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a) 𝑢 = 2𝑖 −  𝑗  +  3𝑘, 𝑣 = 𝑖 +  2𝑗  𝑢 × 𝑣 =   
𝑖 𝑗 𝑘
2 −1 3
1 2 0

  = −6𝑖  +  3𝑗  +  5𝑘 

 

 

 

b)  𝑎 × 𝑏 =  𝑎  𝑏 sin 45° = 4 ×  5 × sin 45°  =  
20

 2
= 10 2 

 

 

 

c) 𝑎 = 3𝑖 −  𝑗  +  2𝑘, 𝑏 = 2𝑖 +  𝑗 −  𝑘, 𝑐 = 𝑖 −  2𝑗  +  2𝑘  

 

𝑎 × 𝑏 =   
𝑖  𝑗 𝑘
3 −1 2
2 1 −1

  =  −𝑖  +  7𝑗  +  5𝑘 

 

(𝑎 × 𝑏)  × 𝑐 =   
𝑖 𝑗 𝑘

−1 7 5
1 −2 2

  =  24𝑖  +  7𝑗  −  5𝑘 

 

𝑏 × 𝑐 =   
𝑖 𝑗 𝑘
2 1 −1
1 −2 1

  =  𝑖  −  5𝑗  −  5𝑘 

 

𝑎 × (𝑏 × 𝑐)  =   
𝑖 𝑗 𝐷
3 −1 2
0 −5 −5

  =  15𝑖  +  15𝑗 −  15𝑘 

 

(𝑎 × 𝑏)  × 𝑐 ≠  𝑎 × (𝑏 × 𝑐)    

 

 

 

d) 𝑎 = 2𝑖 −  6𝑗 −  3𝑘, 𝑏 = 4𝑖 +  3𝑗 −  𝑘 

𝑎 × 𝑏 =   
𝑖 𝑗 𝑘
2 −6 −3
4 3 −1

  =  15𝑖  −  10𝑗  +  30𝑘 

 

 𝑎 × 𝑏 =   (15)2 + (−10)2 + (30)2 = 35 

 

Unit vector 𝑢1 =
3

7
𝑖 - 

2

7
𝑗 + 

6

7
𝑘 

Unit vector 𝑢2 = −
3

7
𝑖 + 

2

7
𝑗 - 

6

7
𝑘 

  



 

 

e) i) 𝑎 × 𝑏 =   
𝑖 𝑗 𝑘
3 −1 −1
1 4 −2

  =  6𝑖  +  5𝑗  +  13𝑘 

 

ii) 𝑏 × 𝑎 =   
𝑖 𝑗 𝑘
1 4 −2
3 −1 −1

  =  −6𝑖  −  5𝑗  −  13𝑘 

 

iii) 𝑎 +  𝑏 = 4𝑖 + 3𝑗 − 3𝑘,  𝑎 − 𝑏 = 2𝑖 - 5𝑗 + 𝑘 

 𝑎 + 𝑏 ×  𝑎 − 𝑏  =   
𝑖 𝑗 𝑘
4 3 −3
2 −5 1

  =  −12𝑖  −  10𝑗  −  26𝑘 
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a) 𝑢 × 𝑣 =   
𝑖 𝑗 𝑘

−1 3 4
3 1 −1

  =  −7𝑖  +  11𝑗  −  10𝑘 

  𝑢 + 𝑣 =    −7 2 +  11 2 +  −10 2 

 Area =  16.4 units2 

 

b) i) 𝑢 =  
−1
0
2

 −  
2

−1
4

 =  
−3
1

−2
 =  −3𝑖  + 𝑗  −  2𝑘 

 

𝑣 =  
4
4
0
 −  

2
−1
4

 =  
2
5

−4
 =  2𝑖  +  5𝑗  −  4𝑘 

 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 =
1

2
 (𝑢  × 𝑣)   =

1

2
 

𝑖 𝑗 𝑘
−3 1 −2
2 5 −4

 =
1

2
 (6𝑖 −  16𝑗  − 17𝑘) =

1

2
 (6)2 +  −16 2 +  −17 2 =

1

2
 581 = 12.05 units2 

 

 

 

ii) 𝑢 =  
1

−1
0

 −  
−3
1
1

 =  
4

−2
−1

 =  4𝑖 − 2𝑗  −  𝑘 

 

𝑣 =  
2
0
3
 −  

5
−1
2

 =  
2
5

−4
 =  5𝑖  −  𝑗  +  2𝑘 

  



