
6

−3
 =  

−2
−1
7

       ;     𝐶𝐴      =  
1
6

−2
 −  

4
6

−3
 =  

−3
0
1

       

 

 𝐶𝐵      . 𝐶𝐴      =  −2 ×  −3 + (−1) × 0 + 7 × 1 = 6 + 0 + 7 = 13  

 

𝑐𝑜𝑠𝐶 =
 𝐶𝐵      . 𝐶𝐴      

 𝐶𝐵        𝐶𝐴       
=

13

3 6 ×  10
=

13

6 15
             ;        ∠𝐶 = 55.98° 

 

𝐴𝑅𝐸𝐴 =
1

2
 𝐶𝐴  𝐶𝐵 𝑠𝑖𝑛𝐶 =

1

2
×  10 × 3 6 ×

  6 15 
2
− 132

6 15
=

1

2
 371 = 9.63 
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3. 𝑃𝑟𝑜𝑣𝑒        𝐵𝐷        
2

+  𝐴𝐶       
2

= 2 𝐴𝐵       
2

+ 2 𝐴𝐷       
2

            

 

 𝐴𝐵       =  𝐶𝐷       = 𝑑         ;           𝐴𝐷       =  𝐵𝐶       = 𝑏          ;              𝐵𝐷        = 𝑏 − 𝑑        ;      𝐴𝐶      = 𝑏 + 𝑑      

 

𝐿𝐻𝑆 =  𝐵𝐷        
2

+  𝐴𝐶       
2

=   𝑏 − 𝑑 
2

+  𝑏 + 𝑑 
2

                         (𝑁𝑜𝑡𝑒 ∶  𝑥 
2

= 𝑥. 𝑥 

 

𝐿𝐻𝑆 =  𝐵𝐷        
2

+  𝐴𝐶       
2

=   𝑏 − 𝑑 .  𝑏 − 𝑑 +  𝑏 + 𝑑 .  𝑏 + 𝑑  

 

                                          =  𝑏. 𝑏 − 2𝑏 . 𝑑 + 𝑑. 𝑑 +  𝑏. 𝑏 + 2𝑏 . 𝑑 + 𝑑. 𝑑  

 

                                          =  𝑏. 𝑏 + 𝑑. 𝑑 +  𝑏. 𝑏 + 𝑑. 𝑑  

     

                                          = 2 𝑏 
2

+ 2 𝑑 
2
 

 

𝑅𝐻𝑆 = 2 𝐴𝐵       
2

+ 2 𝐴𝐷       
2

= 2 𝑑 
2

+ 2 𝑏 
2

 = 2 𝑏 
2

+ 2 𝑑 
2

= 𝐿𝐻𝑆  

 

 

4. 𝐿𝑒𝑡 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑏𝑒   𝑢 =  𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘      ;    𝑎 = 𝑖    45°     𝑎𝑛𝑑  𝑏 = 𝑘    45°       

 

𝑈𝑠𝑖𝑛𝑔   𝑎. 𝑢 =  𝑎 ×  𝑢 × 𝑐𝑜𝑠𝜃°  

 

𝑥 = 1 × 1 × 𝑐𝑜𝑠45°          ;              𝑥 =
1

 2
    (1) 

 

 

𝑈𝑠𝑖𝑛𝑔   𝑏. 𝑢 =  𝑏 ×  𝑢 × 𝑐𝑜𝑠𝜃° 

 

𝑧 = 1 × 1 × 𝑐𝑜𝑠45°          ;              𝑧 =
1

 2
   (2)   

 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  1  𝑎𝑛𝑑  2      𝑥 = 𝑧 

 

𝐴𝑙𝑠𝑜    𝑢 = 𝑥2 + 𝑦2 + 𝑧2 = 1     ;     𝑦2 = 0    ;     𝑦 = 0  

 

 

 

 



 Advanced Higher - Unit 3.2 Vector Theory - Solutions 

Adv. Higher Unit 3.2 Vector Theory Solutions.docx Page 4 
 

 

 

𝑥 =
1

 2
             ;           𝑦 = 0           ;        𝑧 =

1

 2
              𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟  

1

 2
𝑖 +

1

 2
𝑘  
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5. 𝐿𝑒𝑡 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑏𝑒   𝑢 =  𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘      ;    𝑎 = −𝑖 + 𝑘    45°     𝑎𝑛𝑑  𝑏 = −2𝑖 + 2𝑗 + 𝑘    60°       

 

𝑈𝑠𝑖𝑛𝑔   𝑎. 𝑢 =  𝑎 ×  𝑢 × 𝑐𝑜𝑠𝜃°  

 

−𝑥 + 𝑧 =  2 × 1 × 𝑐𝑜𝑠45°          ;             −𝑥 + 𝑧 = 1    (1) 

 

 

𝑈𝑠𝑖𝑛𝑔   𝑏. 𝑢 =  𝑏 ×  𝑢 × 𝑐𝑜𝑠𝜃° 

 

−2𝑥 + 2𝑦 + 𝑧 = 3 × 1 × 𝑐𝑜𝑠60°          ;              −2𝑥 + 2𝑦 + 𝑧 =
3

2
   (2)   

 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  1       𝑧 = 1 + 𝑥   

 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  2      − 2𝑥 + 2𝑦 +  1 + 𝑥 =
3

2
    ;   −𝑥 + 2𝑦 =

1

2
        ;    𝑦 =  

1

4
+

𝑥

2
 

 

𝐴𝑙𝑠𝑜    𝑢 = 𝑥2 + 𝑦2 + 𝑧2 = 1     ;     𝑥2 +  
1

4
+

𝑥

2
 

2

+  1 + 𝑥 2 = 1    

 

    𝑥2 +  
𝑥2

4
+

𝑥

4
+

1

16
 + 𝑥2 + 2𝑥 + 1 = 1 

 

 

    
9𝑥2

4
+

9𝑥

4
+

1

16
= 0          ;         36𝑥2 + 36𝑥 + 1 = 0  

 

𝑥 =
−36 ±  362 − 4 × 36 × 1

72
=

−36 ± 6 32

72
=

−36 ± 24 2

72
=

−3 ± 2 2

6
    

 

𝑥 =
−3 + 2 2

6
      𝑎𝑛𝑑       𝑥 =

−3 − 2 2

6
 

 

 

𝐹𝑜𝑟  𝑥 =
−3 + 2 2

6
         ;        𝑦 =

1

4
+

1

2
 
−3 + 2 2

6
 =

 2

6
        ;       𝑧 = 1 +  

−3 + 2 2

6
 =

3 + 2 2

6
 

 

