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Advanced Higher - Unit 3.3 Complex Number Theory - Solutions

Ex 4 Expressing z = r[cosO + isinB]

1. (@)(@) 2z =2 (cos%+ isin%) ; 1=1z1|=2 and0 = argfz,) =%

T s T
(i) zz=3(cosZ+isinZ) ; T =12] =3 and@—arg‘(zz)——

(iit) z12z, =2 (cos% + isin %) X 3 (cos% + isin %) =6 (cos% + isin %) (cos% + isin %)

4 4 4 4 4 4

+ isin (Z Z))

6 (cos— + isin )

6

T W T s T T
6 os cos— sin—sin— +l(sm—cos—+cos—sm—)

T /4 s
b)E) 2z = \/E(COSE + ising) s 1=zl =Vv2 and6 = argifz;) = 3

. _ T £ T . — — f— e = E
(i) z,=2 (cos§+ lSlTlE) ; =]zl =2 and 0 = argifz,) = 3

(iii) zyz, = \/5(60576r + isin 6) X 2 (cosE + isin g) =22 (cosE + isin E) (cosE + isin E)

3 6 6 3 3
_ 3 T T .n,n_l_,(,n 77.'+ n.n)
= cos=cosz = sinesin +i(sinzcosz + cosesing

2V2 <cos (76T + g) + isin (% + %))

2V2 (cos —+isin 72T)
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(c)(@) 2z =nr(cosBy +isinby) ; r=|z|=r and O =argfz;) =0,

(i) 2z =nry(cosOy +isinb,) ; r=|z;| =7, and 6 = argiz,) =0,

(iii) z12z, = r1(cosB; + isinB,) X ry(cosO, + isinb,) = ryr,(cosb; + isinb;)(cosh, + isinb,)

= 111y(cos0;cos8, — sinb;sind, + i(sinb cosb, + cosb;sind,))

|Z1 Z2| =nnr ; AT'g(Zl Zz) = 91 + 92 ; Z1 Zy = T1T2(COS(91 + 02) + i(sin(91 + 62))

3 .. 3 5 .. 5
2. (a) z =3 (COSTn-l- lsan) 5 Zp =2 (COSTH+ lsmT")
3m 5w L
|z122] =3%x2=6 ; Arg(z1z;) = T + i 2t =0(—m <0 <m ; 2z, =06(cos0+ isin0)

b _1( 21'[+__27r> _ _2< 13n+__13n)
(b) Z1—200515 lSln15 ; Zp = 2| cos 15 isin 15

1 2 13m o
|z12,| = 5 x2=1; Arg(zizy) = s +E =n(—m<0<m ; 22z, =/ (cost+isinm)

50 57 13r . . 13=m
() =z =10 (cos?+ lSlTl?) ; Zp; =10 (cosT+ lSlTlT)

5t 13m
|z12;] =10 X 10 =100 ; Arg(z1z;) = ?+— =2n=0(—m<0<m ; z7,

9
= 100(cos0 + isin0)
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3. (@) z =2 (cos%+ isin%) ; T=1z1|=2 and 0 = argifz;) =%

T /s /s
(i) 22:3(cosz+i5inz) ; T =12,] =3 and@—arg‘(zz)——

= X
Zz n

7 _ (cosg + isin ) 2 (cos% + isin %) (cos% —isin %)
w0 (cos Z + isin—+ ) 3 (cos% + isin %) (cos% —isin %)

cos cosz +smnsm +L(sinncosn cosnsinn)
2 4 2 4 2 4

T
cos2 L 7t sin?—+

4
=§< - +isin(g—%)>

(COS— + isin )

2
3

Wll\)

Z

wl N

. 4 ()_n _ 1_2( n+,,7r)
Z ; rg . =7 ; 22_3C054 lsm4
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s s T
3.(b)y(N) 2z = \/E(cosg + ising) ; 1=zl =v2 and 6 = argifz) = 3

- _ mooLmN e T
(i) 22—2(cos§+Lsm§) ;T =25 =2 and@—arg&.(zz)—3

z V2 (cos% + isin %) V2 (cos% + isin %) (cos% —isin %)

(iii) — = T ™ = 5
z Ty ieink 2 T isink R isink
2 2(cos3+lsm3) (C053+lSln3) (6053 lsm3)
A2 cos%cos%+sin%sin%+i(sin%cos%—cos%sing)

2 2T, 2T
cos 3+sm 3

= g <cos (% - %) + isin (g — g))

:§< (-2 + isin (_g))
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3.(c)()) 2z =nr(cosby +isinby) ; r=|z;|=r and0O = argfz;) =0,