 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 =
1

2
 (𝑢  × 𝑣)   =

1

2
 
𝑖 𝑗 𝑘
4 −2 −1
5 −1 2

 =
1

2
 (−5𝑖  −  13𝑗 + 6𝑘) =

1

2
 (−5)2 +  −13 2 +  6 2 =

1

2
 230 = 7.06 units2 
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a) i) 𝑟 ∙ (𝑠 × 𝑡) =   
2 1 3

−3 4 −1
−1 3 −2

  =  2 −8 + 3 −  6 − 1 + 3 −9 + 4 = −10 − 5 − 15 =

−30 

 

ii) 𝑠 ∙ (𝑡 × 𝑢) =   
−3 4 −1
−1 3 −2
5 −2 1

  =  −3 3 − 4 − 4 −1 + 10 −  2 − 15 = 3 − 36 + 13 =

−20 

 

iii) 𝑢 ∙ (𝑠 × 𝑟) =   
5 −2 1

−3 4 −1
2 1 3

  =  5 12 + 1 − 2 −9 + 2 −  −3 − 8 = 65 − 14 − 11 =

40 

 

 

 

b) 𝑎 =  
2
3
6
 −  

1
1
2
 =  

1
2
4
                𝑏 =  

4
4
3
 −  

1
1
2
 =  

3
3
1
                      𝑐 =  

5
3
4
 −  

1
1
2
 =  

4
2
2
  

 

𝑉𝑜𝑙𝑢𝑚𝑒 =  𝑎 ∙ (𝑏 × 𝑐) =   
1 2 4
3 3 1
4 2 2

  =   6 − 2 − 2 6 − 4 + 4 6 − 12 = 4 − 4 − 24 =

−24 = 24 𝑢𝑛𝑖𝑡𝑠3 
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a) 
𝑥−4

1
=

𝑦−2

1
=

𝑧−1

3
= λ                  𝑥 = λ + 4,     y = λ + 2,      z = 3λ + 1 

 

b) 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝐴𝐵       =  
5
5
5
 −  

2
1
4
 =  

3
4
1
  

 

𝐶𝑜𝑜𝑠𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 (5, 5, 5) 

 

𝑥 − 5

3
=

𝑦 − 5

4
=

𝑧 − 5

1
= λ                  𝑥 = 5 + 3λ,     y = 5 + 4λ,      z = 5 + λ 

 

 

c) 
𝑥−3

3
=

𝑦−2

4
=

𝑧−7

−1
= λ                  𝑥 = 3 + 3λ,     y = 2 + 4λ,      z = 7 − λ 



 

d) 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝐴𝐵       =  
𝑎
0

2𝑎
 −  

0
𝑎
0
 =  

𝑎
−𝑎
2𝑎

  

 

𝐶𝑜𝑜𝑠𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡  0, 𝑎, 0  

𝑥 − 0

𝑎
=

𝑦 − 𝑎

−𝑎
=

𝑧 − 0

2𝑎
= λ                  𝑥 = 𝑎λ,     y = a − aλ,      z = 2aλ 

 

e) 𝑉𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟𝑚:  
𝑥
𝑦
𝑧
 =  

2
−1
6

 + λ  
1
2

−8
  

 

𝑆𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚: 
𝑥 − 2

1
=

𝑦 + 1

2
=

𝑧 − 6

−8
= λ 

 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = 2 + λ,     y = −1 + 2λ,      z = 6 − 8λ 
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a) 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = 1 + 2λ,     y = 3 + 4λ,      z = 6 − 8λ 

                                       𝑥 = −1 + 2μ,     y = 2 + 3μ,      z = 7 − μ 

 

𝐴𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥: 1 + 2λ = −1 + 2μ               

2 + 2λ = 2μ 

1 +  λ = μ   (1) 

 

𝑦: 3 + 4λ = 2 + 3μ               

1 +  3λ = 3μ    (2) 

 

𝑧: 2 + λ = 7 − μ               

5 − λ = μ    (3) 

 

𝑡𝑎𝑘𝑖𝑛𝑔  1 − (3): 

 

−4 + 2λ = 0               

λ = 2 

 

𝑠𝑜 μ = 3 (1)              

  



 

1 + 4λ = 3μ               

1 + 4 × 2 = 3μ  

μ = 3    (2) 

 

5 − λ = μ        

5 − 2 = μ       

μ = 3    (3) 