𝐹𝑜𝑟  𝑥 =
−3 − 2 2

6
         ;        𝑦 =

1

4
+

1

2
 
−3 − 2 2

6
 = −

 2

6
        ;   𝑧 = 1 +  

−3 − 2 2

6
 =

3 − 2 2

6
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𝑈𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒   
−3 + 2 2

6
𝑖 +

 2

6
𝑗 +

3 + 2 2

6
𝑘   𝑎𝑛𝑑  

−3 − 2 2

6
𝑖 −

 2

6
𝑗 +

3 − 2 2

6
𝑘   

 

 
 

 

 

 

 

 𝑏      𝐺𝑖𝑣𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑢1 =  
−3 + 2 2

6
𝑖 +

 2

6
𝑗 +

3 + 2 2

6
𝑘   𝑎𝑛𝑑 𝑢2 =  

−3 − 2 2

6
𝑖 −

 2

6
𝑗 +

3 − 2 2

6
𝑘  

 

 

𝐼𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑒𝑛 𝑢1 . 𝑢2 = 0 

 

 

 −3 + 2 2 

6
×

 −3 − 2 2 

6
+

 2

6
×  −

 2

6
 +

 3 + 2 2 

6
×

 3 − 2 2 

6
= 0 

 

 9 − 8 

36
−

2

36
+

 9 − 8 

36
=

2

36
−

2

36
= 0           𝐻𝑒𝑛𝑐𝑒 𝑢1 𝑎𝑛𝑑 𝑢2 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 
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Ex 2 – Vector Product in Component Form 

 

 

1. 𝑎 =  3𝑖 + 2𝑗 − 𝑘               𝑏 =  𝑖 − 𝑗 − 2𝑘           𝑐 =  4𝑖 − 3𝑗 + 4𝑘  

 

 𝑎       𝑏 × 𝑐 =  𝑖 − 𝑗 − 2𝑘 ×  4𝑖 − 3𝑗 + 4𝑘  

 

=  

𝑖 𝑗 𝑘

1 −1 −2
4 −3 4

 =  −10𝑖 − 12𝑗 + 𝑘  

 

𝑎 ×  𝑏 × 𝑐 =  3𝑖 + 2𝑗 − 𝑘 =  −10𝑖 − 12𝑗 + 𝑘  

 

=  

𝑖 𝑗 𝑘

3 2 −1
−10 −12 1

 =  −10𝑖 + 7𝑗 − 16𝑘  

 

 

 

 𝑏       𝑎 × 𝑏 =  3𝑖 + 2𝑗 − 𝑘 ×  𝑖 − 𝑗 − 2𝑘  

 

=  

𝑖 𝑗 𝑘

3 2 −1
1 −1 −2

 =  −5𝑖 + 5𝑗 − 5𝑘  

 

 𝑎 × 𝑏 × 𝑐 =  −5𝑖 + 5𝑗 − 5𝑘 ×  4𝑖 − 3𝑗 + 4𝑘  

 

=  

𝑖 𝑗 𝑘

−5 5 −5
4 −3 4

 =  5𝑖 − 0𝑗 − 5𝑘 =  5𝑖 − 5𝑘  
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 𝑐       𝑎 × 𝑏 =  −5𝑖 + 5𝑗 − 5𝑘  

 

𝑎 × 𝑐 =  

𝑖 𝑗 𝑘

3 2 −1
4 −3 4

 =  5𝑖 − 16𝑗 − 17𝑘  

 

 𝑎 × 𝑏 .  𝑎 × 𝑐 =  −5𝑖 + 5𝑗 − 5𝑘 .  5𝑖 − 16𝑗 − 17𝑘 = −25 − 80 + 85 = −20 

 

 

 

 𝑑        𝑎 × 𝑏 =  −5𝑖 + 5𝑗 − 5𝑘              𝑏 × 𝑐 =  −10𝑖 − 12𝑗 + 𝑘  

 

 

 𝑎 × 𝑏 .  𝑎 × 𝑐 =  −5𝑖 + 5𝑗 − 5𝑘 .  −10𝑖 − 12𝑗 + 𝑘 = 50 − 60 − 5 = −15 

 

 

 

 𝑒      𝑎 ×   𝑏 × 𝑐 =  −10𝑖 + 7𝑗 − 16𝑘             

 

 

 𝑎 ×   𝑏 × 𝑐  . 𝑐 =  −10𝑖 + 7𝑗 − 16𝑘 .  4𝑖 − 3𝑗 + 4𝑘 = −40 − 21 − 64 = −125 

 

 

 

2. 𝑎 =  3𝑖 + 2𝑗 + 5𝑘               𝑏 =  4𝑖 + 3𝑗 + 2𝑘           𝑐 =  2𝑖 + 𝑗 + 10𝑘  

 

 𝑎       𝑎 × 𝑏 =  3𝑖 + 2𝑗 + 5𝑘 ×  4𝑖 + 3𝑗 + 2𝑘  

 

=  

𝑖 𝑗 𝑘

3 2 5
4 3 2

 =  −11𝑖 + 14𝑗 + 𝑘  
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 𝑏         𝑎 × 𝑐 =  3𝑖 + 2𝑗 + 5𝑘 ×  2𝑖 + 𝑗 + 10𝑘  

 

𝑎 × 𝑐 =  

𝑖 𝑗 𝑘

3 2 5
2 1 10

 =  15𝑖 − 20𝑗 − 𝑘  

 

𝑏 .   𝑎 × 𝑐 =  4𝑖 + 3𝑗 + 2𝑘 ×  15𝑖 − 20𝑗 − 𝑘 = 60 − 60 − 2 = −2 

 

=  −11𝑖 + 14𝑗 + 𝑘 .  2𝑖 + 𝑗 + 10𝑘 = −22 + 14 + 10 = 2 

 

 

 𝑐         𝑎 × 𝑐 =  3𝑖 + 2𝑗 + 5𝑘 ×  2𝑖 + 𝑗 + 10𝑘  

 

𝑎 × 𝑐 =  

𝑖 𝑗 𝑘

3 2 5
2 1 10

 =  15𝑖 − 20𝑗 − 𝑘  

 

𝑏 .   𝑎 × 𝑐 =  4𝑖 + 3𝑗 + 2𝑘 ×  15𝑖 − 20𝑗 − 𝑘 = 60 − 60 − 2 = −2 
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3. 𝑎 =  3𝑖 + 𝑗 + 2𝑘               𝑏 =  2𝑗 − 𝑘           𝑐 =  𝑖 + 𝑗 + 𝑘  

 