(i) z; =1y(cos0, +isinf,) ; r=|z;| =1, and@ = argfz,) =06,

z; _ ri(cosO; +isinby) 1 [(cost; +isinb;) (cosO, — isind,)

(i) z, T (cosB, + isinf,) - (cosB, + isinf,) (cosO, — isinh,)
2 2 2 2 2 2 2 2 2
_ 11 (0501050, + sinb;sind; + i(sind;cosd; — cosB;sind;)
T cos%0, + sin?6,
T
= r_l (cos(6; — 6,) + isin(6; — 6,))
2
Z1l N (21) Z1 N ..
—| == ; Arg|—)=6,—-86 ; —=— 0, —06,)+ 6,—806
7 T rg 7, 1 2 Z T (COS( 1 2) + isin(6; 2))

3

3 . .
4, (a) 2z =3 (COST + isin=

51 . . 5m
) 5 Zo =2(COST+lSln—)

zy| 3 y (zl)_Sn Sm n_O <o < Zy ( n)+__ ( n)
ol = ; rg P 2 2 > = (—m <m ; 52 cos > isin >
) _2< 137T+, . 13n) _1( 27r+, . 27r>

2y = 2|\ cos—e+isin—¢ p zp =g |cosqptisine
21_2_4 2 (zl)_13n Zn_lln_o <0< 21_4 (11n)+__ (117‘[)
LTI A ) s s T c0msos=m ;. =d{cos(gg) Tisinlg

2

137 13w 5@ 5m

(c) Zl=10(cosT+LsmT> ;Zz=10(COS?+lSln?)
Z1 _10_1 p (zl) _13m 5n_8n_0 <9< 7y (8n)+__ <8n>
P TR rgzz—g 9—9—(1‘:_ <m ; P cos9 Lsm9
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/A . . T T . . T T . . T
5. (a) (cos§+lsm§) X (cosg+Lsmg) X (COSZ+lSan)

= (cos§+ isin g) X (cos% + isin %)

_( 37T+__ 37‘[)
= cos4 lsm4

b) 4 (Cosg + isin g) X 2 (cos% + isin %)

=8 (cos g + isin g)

() 20 (COS% + isin %) + (cos% + isin g)

=20 (cos % + isin %)

21 21
(d) (cos — +isin —)

3 3 +3(cosz+ isinz)

2 2

= % (cos % + isin %)

6. |Z1 Z2| =nn ; ATg(Zl Zz) = 91 + 62 ; Z1 Zy = 7"17"2(COS(91 + 92) + i(sin(@l + 92))
Z1 m Z1 Al 51 ..
. = a ; Arg (Z) =0, -0, ; Z = E(cos(al — 6,) + isin(6; — 63))
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Ex 5 - De Moivre's Theorem -  (cosf + isinf)" = (costnd) + isin(nd)) for n positive
_ .. m\0 . _ A T, .. m\_+V3, 61,
1. n=0 ; (COSg-l-lSlng) =1 X n=1 ; (cosz+lsmg) —(cosz+lsmg)—7+51
T T\ 2 T T 1 V3
n=2 ; (cos€+ising) =(cos§+isin§)=§+7i
7T . . n 3 n . . n .
n=3 ; (cosg + isin E) = (cosz + isin E) =i
_4.( ﬂ+..ﬂ)4_< 2n+..2n)_ 1+x/§.
n= ; COS6 lsm6 = (cos 3 isin 3)= 7313 i
_: ( T[+..T[)5_( 57r+,_57r>_ \/§+1,
n= ; | cos G isin c) = cos G isin c)= "3 21
T T\ 6
n==6 ; (cosg + isin E) = (cosm + isinm) = —1
o .. m\0° . _ . n..nl_ T, . . m)y __ 1 1.
2. n=0 ; (cosz+lsmz) =1 ; n=1 ; (cosz+lsmz) —(COSZ+lSlle)—ﬁ+ﬁl
T T\ 2 T T
n=2 ; (COSZ + isin Z) = (cosz + isin E) =i
_3.( n+,,n)3_< 3n+__3n>_ 1+1,
n= ; | cos ) isin 7) = cos 2 isin 7)) = 7 \/El
n=4 ; (cosE + isin E)4 = (cosm + isinm) = —1
= ; 2 7)) = =

3. (cos% + isin%)_2 = (cos (— 2?”) + isin (— z?n)) = (cos (2?”) — isin (%n)) = —% — %i . NO

(cosB + isinf)™ = (cos(—nb) — isin(nf))  for nnegative
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4
5w . . 5w 5w . . 5m V31,
4. (a) (00524+Lsm24) —(cos6+lsm6)— 3 Tl