 

𝐻𝑒𝑛𝑐𝑒 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡: λ = 2, μ = 3     𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 (5, 11, 4) 

 

𝐴𝑛𝑔𝑙𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖ᬾ𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎 =  
2
4
1

 , 𝑏 =  
2
3

−1

  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

 2 × 2 +  4 × 3 −  1 × 1 

 21 14
=

15

 21 14
 

 

𝜃 = cos−1  
15

 21 14
 = 29°  

 

b) 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = λ − 3,     y = 2 − λ,      z = 1 + 3λ 

                                       𝑥 = −4 = 2μ,     y = 1 + μ,      z = μ 

 

𝐼𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑛: 

 

𝑥: λ − 3 = −4 − 2μ               

2μ = −1 −  λ  (1) 

 

𝑦: 2 − λ = 1 + μ               

μ = 1 −  λ  (2) 

 

𝑧: 1 + 3λ = μ               

μ = 1 + 3 λ  (3) 

 

𝑡𝑎𝑘𝑖𝑛𝑔  3 −  2 : 

 

0 = 3λ               

λ = 0 

 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜  1  

2μ =  −1 

μ =  
−1

2
 

  



 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜  2  

μ =  1 − 0 

μ =  1 

 

𝐻𝑒𝑛𝑐 𝑖𝑛𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑡 𝑠𝑜 𝑙𝑖𝑛𝑒𝑠 𝑑𝑜 𝑛𝑜𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡. 

 

c) 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = −2 + 2λ,     y = 1 − 3λ,      z = −1 + λ 

                                       𝑥 = −3 − μ,     y = 4 + μ,      z = −μ 

 

𝐹𝑜𝑟 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥: − 2 + 2λ = −3 − μ               

μ = −1 − 2λ   (1) 

 

𝑦: 1 − 3λ = 4 + μ               

μ =  −3 − 3λ    (2) 

 

𝑧: − 1 + λ = −μ               

μ = 1 −  λ   (3) 

 

𝑈𝑠𝑖𝑛𝑔  1  𝑎𝑛𝑑  3 : 

 

μ = −1 − 2λ 

μ = 1 − λ  

0 = −2 − λ 

λ = −2 

 

𝐶𝑒𝑐𝑘 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦: 

 

μ = −3 + 6 = 3 

μ = −1 + 4 = 3 

μ = 1 − (−2) = 3 

 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡  −6, 7, −3  

 

𝐴𝑛𝑔𝑙𝑒 

 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: 

 

𝑎 =  2, −3,1  

𝑏 = (−1,1, −1) 

  



 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

 −2 +  −3 +  −1 

 14 3
= −0.926 

 

𝜃 = cos−1  
−6

 14 3
 = 158°                𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 = 180° − 158° = 22° 

 

 

d) 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = 1 + 4λ,     y = 3,      z = −2 + λ 

                                       𝑥 = 5 − μ,     y = 3      z = 8 + 2μ 

 

𝐹𝑜𝑟 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥: 1 + 4λ = 5 − μ               

μ = 5 − 4λ (1) 

 

𝑦: 3 = 3   (2) 

 

𝑧: − 2 + λ = 8 + 2μ               

2μ = −10 + λ   (3) 

 

𝑈𝑠𝑖𝑛𝑔  1  𝑎𝑛𝑑  3 : 

 

μ = 4 − 4λ 

2μ = −10 + λ  

 

2μ = 8 − 8λ 

2μ = −10 + λ 

 

0 = −18 + 9λ 

λ = 2 

 

𝑆𝑢𝑏𝑏𝑖𝑛𝑔 𝑖𝑛𝑡𝑜  1 : 

 

μ = 4 − 4 2  

μ = −4 

 

 

𝐶𝑒𝑐𝑘 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦: 

 

3 = 3  (2) 

2 −4 = −10 + 2  (3) 

  



 

 

 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡  9, 3, 0  

 

𝐴𝑛𝑔𝑙𝑒 

 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: 

 

𝑎 =  
4
0
1
 , 𝑏 =  

−1
0
2

  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

 −4 + 0 + 2

 17 5
= −0.217 

 

𝜃 = cos−1 −0.217 = 102.5°                𝐴𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 = 180° − 102.5° = 77.5° 
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a) 𝑂𝐵      =  
1
2
1
 −  

0
0
0
 =  

1
2
1
               𝑂𝐶      =  

−2
1
2

 −  
0
0
0
 =  

−2
1
2

  