𝑐 × 𝑎 =  

𝑖 𝑗 𝑘

1 1 1
3 1 2

 =  𝑖 + 𝑗 − 2𝑘                   ;        𝑎 . 𝑐 =  3𝑖 + 𝑗 + 2𝑘 .  𝑖 + 𝑗 + 𝑘 = 3 + 1 + 2 = 6        

 

𝑏 ×  𝑐 × 𝑎 =  2𝑗 − 𝑘 ×   𝑖 + 𝑗 − 2𝑘    

 

𝑏 ×  𝑐 × 𝑎 =  

𝑖 𝑗 𝑘

1 1 −2
0 2 −1

 =  3𝑖 + 𝑗 + 2𝑘    

 

 𝑎 . 𝑐 𝑎 =  2𝑗 − 𝑘 .  𝑖 + 𝑗 − 2𝑘 = 6  3𝑖 + 𝑗 + 2𝑘 =  18𝑖 + 6𝑗 + 12𝑘    

 

𝑑 = 𝑏 ×  𝑐 × 𝑎 −  𝑎 . 𝑐 𝑎 =  3𝑖 + 𝑗 + 2𝑘 −  18𝑖 + 6𝑗 + 12𝑘 =  −15𝑖 − 5𝑗 − 10𝑘    

 

𝐼𝑓 𝑏 𝑎𝑛𝑑 𝑑 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑒𝑛  𝑏. 𝑑 = 0 

 

𝑏. 𝑑 =  2𝑗 − 𝑘 .  −15𝑖 − 5𝑗 − 10𝑘 = 0 − 10 + 10 = 0   ;   𝐻𝑒𝑛𝑐𝑒 𝑏 𝑎𝑛𝑑 𝑑 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟   

 

 

 

4. 𝑎 =  4𝑖 − 2𝑗 + 3𝑘               𝑏 =  5𝑖 + 𝑗 − 4𝑘  

 

𝑉𝑒𝑐𝑡𝑜𝑟 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 = 𝑎 × 𝑏 

 

𝑎 × 𝑏 =  

𝑖 𝑗 𝑘

4 −2 3
5 1 −4

 =  5𝑖 + 31𝑗 + 14𝑘   
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5. 𝑎 =  𝑖 + 𝑗 − 𝑘               𝑏 =  2𝑖 − 𝑗 + 𝑘  

 

 𝑎      𝑎 × 𝑏 =  

𝑖 𝑗 𝑘

1 1 −1
2 −1 1

 =  0𝑖 − 3𝑗 − 3𝑘 =  −3𝑗 − 3𝑘   

 

 

 

 𝑏      𝑎 + 𝑏 =  𝑖 + 𝑗 − 𝑘 +  2𝑖 − 𝑗 + 𝑘 =  3𝑖  

 

           𝑎 ×  𝑎 + 𝑏 =  

𝑖 𝑗 𝑘

1 1 −1
3 0 0

 =  0𝑖 − 3𝑗 − 3𝑘 =  −3𝑗 − 3𝑘  

 

 

 𝑐      𝑎.  𝑎 × 𝑏 =  𝑖 + 𝑗 − 𝑘 .  −3𝑗 − 3𝑘 = 0 − 3 + 3 = 0 

 

 

6. 𝑎 =  4𝑖 − 𝑘               𝑏 =  4𝑖 + 3𝑗 − 2𝑘  

 

𝑎 × 𝑏 =  

𝑖 𝑗 𝑘

4 0 −1
4 3 −2

 =  3𝑖 + 4𝑗 + 12𝑘               ;               𝑎 × 𝑏 =  32 + 42 + 122 = ±13  

 

 

𝑈𝑛𝑖𝑡 𝑉𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒   
1

13
 3𝑖 + 4𝑗 + 12𝑘    𝑎𝑛𝑑   −

1

13
 3𝑖 + 4𝑗 + 12𝑘  
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7. 𝐴 4, −8, −13     𝐵 5, −2, −3     𝐶(5,4,10) 

 

𝐴𝐵      =  5𝑖 − 2𝑗 − 3𝑘 −  4𝑖 − 8𝑗 − 13𝑘 =  𝑖 + 6𝑗 + 10𝑘  

 

𝐴𝐶      =  5𝑖 − 4𝑗 − 10𝑘 −  4𝑖 − 8𝑗 − 13𝑘 =  𝑖 + 4𝑗 + 3𝑘  

 

 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 =  
1

2
 𝐴𝐵      × 𝐴𝐶        

 

𝐴𝐵      × 𝐴𝐶      =  

𝑖 𝑗 𝑘

1 6 10
1 4 3

 =  −22𝑖 + 7𝑗 − 2𝑘            

 

 𝐴𝐵      × 𝐴𝐶       =  (−22)2 + 72 +  −2 2 =  537  

 

 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 =  
1

2
 𝐴𝐵      × 𝐴𝐶       =

1

2
 537 = 11.6 𝑠𝑞𝑢𝑎𝑟𝑒 𝑢𝑛𝑖𝑡𝑠 

 

 

8. Leave out !!! 
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Ex 3 – Vector Equation of a Straight Line 

1. 𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

5
−2
6

 + 𝑡  
3
1
4
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥−5

3
=

𝑦+2

1
=

𝑧−6

4
  

 

 

 

2. 𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

2
−3
−7

 + 𝑡  
7
3

−2
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥−2

7
=

𝑦+3

3
=

𝑧+7

−2
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3.  𝑎      𝑑 = 𝑏 − 𝑎 =  
5

−13
−4

 −  
3
2

−7
 =  

2
−15

3
  

 

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

3
2

−7
 + 𝑡  

2
−15

3
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥 − 3

2
=

𝑦 − 2

−15
=

𝑧 + 7

3
 

 

 

       𝑏      𝑑 = 𝑏 − 𝑎 =  
12
7
1

 −  
−8
−13
−9

 =  
20
20
10

         ;         𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜  
2
2
1
  

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

12
7
1

 + 𝑡  
2
2
1
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥 − 12

2
=

𝑦 − 7

2
=

𝑧 − 1

1
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       𝑐      𝑑 = 𝑏 − 𝑎 =  
0
0
5
 −  

3
0
0
 =  

−3
0
5

  

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

3
0
0
 + 𝑡  

−3
0
5

      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   
𝑥 − 3

−3
=

𝑦

0
=

𝑧

5
 

 

 
 

       𝑑      𝑑 = 𝑏 − 𝑎 =  
−10

4
−6

 −  
0
0
0
 =  

−10
4

−6
         ;       𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜  

−5
2

−3
  

 

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

0
0
0
 + 𝑡  

−5
2

−3
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥

−5
=

𝑦

2
=

𝑧

−3
 

 

 

  



 Advanced Higher - Unit 3.2 Vector Theory - Solutions 

Adv. Higher Unit 3.2 Vector Theory Solutions.docx Page 16 
 

 