5

2 2m L
(b) (cos? + isin ?> = (cos2m + isin2m) = 1

(cos26 + isin26)° _ (cos100 + isin100)° _ (cos100 + isin100)  (cos6 + ising)10

©) (cos36 + isin30)3  (cos36 + isin30)3  (cos96 + isin98) ~ (cosO + isinh)°
(cos@ + isinf)10 .
- (cosO + isind)° = (cos + isinf)
(d) (cos@ + isind)®(cosO — isinB)* = (cosB + isinh)®(cosh + isind)™*

= (cosO + isinf)*

= (cos46 + isin40)

5. (cos@ + isinf)3 = cos30 + isin36 = cos36 + 3cos?Osinfi — 3cosHsin?6 — sin30i (Binomial ")
comparing real part

c0s30 = cos30 — 3cos?0sin?0 = cos30 — 3cosO(1 — cos?6)
= c0s36 — 3cos6 + 3cos36
= 4co0s30 — 3cos6

comparing imaginary part

sin39 = 3cos%0sinf — sin0 = 3sinf(1 — sin?0) — sin36
= 3sinf — 3sin30 — sin0
= 3sinf — 4sin®6
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6. (i) z=(cosO +isinf)

1
i) z+ Z= z+ 2z = (cosb + isinB) + (cosO + isinf) !
= (cosO + isinf) + (cosO — isind)

= 2cos0

1
(i) z*+ == 22+ 272 = (cosO + isinB)? + (cos6 + isinh) =2
= (cos26 + isin20) + (cos6 — isin20)
= 2c0s260

7. (i) z=(cosO +isinf) cos(nf) = %(z" +z™™)

[(cosB + isinf)"™ + (cosB + isinf)™"]

N =

1
RHS = E(Zn + Z_n) =

[(cositn®) + isin(nf)) + (cosif—no) + isin(—no))]

N =

[NB cos(—n6) = cos(nf)]

[cos(nB) + isin(n@) + cos(nB) — isin(nb)]

N =

= cos(nf) = LHS

1
(ii) sin(nf) = T (z"—2z™M)
1 1 . .
RHS = T (z"—zT") = T [(cosB + isinf)" — (cosB + isinf)™"]

1
> [(cos(n@) + isin(nH)) — (cosif—n8) + isin(—n@))]

= %[Cos(ne) + isin(nB) — cos(nB) + isin(nh)] [NB cos(—n6) = cos(nf)]

1
= Z(Zisin(ne)) = sin(nf) = LHS

Page 9
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Ex 7 - Geometric Interpretation of Equations and Inequalities in the Complex Plane

|(x =3) +yil =5

1. |z|=2 [x + yi]| = 2 /\
sz +y?=2 Kj
x2+y%2 =14 a circle centre (0,0)and radius 2 >

2. |z—3]=5 lx+yi—3|=5 l

an \
[ \
, \ . 1

J@x =32 +y2=5

i
5

e
. -

(x —3)2+y? =25 a circle centre (3,0)and radius 5

3. |z+ 3| =|z—4i lx + yi + 3| = |x + yi — 4i]

|(x +3) +yil =[x+ (y — 4)i

VO +3)2+y2 =x2 + (y — 4)?

s

(x + 3)2 _|_ yz — xz + (y — 4)2 5 a4 =3 2 -1 0 1 2 3

x> +6x+9+y>=x2+y2—-8y+16

6x+9=-8y+16

8y =—-6x+7
__3 +7

Since — 3 is represented by (—3,0) and 4i is represented by (0,4), all points representing
complex numbers z for which |z + 3| = |z — 4i| lie on the line perpendicular bisector of line joining

(—=3,0) and (0,4).
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4. |1z—-2|>3 lx +vyi—2]>3 ot
(x—2)2+y?2>9 3 T ?
(x—2)?2+y%2>9 "
Outside circle centre (2,0)and radius > 3

5.
lz—B+2) =4 [x +yi— (3 +20)| =4
Ix=3)+(+2)i| =4
(x—3)2+(y+2)?2=16
Circle centre (3, —2)and radius = 4
6. |[z—1]<4 [x+yi—1] <4

(x—1%+y%2<16

(x—1)*+y? <16

Inside and on circle centre (1,0)and radius > 4
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7. |z=-2|=]z+1-1i [x+yi—-2|=|x+yi+1—i

|(x = 2) +yi] = [(x + 1) + (y = D

VE=-22+y =@+ D+ - 17 N

r
‘\I

(x—2)2+yz:(x+1)2+(y—1)2

x> —4dx+4+y>=x+2x+1+y?—2y+1
2y = 6x — 2

y=3x-1
Since — 2 is represented by (2,0) and 1 — i is represented by (—1,1), all points representing
complex numbers z for which |z + 3| = |z — 4i| lie on the line perpendicular bisector of line joining

(2,0) and (—1,1).
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