 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟: 𝑂𝐵      ×  𝑂𝐶       =   
𝑖 𝑗 𝑘
1 2 1

−2 1 2
  =  3𝑖  −  4𝑗  +  5𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

3
−4
5

 = 3𝑥 − 4𝑦 + 5𝑧           𝑛. 𝑝0 = 3 − 8 + 5 

 

3𝑥 − 4𝑦 + 5𝑧 = 0               

 

 

ii) 𝐺𝐻       =  
3
3
3
 −  

−1
1
0

 =  
4
2
4
               𝐺𝐼     =  

−2
−1
2

 −  
−1
1
0

 =  
3

−2
2

  

 

 𝐺𝐻       ×  𝐺𝐼      =   
𝑖 𝑗 𝑘
4 2 3
3 −2 2

  =  10𝑖  +  𝑗 − 14𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

10
1

−14
 = 10𝑥 + 𝑦 − 14𝑧 = 30 + 3 + (−42) 

 

10𝑥 + 𝑦 − 14𝑧 = −9              

  



 

 

b) 𝐴𝐵      =  
1

−3
−3

 −  
−1
3
1

 =  
2

−6
−4

               𝐺𝐼     =  
3

−1
5

 −  
−1
3
1

 =  
4

−4
4

  

 

 𝐴𝐵      ×   𝐴𝐶       =   
𝑖 𝑗 𝑘
2 −6 −4
4 −4 4

  =  −40𝑖 − 24𝑗 + 16𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

−40
−24
16

 = −40𝑥 − 24𝑦 + 16𝑧 = 40 − 72 + 16 

 

−40𝑥 − 24𝑦 + 16𝑧 = −16 

5𝑥 + 3𝑦 − 2𝑧 = 2 

 

𝑉𝑒𝑟𝑖𝑓𝑦  0, 2, 2 = 5 0 + 3 2 − 2 2 = 2 = 𝑅𝐻𝑆 

 

 

c) 𝑆𝑈      =  
1

−4
7

 −  
5
7

−1
 =  

4
−11

8
               𝑆𝑇     =  

2
−3
6

 −  
5
7

−1
 =  

−3
−10

7
  

 

 𝑆𝑇     ×  𝑆𝑈       =   
𝑖 𝑗 𝑘

−3 −10 7
−4 −11 8

  =  −3𝑖 − 4𝑗 − 7𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

−3
−4
−7

 =  
1

−4
7

 ∙  
−3
−4
−7

  

 

−3𝑥 − 4𝑦 − 7𝑧 = −3 + 16 − 49 

−3𝑥 − 4𝑦 − 7𝑧 = −36 

3𝑥 + 4𝑦 + 7𝑧 = 36 

 

𝐼𝑓 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑡𝑒 𝑉 6, 1, 2 𝑤𝑖𝑙𝑙 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑡𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 

 

𝐿𝐻𝑆 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 

 

= 3 6 + 4 1 + 7(2) 

= 18 + 4 + 14 

= 36 

= 𝑅𝐻𝑆 

 

𝐻𝑒𝑛𝑐𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 
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a) 𝑎 × 𝑏 =   
𝑖 𝑗 𝑘
1 0 −1
0 6 5

  = 6𝑖 − 5𝑗 + 6𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

6
−5
6

 =  
−2
3
7

 ∙  
6

−5
6

  

 

6𝑥 − 5𝑦 + 6𝑧 = −12 + 15 + 42 

6𝑥 − 5𝑦 + 6𝑧 = 15 

 

b) 𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚:  𝑥 = 1 + 3λ,     y = 4 − λ,      z = −7 + 2λ 

                                       𝑥 = −4 + 4μ,     y = 3 − μ      z = 3 + μ 

 

𝐹𝑜𝑟 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥: 1 + 3λ = −4 + 4μ               

4μ = 5 + 3λ (1) 

 

𝑦: 4 − λ = 3 − μ               

−μ = 1 − λ (1) 

 

𝑧: − 7 + 2λ = 3 + μ               

                    μ = −10 + 2λ   (3) 

 

𝑈𝑠𝑖𝑛𝑔  2  𝑎𝑛𝑑  3 : 

 

−μ = 1 − λ 

   μ = −10 + 2λ  

 

0 = −9 + λ 

λ = 9 

 