Ex 4 – Vector Equation of a Plane 

 

1.  𝑎      𝑛 ∙ 𝑝 =  
3

−2
7

 ∙  
3

−1
1

 = 3 × 3 +  −2 ×  −1 + 7 × 1 = 18    ;   𝑉𝑒𝑐. 𝐸𝑞𝑛   3𝑥 − 2𝑦 + 7𝑧 = 18 

 

 𝑏      𝑛 ∙ 𝑝 =  
2

−1
−1

 ∙  
4
1

−2
 = 2 × 4 +  −1 × 1 +  −1 ×  −2 = 9    ;   𝑉𝑒𝑐. 𝐸𝑞𝑛   2𝑥 − 𝑦 − 𝑧 = 9 
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2.   𝑎      𝑛 ∙ 𝑥 =  
𝑎
𝑏
𝑐
 ∙  

4
−2
3

 = 4𝑎 − 2𝑏 + 3𝑐 = 0        ;         𝑛 ∙ 𝑥 =  
𝑎
𝑏
𝑐
 ∙  

1
1
0
 = 𝑎 + 𝑏 = 0 

 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 𝑆𝑖𝑚. 𝐸𝑞𝑛𝑠    𝑥 =  
𝑎

−𝑎
−2𝑎

 =  
1

−1
−2

  

 

𝑛 ∙ 𝑝 =  
1

−1
−2

 ∙  
1
2

−3
 = 1 − 2 + 6 = 5        ;         𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛   𝑥 − 𝑦 − 2𝑧 = 5 
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       𝑏      𝑛 ∙ 𝑥 =  
𝑎
𝑏
𝑐
 ∙  

3
−5
−7

 = 3𝑎 − 5𝑏 − 7𝑐 = 0        ;         𝑛 ∙ 𝑥 =  
𝑎
𝑏
𝑐
 ∙  

−4
−1
6

 = −4𝑎 − 𝑏 + 6𝑐 = 0 

𝑏 = −4𝑎 + 6𝑐       𝑠𝑢𝑏 𝑖𝑛𝑡𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1 ;      3𝑎 − 5 −4𝑎 + 6𝑐 − 7𝑐 = 0   ;         23𝑎 − 37𝑐 = 0 

 

𝑐 =
23

37
𝑎     ;                    𝑏 = −4𝑎 + 6  

23

37
 𝑎 = −4𝑎 +

138

37
𝑎      ;        𝑏 = −

10

37
𝑎          

 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 𝑆𝑖𝑚. 𝐸𝑞𝑛𝑠    𝑥 =  
𝑎
𝑏
𝑐
 =

 

 
 

𝑎

−
10

37
𝑎

23

37
𝑎

 

 
 

                       
37𝑎
37𝑏
37𝑐

    =  
37

−10
23

  

 

𝑛 ∙ 𝑝 =  
1

−1
1

 ∙  
37

−10
23

 = 37 + 10 + 23 = 70        ;         𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛   37𝑥 − 10𝑦 + 23𝑧 = 70 
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3.  𝑎      𝐴𝐵      = 𝑏 − 𝑎 =  
4
1
4
 −  

2
1
3
 =  

2
0
1
         ;    𝐴𝐶      = 𝑐 − 𝑎 =  

2
3
6
 −  

2
1
3
 =  

0
2
3
  

 

𝐴𝐵      × 𝐴𝐶      =  

𝑖 𝑗 𝑘

2 0 1
0 2 3

 =  −2𝑖 − 6𝑗 + 4𝑘            ;         −2𝑥 − 6𝑦 + 4𝑧 = 𝑘 

 

𝑆𝑢𝑏 𝑖𝑛 𝑎 𝑝𝑜𝑖𝑛𝑡  2,1,3  ;    −2 2 − 6 1 + 4 3 = 2    ;     −2𝑥 − 6𝑦 + 4𝑧 = 2     ;     𝑥 + 3𝑦 − 2𝑧 = −1  

 

 
 

 

 𝑏      𝐴𝐵      = 𝑏 − 𝑎 =  
0
5
0
 −  

3
0
0
 =  

−3
5
0

         ;    𝐴𝐶      = 𝑐 − 𝑎 =  
0
0
7
 −  

3
0
0
 =  

−3
0
7

  

 

𝐴𝐵      × 𝐴𝐶      =  

𝑖 𝑗 𝑘

−3 5 0
−3 0 7

 =  35𝑖 + 21𝑗 + 15𝑘            ;         35𝑥 + 21𝑦 + 15𝑧 = 𝑘 

 

𝑆𝑢𝑏 𝑖𝑛 𝑎 𝑝𝑜𝑖𝑛𝑡  3,0,0  ;    35 3 + 21 0 + 15 0 = 105     ;              35𝑥 + 21𝑦 + 15𝑧 = 105       
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4.  𝑎      𝐴𝐵      = 𝑏 − 𝑎 =  
0
5

−1
 −  

5
8

−4
 =  

−5
−3
3

         ;    𝑑 =  
−4
1
0

  

            𝑛 = 𝐴𝐵      × 𝑑 =  

𝑖 𝑗 𝑘

−5 −3 3
−4 1 0

 =  −3𝑖 − 12𝑗 − 17𝑘           ;        −3𝑥 − 12𝑦 − 17𝑧 = 𝑘 

            𝑛 ∙ 𝑝 =  
−3
−12
−17

 ∙  
5
8

−4
 = −15 − 96 + 68 = −43    ;    𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛   3𝑥 + 12𝑦 + 17𝑧 = 43 

 

 

 𝑏      𝐴𝐵      = 𝑏 − 𝑎 =  
1

−7
3

 −  
2

−5
3

 =  
−1
−2
0

         ;    𝑑 =  
−3
5
2

  

            𝑛 = 𝐴𝐵      × 𝑑 =  

𝑖 𝑗 𝑘

−3 5 2
−1 −2 0

 =  4𝑖 − 2𝑗 + 11𝑘           ;        4𝑥 − 2𝑦 + 11𝑧 = 𝑘 

            𝑛 ∙ 𝑝 =  
2

−5
3

 ∙  
4

−2
11

 = 8 + 10 + 33 = 51    ;    𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛   4𝑥 − 2𝑦 + 11𝑧 = 51 
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5.    𝑑1 =  
2
3
4
         ;   𝑑2  =  

−1
2
1

  

 

            𝑛 = 𝑑1 × 𝑑2 =  

𝑖 𝑗 𝑘

2 3 4
−1 2 1

 =  −5𝑖 − 6𝑗 + 7𝑘           ;        −5𝑥 − 6𝑦 + 7𝑧 = 𝑘 

 

            𝑛 ∙ 𝑝 =  
−5
−6
7

 ∙  
1
0

−1
 = −5 − 0 − 7 = −12    ;    𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛  5𝑥 + 6𝑦 − 7𝑧 = 12 
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6.      𝐴𝐵      = 𝑏 − 𝑎 =  
1

−1
0

 −  
0
1
2
 =  

1
−2
−2

         ;    𝑑 =  
1

−1
1

  

 

𝑛 = 𝐴𝐵      × 𝑑 =  

𝑖 𝑗 𝑘

1 −2 −2
1 −1 1

 =  −4𝑖 − 3𝑗 + 𝑘            ;        −4𝑥 − 3𝑦 + 𝑧 = 𝑘 

 

𝑛 ∙ 𝑝 =  
−4
−3
1

 ∙  
0
1
2
 = 0 − 3 + 2 = −1        ;        𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛. 𝐸𝑞𝑛  4𝑥 + 3𝑦 − 𝑧 = 1 
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Ex 5 – Angles Intersections between Lines and Planes 

1.  𝑎      𝑑1 =  
1

−2
2

         ;   𝑑2  =  
3
0

−4
  

 

            𝑑1 . 𝑑2 =  
1

−2
2

 .  
3
0

−4
 = 3 + 0 − 8 = −5          ;         𝑑1 = 3         𝑑2 = 5         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−5

3 × 5
= 110°         ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 70° 

 

 𝑏      𝑑1 =  
1
1
1
         ;   𝑑2  =  

1
5

−1
  

 

            𝑑1 . 𝑑2 =  
1
1
1
 .  

1
5

−1
 = 1 + 5 − 1 = 5          ;         𝑑1 =  3         𝑑2 =  27         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

5

 3 ×  27
= 56° 
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 𝑐      𝑑1 =  
3
5
4
         ;   𝑑2  =  

1
1
2
  

 

            𝑑1 . 𝑑2 =  
3
5
4
 .  

1
1
2
 = 3 + 5 + 8 = 16          ;         𝑑1 =  50         𝑑2 =  6         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

16

 50 ×  6
= 22.5° 

 

 𝑑      𝑑1 =  
1
2

−2
         ;   𝑑2  =  

−2
−4
4

  

            𝑑1 . 𝑑2 =  
1
2

−2
 .  

−2
−4
4

 = −2 − 8 − 8 = −18          ;         𝑑1 = 3         𝑑2 = 6         

 

𝑐𝑜𝑠𝜃 =
𝑑1 .𝑑2

 𝑑1  𝑑2 
=

−18

3×6
= 180°                   ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 0°        
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2.  𝑎      𝑑1 =  
2
2

−3
         ;   𝑑2  =  

1
3

−4
  

 

            𝑑1 . 𝑑2 =  
2
2

−3
 .  

1
3

−4
 = 2 + 6 + 12 = 20          ;         𝑑1 =  17         𝑑2 =  26         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

20

 17 ×  26
= 18° 

 

 𝑏      𝑑1 =  
5

−14
2

         ;   𝑑2  =  
6
7
6
  

 

            𝑑1 . 𝑑2 =  
5

−14
2

 .  
6
7
6
 = 30 − 98 + 12 = −56          ;         𝑑1 = 15         𝑑2 = 11         

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−56

15 × 11
= 109.8°         ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 70.2° 
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 𝑐      𝑑1 =  
1

−1
0

         ;   𝑑2  =  
0
1
1
  

 

            𝑑1 . 𝑑2 =  
1

−1
0

 .  
0
1
1
 = 0 + 1 + 0 = −1          ;         𝑑1 =  2         𝑑2 =  2         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−1

 2 ×  2
= 120°         ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 60° 

 

 𝑑      𝑑1 =  
1
1
1
         ;   𝑑2  =  

1
−1
1

  

 

            𝑑1 . 𝑑2 =  
1
1
1
 .  

1
−1
1

 = 1 − 1 + 1 = 1          ;         𝑑1 =  3         𝑑2 =  3         

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

1

 3 ×  3
= 70.5° 
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3.  𝑎      𝑑1 =  
4

−1
−5

         ;   𝑑2  =  
1

−2
4

  

            𝑑1 . 𝑑2 =  
4

−1
−5

 .  
1

−2
4

 = 4 + 2 − 20 = −14          ;         𝑑1 =  42         𝑑2 =  21         

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−14

 42 ×  21
= 118.5°           ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 61.5°         𝑎𝑛𝑔𝑙𝑒  90 − 61.5 = 28.5° 

 

 𝑏      𝑑1 =  
2
6
3
         ;   𝑑2  =  

2
−1
−2

  

                        𝑑1 . 𝑑2 =  
2
6
3
 .  

2
−1
−2

 = 4 − 6 − 6 = −8          ;         𝑑1 = 7         𝑑2 = 3         

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−8

7 × 3
= 112.4°           ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 67.6°         𝑎𝑛𝑔𝑙𝑒  90 − 67.6 = 22.4° 
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 𝑐      𝑑1 =  
2
3
6
         ;   𝑑2  =  

10
2

−11
  

                    𝑑1 . 𝑑2 =  
2
3
6
 .  

10
2

−11
 = 20 + 6 − 66 = −40          ;         𝑑1 = 7         𝑑2 = 15         

 

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

−40

7 × 15
= 112.4°           ;        𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 67.6°         𝑎𝑛𝑔𝑙𝑒  90 − 67.6 = 22.4° 

 

 𝑑      𝑑1 =  
1
1
1
         ;   𝑑2  =  

1
−2
2

  

                    𝑑1 . 𝑑2 =  
1
1
1
 .  