𝑆𝑢𝑏𝑏𝑖𝑛𝑔 𝑖𝑛𝑡𝑜  2 : 

 

−μ = 1 − 9 

μ = 8 

 

 

𝐶𝑒𝑐𝑘 𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦: 

 

5 + 27 = 4 × 8  (1) 

32 = 32  (1) 



 

 

1 − 9 = −8  2  

 −8 = −8  2  

 

−10 + 2 9 = 8  3  

 8 = 8  3  

 

𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡  28, −5,11  

 

𝑎 =  
3

−1
2

 , 𝑏 =  
4

−1
1

  

 

𝑎 × 𝑏 =   
𝑖 𝑗 𝑘
3 −1 2
4 −1 1

  = 𝑖 + 5𝑗 + 𝑘 = 𝑛 

 

𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

1
5
1
 =  

28
−5
11

 ∙  
1
5
1
  

 

𝑥 + 5𝑦 + 𝑧 = 28 − 25 + 11 

𝑥 + 5𝑦 + 𝑧 = 14 
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a) 𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

2
3
1
 =  

0
2
6
 ∙  

2
3
1
  

 

2𝑥 + 3𝑦 + 𝑧 = 12 

 

b) 𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

5
4

−3
 =  

2
1

−1
 ∙  

5
4

−3
  

 

5𝑥 + 4𝑦 − 3𝑧 = 17 

 

c) 𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

2
−3
1

 =  
5
3
6
 ∙  

2
−3
1

  

 

2𝑥 − 3𝑦 + 𝑧 = −1 

 

d) 𝑝 ∙ 𝑛 = 𝑝 ∙ 𝑛 =  
𝑥
𝑦
𝑧
 ∙  

−4
6
7

 =  
−4
6
7

 ∙  
−4
6
7

  

 

−4𝑥 + 6𝑦 + 7𝑧 = 12 
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a) 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: 

 

𝑎 =  
2

−1
0

 , 𝑏 =  
1
1
1
  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

2 − 1 + 0

 5 3
=

1

 15
 

 

𝜃 = cos−1  
1

 15
 = 75° 

  



 

b) 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: 

 

𝑎 =  
1
1
4
 , 𝑏 =  −

2
3
4
  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

2 − 3 − 16

 18 29
=

−17

 18 29
= −0.744 

 

𝜃 = cos−1 −0.744 = 138° 𝑠𝑜 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 = 42°  

 

c) 𝑁𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: 

 

𝑛1 =  
i j k
2 1 0
3 0 2

 = 2𝑖 − 4𝑗 − 3𝑘 

𝑛2 =  
i j k
1 3 −1
1 1 −1

 = −2𝑖 − 0𝑗 − 2𝑘 

 

cos 𝜃 =  
𝑛1 𝑛2

 𝑛1  𝑛2 
=

−4 + 0 − 6

 29 8
=

−10

 29 8
= −0.6565 

 

𝜃 = cos−1 −0.6565 = 131° 𝑠𝑜 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 = 49°  

 

d) 𝑂𝑃      =  
1
0
1
 , 𝑂𝑄       =  

0
1
1
  

𝑛1 = 𝑂𝑃      × 𝑂𝑄       =  
𝑖 𝑗 𝑘
1 0 1
0 1 1

  =  −𝑖 − 𝑗 + 𝑘 

 

𝐴𝐵      =  
3
1

−2
 −  

1
−1
1

 =  
2
2

−3
 , 𝐴𝐶      =  

0
2

−1
 −  

1
−1
1

 =  
−1
3

−2
   

 

𝑛2 = 𝐴𝐵      × 𝐴𝐶      =    
𝑖 𝑗 𝑘
2 2 −3

−1 3 −2
  =  5𝑖 + 7𝑗 + 8𝑘 

 

cos 𝜃 =  
𝑛1 𝑛2

 𝑛1  𝑛2 
=

−5 − 7 + 8

 3 138
=

−4

 414
= −0.1965 

 

𝜃 = cos−1 −0.1965 = 101° 𝑠𝑜 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒 = 79°  
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a)  
1 −1 −3
2 3 −1

    
−7
−4

  → 2𝑅1 − 2𝑅2    
1 −1 −3
0 −5 −5

    
−7
−10

   

 

𝐿𝑒𝑡 𝑧 =  λ 

 

−5𝑦 − 5λ = −10 

𝑦 + λ = 2 

𝑦 = 2 − λ 

 