1
−2
2

 = 1 − 2 + 2 = 1          ;         𝑑1 =  3         𝑑2 = 3         

𝑐𝑜𝑠𝜃 =
𝑑1 . 𝑑2

 𝑑1  𝑑2 
=

1

 3 × 3
= 78.9°           ;                𝑎𝑛𝑔𝑙𝑒  90 − 78.9 = 11.1° 
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4.  𝑎      𝑃 𝑝, 𝑞, 𝑟        ;         
𝑝−4

1
= 𝜆                 

𝑝−7

6
= 𝜇             ;         𝜆 + 4 = 6𝜇 + 7       ;    𝜆 − 6𝜇 = 3      

 

                                    ;         
𝑞 − 8

2
= 𝜆            

𝑞 − 6

4
= 𝜇          ;         2𝜆 + 8 = 4𝜇 + 6     ;   𝜆 − 2𝜇 = −1  

 

                                    ;         
𝑟 − 3

1
= 𝜆            

𝑟 − 5

5
= 𝜇          ;         𝜆 + 3 = 5𝜇 + 5        ;   𝜆 − 5𝜇 = 2 

 

  𝑆𝑜𝑙𝑣𝑒 𝑠𝑖𝑚. 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  ;   𝜆 = −3   𝑎𝑛𝑑   𝜇 = −1     ;    𝑃𝑜𝑖𝑛𝑡 𝑖𝑠 (1,2,0) 
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 𝑏      𝑃 𝑝, 𝑞, 𝑟        ;         
𝑝 − 2

1
= 𝜆                 

𝑝 + 3

−1
= 𝜇             ;         𝜆 + 2 = −𝜇 − 3       ;    𝜆 + 𝜇 = −5      

 

                                    ;         
𝑞 − 9

2
= 𝜆            

𝑞 − 7

2
= 𝜇          ;         2𝜆 + 9 = 2𝜇 + 7     ;   𝜆 − 𝜇 = −1  

 

                                    ;         
𝑟 − 13

3
= 𝜆            

𝑟 + 2

−3
= 𝜇          ;         3𝜆 + 13 = −3𝜇 − 2        ;   𝜆 + 𝜇 = −5 

 

 

  𝑆𝑜𝑙𝑣𝑒 𝑠𝑖𝑚. 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  ;   𝜆 = −3   𝑎𝑛𝑑   𝜇 = −2     ;    𝑃𝑜𝑖𝑛𝑡 𝑖𝑠 (−1,3,4) 
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5.  𝑎      𝑥 + 𝑦 + 2𝑧 = 2    𝑎𝑛𝑑     𝑥 − 𝑦 − 𝑧 = 5      

 

𝐸𝑙𝑖𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑦 𝑓𝑟𝑜𝑚 𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑦 𝑎𝑑𝑑𝑖𝑛𝑔 𝑔𝑖𝑣𝑒𝑠 ;       2𝑥 + 𝑧 = 7       ;    𝑧 = −2𝑥 + 7    

 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2  ;      𝑦 = 𝑥 − 𝑧 − 5    

 

𝐿𝑒𝑡 𝑥 = 𝑡   ;     𝑧 = −2𝑡 + 7         ;     𝑦 = 𝑡 −  −2𝑡 + 7 − 5          𝑦 = 3𝑡 − 12    

 

𝐿𝑖𝑛𝑒    
𝑥

1
=

𝑦+12

3
=  

𝑧−7

−2
 ;   𝑜𝑡𝑒𝑟 𝑓𝑜𝑟𝑚𝑎𝑡𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 !    

 

 

 

 𝑏      2𝑥 − 𝑦 = 3    𝑎𝑛𝑑     𝑥 + 𝑦 + 4𝑧 = 1      

𝐸𝑙𝑖𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑦 𝑓𝑟𝑜𝑚 𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑦 𝑎𝑑𝑑𝑖𝑛𝑔 𝑔𝑖𝑣𝑒𝑠 ;       3𝑥 + 4𝑧 = 4       ;    𝑥 = −
4

3
𝑧 +

4

3
    

 

𝐹𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1  ;      𝑦 = 2𝑥 − 3    

 

𝐿𝑒𝑡 𝑧 = 𝑡   ;     𝑥 = −
4

3
𝑡 +

4

3
         ;     𝑦 = 2  −

4

3
𝑡 +

4

3
 − 3         𝑦 = −

8

3
𝑡 −

1

3
   

 

𝑥−
4

3

−
4

3

=
𝑦+

1

3

−
8

3

=
𝑧

1
   ;    𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑡𝑟𝑜𝑢𝑔 𝑏𝑦 𝑎 

1

3
  

 

𝐿𝑖𝑛𝑒    
𝑥 −

4
3

−4
=

𝑦 +
1
3

−8
=  

𝑧

3
 ;      𝑎𝑙𝑙 𝑓𝑜𝑟𝑚𝑎𝑡𝑠 𝑎𝑟𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 !  
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 𝑐     𝐴:  2𝑥 + 3𝑦 + 𝑧 = 8        𝐵:     𝑥 + 𝑦 + 𝑧 = 10    𝐶:  3𝑥 + 5𝑦 + 𝑧 = 6      

 

𝑇𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐴 ∶      𝑎 =  
2
3
1
     

 

𝑇𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐵 ∶      𝑏 =  
1
1
1
     

 

𝑇𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐶 ∶      𝑐 =  
3
5
1
     

 

𝑇𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡𝑒 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝐵 𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑎 × 𝑏  

 

            𝑎 × 𝑏 =  

𝑖 𝑗 𝑘

2 3 1
1 1 1

 =  
2

−1
−1

            

 

𝐼𝑓  𝑎 × 𝑏 . 𝑐  = 0,  

 

𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡𝑒 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡𝑒 𝑝𝑙𝑎𝑛𝑒 𝐶.  

 

𝑖. 𝑒.  𝑡𝑒 𝑡𝑟𝑒𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑜𝑛 𝑎 𝑙𝑖𝑛𝑒. 

 

𝐿𝑒𝑡 𝑧 = 0 , 𝐴: 2𝑥 + 3𝑦 = 8           𝐵:   𝑥 + 𝑦 = 10       𝐶:      3𝑥 + 5𝑦 = 6 

 

𝑥 = 22           𝑦 = −12       𝐻𝑒𝑛𝑐𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠 (22, −12,0) 

 

𝑇𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑙𝑠𝑜 𝑠𝑎𝑡𝑖𝑓𝑖𝑒𝑠 𝐶, 𝑠𝑖𝑛𝑐𝑒 3𝑥 + 5𝑦 + 𝑧 = 6   ;    3(22) + 5(−12) + 0 = 6      

 

𝑇𝑒 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠       
𝑥 − 22

2
=

𝑦 + 12

−1
=

𝑧

−1
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6.  𝑎      𝑆𝑢𝑏 𝑖𝑛 𝑓𝑜𝑟 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2  

 

         2 4 + 𝑡 + 4 1 − 𝑡 + 3𝑡 = 9       ;         8 + 2𝑡 + 4 − 4𝑡 + 3𝑡 = 9 

 

         𝑡 + 12 = 9       ;         𝑡 = −3 

 

         𝑥 = 4 +  −3 = 1    ;   𝑦 = 1 − 𝑡 = 1 −  −3 = 4     ;    𝑧 = 3𝑡 = 3 × −3 = −9 

 

         𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑖𝑠 (1,4, −9) 

 
 

  



 Advanced Higher - Unit 3.2 Vector Theory - Solutions 

Adv. Higher Unit 3.2 Vector Theory Solutions.docx Page 34 
 

 