𝑥 − y − 3λ = −7 

𝑥 = y + 3λ − 7 

𝑥 =  2 − λ + 3λ − 7 

𝑥 = 2λ − 5 

 

b)  
2 −1 −2
1 −2 −2

    
1

−8
  → 𝑅1 − 2𝑅2    

2 −1 −2
0 3 2

    
1

17
   

 

𝐿𝑒𝑡 𝑧 =  λ 

 

3𝑦 + 2λ = 17 

𝑦 =
−2

3
λ +

17

3
 

 

2𝑥 − y − 2λ = 1 

2𝑥 = y + 2λ + 1 

2𝑥 =
−2

3
λ + 2λ +

17

3
+ 1 

2𝑥 =
4

3
λ +

20

3
 

𝑥 =
2

3
λ +

10

3
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a) 𝑥 = 12 + 5λ 

𝑦 = −7 + 4λ 

𝑧 = 5 + 3λ 

 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

 

 



 

5 12 + 5λ + 3 −7 + 4λ −  5 + 3λ = 0 

60 + 25λ − 21 + 12λ − 5 − 3λ = 0 

34 + 34λ = 0 

λ = −1 

 

𝑆𝑢𝑏 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥 = 12 + 5 −1 = 7 

𝑦 = −7 + 4 −1 = −11 

𝑧 = 5 + 3 −1 = 2 

 

𝑃(7, −11, 2) 

 

b) 𝑥 = −7 + 3λ 

𝑦 = 6 − λ 

𝑧 = 17 − 5λ 

 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

8 −7 + 3λ + 5 6 − λ −  17 − 5λ = 0 

−56 + 24λ + 30 − 5λ − 34 + 10λ + 2 = 0 

−58 + 29λ = 0 

λ = 2 

 

𝑆𝑢𝑏 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥 = −7 + 3 2 = −1 

𝑦 = −6 − 2 = 4 

𝑧 = 17 − 5 2 = 7 

 

𝑃(−1,4,7) 
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a) 𝑁𝑜𝑟𝑚 = 𝑙 𝑣𝑒𝑐𝑡𝑜𝑟: 𝑎 =  
2
1
3
 , 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑏 =  

1
2
2
  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

2 + 2 + 6

 14 9
=

−17

 126
= 0.891 

 

𝜃 = cos−1 0.891 = 27° 𝑠𝑜 𝑡𝑟𝑢𝑒 𝑎𝑛𝑔𝑙𝑒 ∅ = 90° − 27° = 63° 

 

  



 

 

2𝑥 = −7 + λ 

𝑦 = −5 + 2λ 

3𝑧 = −9 + 2λ 

 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

 −7 + λ +  −5 + 2λ −  −9 + 2λ = 0 

−21 + 5λ = 41 

5λ = 21 

λ = 12.4 

 

𝑆𝑢𝑏 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡: 

 

2𝑥 = −7 + 12.4 𝑠𝑜 𝑥 = 2.7 

𝑦 = −5 + 2(12.4) = 19.8 

3𝑧 = −9 + 2 ×  12.4 𝑠𝑜 𝑧 = 5.26 

 

𝑃  
27

10
,
99

5
,
79

15
  

 

b) 𝑁𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟: 𝑎 =  
8
5

−2
 , 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑏 =  

2
5

−1
  

 

cos 𝜃 =  
𝑎 ∙ 𝑏

 𝑎  𝑏 
=

16 + 25 + 2

 93 30
=

43

 93 30
= 0.814 

 

𝜃 = cos−1 0.814 = 35.5° 𝑠𝑜 𝑡𝑟𝑢𝑒 𝑎𝑛𝑔𝑙𝑒 ∅ = 90° − 35.5° = 54.5° 

 

x=-9+2λ 

y=-13+5λ 

_ = 3 − λ 

 

𝑆𝑢𝑏 𝑖𝑛𝑡𝑜 𝑝𝑙𝑎𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 

8 −9 + 2λ + 5 −13 + 5λ − 2 3 − λ = −14 

−72 + 16λ + 65 + 25λ − 6 + 2λ = −14 

43λ = 129 

λ = 3 

 



 

𝑆𝑢𝑏 𝑖𝑛 𝑙𝑖𝑛𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑖𝑛𝑡: 

 

𝑥 = −9 + 2 3 = −3 

𝑦 = −13 + 5(3) = 2 

3𝑧 = 3 −  3 = 0 

 

𝑃 −3,2,0  

 

 

 