 𝑏      𝑅𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 1 𝑖𝑛𝑡𝑜 𝑡 =  

 

         𝑥 = 3𝑡 + 1      ;      𝑦 = 𝑡 + 2        ;        𝑧 = 4𝑡 + 1  

 

         𝑆𝑢𝑏 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛𝑡𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2 

 

          3𝑡 + 1 − 2 𝑡 + 2 + 3 4𝑡 + 1 = 26       ;          3𝑡 + 1 − 2𝑡 − 4 + 12𝑡 + 3 = 26 

 

          13𝑡 = 26       ;         𝑡 = 2 

 

         𝑥 = 3 × 2 + 1 = 7      ;     𝑦 = 2 + 2 = 4       ;      𝑧 = 4 × 2 + 1 = 9 

 

         𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑖𝑠 (7,4,9) 

 
 

 

7. 𝑃  1,2,1       𝑙𝑖𝑛𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑑1 =  1, −1,2   𝑃𝑙𝑎𝑛𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑑2 = (1,2,3) 

 

𝑛 = 𝑑1 × 𝑑2 =  

𝑖 𝑗 𝑘

1 −1 2
1 2 3

 =  −7𝑖 − 𝑗 + 3𝑘           ;        −7𝑥 − 𝑦 + 3𝑧 = 𝑘 

𝑛. 𝑝 =  
−7
−1
3

 .  
1
2
1
 = −7 − 2 + 3 = −6          ;        −7𝑥 − 𝑦 + 3𝑧 = −6  ;         7𝑥 + 𝑦 − 3𝑧 = 6    
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8.  𝑎      𝑅𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑡𝑜 𝑡 =  

 

         𝑥 = 2𝑡 − 1      ;      𝑦 = −𝑡 + 2        ;        𝑧 = 2𝑡 − 3  

 

         𝑆𝑢𝑏 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 

 

         3 2𝑡 − 1 −  −𝑡 + 2 +  2𝑡 − 3 = 10       ;          6𝑡 − 3 + 𝑡 − 2 + 2𝑡 − 3 = 10 

 

          9𝑡 = 18       ;         𝑡 = 2 

 

         𝑥 = 2 × 2 − 1 = 3      ;     𝑦 = −2 + 2 = 0       ;      𝑧 = 2 × 2 − 3 = 1 

 

         𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑖𝑠 (3,0,1) 
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 𝑏      𝑑1 =  2, −1,2   𝑃𝑙𝑎𝑛𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑑2 = (3, −1,1) 

 

𝑛 = 𝑑1 × 𝑑2 =  

𝑖 𝑗 𝑘

2 −1 2
3 −1 1

 =  𝑖 + 4𝑗 + 𝑘           ;        −7𝑥 − 𝑦 + 3𝑧 = 𝑘 

 

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

3
0
1
 + 𝑡  

1
4
1
      ;     𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝐹𝑜𝑟𝑚   

𝑥 − 3

1
=

𝑦

4
=

𝑧 − 1

1
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9. (𝑎)     𝐴𝐵      = 𝑏 − 𝑎 =  
4
0

−5
 −  

2
−4
3

 =  
2
4

−8
         ;    𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜 𝑑 =  

1
2

−4
  

 

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

2
−4
3

 + 𝑡  
1
2

−4
      ;  𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚   𝑥 = 2 + 𝑡  ;   𝑦 = −4 + 2𝑡  ;   𝑧 = 3 − 4𝑡 

 

 
 

 

(𝑏)     𝐴𝐶      = 𝑏 − 𝑎 =  
−2
−6
1

 −  
2

−4
3

 =  
−4
−2
−2

         ;    𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜 𝑑 =  
2
1
1
  

𝐼𝑓 ⊥ 𝑡𝑒𝑛      𝑑1 . 𝑑2 = 0   ;      
2
1
1
 .  

1
2

−4
 = 2 + 2 − 4 = 0        ;    𝐻𝑒𝑛𝑐𝑒 𝐿 𝑖𝑠 ⊥ 𝑀 
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 𝑐  𝑃𝑙𝑎𝑛𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝐿 𝑎𝑚𝑑 𝑀 

 

 𝑑1 =  2,1,1   𝑃𝑙𝑎𝑛𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑑2 = (1,2, −4) 

 

𝑛 = 𝑑1 × 𝑑2 =  

𝑖 𝑗 𝑘

2 1 1
1 2 −4

 =  −6𝑖 + 9𝑗 + 3𝑘        ;       −6𝑥 + 9𝑦 + 3𝑧 = 𝑘      

 

𝑛. 𝑝 = 𝑘   ;      
−6
9
3

 .  
2

−4
3

 = −12 − 36 + 9 = −39        ;    −6𝑥 + 9𝑦 + 3𝑧 = −39 

 

2𝑥 − 3𝑦 − 𝑧 = 13      
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10.           𝑎    𝐿 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  𝑥 = 2 − 𝑡      ;      𝑦 = −3 + 2𝑡        ;        𝑧 = −1 − 4𝑡 

 

         𝑆𝑢𝑏 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒  2𝑥 + 3𝑦 + 𝑧 = −6 

 

         𝐿. 𝐻. 𝑆      2 2 − 𝑡 + 3 −3 + 2𝑡 +  −1 − 4𝑡 =  4 − 2𝑡 − 9 + 6𝑡 − 1 − 4𝑡 = −6 = 𝑅. 𝐻. 𝑆 

 

 
 

 

            𝑏     𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

3
2

−4
 + 𝑡  

2
3
1
      ;     𝑥 = 3 + 2𝑡     𝑦 = 2 + 3𝑡     𝑧 = −4 + 𝑡 
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          𝑐      𝑆𝑢𝑏 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 2𝑥 + 3𝑦 + 𝑧 = −6 

 

         2 3 + 2𝑡 + 3 2 + 3𝑡 +  −4 + 𝑡 = −6       ;          6 + 4𝑡 + 6 + 9𝑡 − 4 + 𝑡 = −6 

 

          8 + 14𝑡 = −6       ;         𝑡 = −1 

 

         𝑥 = 3 + 2 ×  −1 = 1      ;     𝑦 = 2 + 3 ×  −1 = −1       ;      𝑧 = −4 +  −1 = −5 

 

         𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑃𝑜𝑖𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑀 𝑎𝑛𝑑 𝑡𝑒 𝑃𝑙𝑎𝑛𝑒 𝑖𝑠 (1, −1, −5) 

 

         𝐼𝑓  1, −1, −5  𝑙𝑖𝑒𝑠 𝑜𝑛 𝐿 𝑡𝑒𝑛 𝑖𝑡 𝑤𝑖𝑙𝑙 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝐿 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠. 

 

1 = 2 − 𝑡   ⇒ 𝑡 = 1   ;         −1 = −3 + 2𝑡    ⇒ 𝑡 = 1      ;       −5 = −1 − 4𝑡    ⇒ 𝑡 = 1  

 

         𝐻𝑒𝑛𝑐𝑒  1, −1, −5  𝑙𝑖𝑒𝑠 𝑜𝑛 𝐿. 
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11. (𝑎)     𝐴𝐵      = 𝑏 − 𝑎 =  
3

−2
1

 −  
2
1

−1
 =  

1
−3
2

         ;    𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟  𝑑1 =  
1

−3
2

  

 

𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

2
1

−1
 + 𝑡  

1
−3
2

   

 

𝐿 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚   𝑥 = 2 + 𝑡  ;   𝑦 = −4 + 2𝑡  ;   𝑧 = 3 − 4𝑡 

 

𝑀 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚   𝑥 = 11 + 4𝑡  ;   𝑦 = 3 + 2𝑡  ;   𝑧 = 1 + 𝑡        

 

𝑥 − 11

4
=

𝑦 − 3

2
=

𝑧 − 1

1
   𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟  𝑑2 =  

4
2
1
  

 

𝐼𝑓 𝐿𝑀 ⊥ 𝑡𝑒𝑛      𝑑1 . 𝑑2 = 0   ;      
1

−3
2

 .  
4
2
1
 = 4 − 6 + 2 = 0        ;    𝐻𝑒𝑛𝑐𝑒 𝐿 𝑖𝑠 ⊥ 𝑡𝑜 𝑀 
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 𝑏     𝑃 2,1, −1       𝑑2 =  
4
2
1
  𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑀 

 

       𝑃𝑙𝑎𝑛𝑒 𝑖𝑠 ⊥ 𝑡𝑜 𝑀 𝑤𝑒 𝑎𝑣𝑒  4𝑥 + 2𝑦 + 𝑧 = 𝑘 

                                               𝑛. 𝑝 = 𝑘   ;      
4
2
1
 .  

2
1
2
 = 8 + 2 − 1 = 9        ;    4𝑥 + 2𝑦 + 𝑧 = 9 

                        
                        𝑃𝑙𝑎𝑛𝑒 𝑎𝑛𝑑 𝑙𝑖𝑛𝑒 𝑀 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑎𝑡 𝐶                     𝑀 ∶    𝑥 = 11 + 4𝑡  ;   𝑦 = 3 + 2𝑡  ;   𝑧 = 1 + 𝑡        

                        𝑆𝑢𝑏 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 4𝑥 + 2𝑦 + 𝑧 = 9 

         4 11 + 4𝑡 + 2 3 + 2𝑡 +  1 + 𝑡 = −6       ;          44 + 16𝑡 + 6 + 4𝑡 + 1 + 𝑡 = 9 

 

          51 + 21𝑡 = 9       ;         𝑡 = −2 

 

         𝑥 = 11 + 4 ×  −2 = 3      ;     𝑦 = 3 + 2 ×  −2 = −1       ;      𝑧 = 1 +  −2 = −1 

 

         𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑃𝑜𝑖𝑛𝑡 𝐶 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑀 𝑎𝑛𝑑 𝑡𝑒 𝑃𝑙𝑎𝑛𝑒 𝑖𝑠 (3, −1, −1) 

   

𝐴(2,1, −1)       𝐵(3, −2,1)        𝐶(3, −1, −1) 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝐴𝐶 =  (𝑥2 − 𝑥1)2 +  𝑦2 − 𝑦1 2 +  𝑧2 − 𝑧1 2 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝐴𝐶 =  (3 − 2)2 +  −1 − 1 2 +  −1 − (−1) 2 =  1 + 4 + 0 =  5 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝐵𝐶 =  (𝑥2 − 𝑥1)2 +  𝑦2 − 𝑦1 2 +  𝑧2 − 𝑧1 2 

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝐵𝐶 =  (3 − 3)2 +  −1 − (−2) 2 +  −1 − 1 2 =  0 + 1 + 4 =  5 

 

𝐻𝑒𝑛𝑐𝑒 𝐶 𝑖𝑠 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 𝑓𝑟𝑜𝑚 𝐴 𝑎𝑛𝑑 𝐵. 
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12.  𝑎     𝐴𝐵      = 𝑏 − 𝑎 =  
4
5

−7
 −  

1
−1
2

 =  
3
6

−9
         ;    𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜  𝑑1 =  

1
2

−3
  

 

        𝑟 = 𝑎 + 𝑡𝑑 =  
𝑥
𝑦
𝑧
 =  

1
−1
2

 + 𝑡  
1
2

−3
     

 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚   𝑥 = 1 + 𝑡  ;   𝑦 = −1 + 2𝑡  ;   𝑧 = 2 − 3𝑡 

 
𝑥 − 1

1
=

𝑦 + 1

2
=

𝑧 − 2

−3
 

 

 
 

 

 𝑏      𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚   𝑥 = 6 + 4𝑡  ;   𝑦 = 2 + 𝑡  ;   𝑧 = 1 + 2𝑡        

 

𝑥 − 6

4
=

𝑦 − 2

1
=

𝑧 − 1

2
   𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟  𝑑2 =  

4
1
2
  

𝐼𝑓 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 ⊥ 𝑡𝑒𝑛      𝑑1 . 𝑑2 = 0   ;      
1
2

−3
 .  

4
1
2
 = 4 + 2 − 6 = 0        ;    𝐻𝑒𝑛𝑐𝑒 𝐿𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 ⊥ 
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 𝑐      𝑃 𝑝, 𝑞, 𝑟        ;         
𝑝 − 1

1
= 𝜆                 

𝑝 − 6

4
= 𝜇             ;         𝜆 + 1 = 4𝜇 + 6       ;    𝜆 − 4𝜇 = 5      

 

                                    ;         
𝑞 + 1

2
= 𝜆            

𝑞 − 2

1
= 𝜇              ;         2𝜆 − 1 = 𝜇 + 2       ;   2𝜆 − 𝜇 = 3  

 

                                    ;         
𝑟 − 2

−3
= 𝜆            

𝑟 − 1

2
= 𝜇               ;     −3𝜆 + 2 = 2𝜇 + 1     ;  3𝜆 + 2𝜇 = 1 

 

 

  𝑆𝑜𝑙𝑣𝑒 𝑠𝑖𝑚. 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  ;   𝜆 = 1   𝑎𝑛𝑑   𝜇 = −1     ;    𝑃𝑜𝑖𝑛𝑡 𝑖𝑠 (2,1, −1) 

 

 
 

 

 

 


